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1  INTRODUCTION
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2 ORTHOGONAL LINE TO ANOTHER ONE   
GIVEN THROUGH A POINT OF IT

Given a l ine , det ermine t he or t hogonal line t o
t hrough a point belonging t o .

2.1  DETERMINATION IN H2

Let be t he angle det ermined by the t angent
eucl idean l ine t o at t he point wi t h t he eu-
clidean line = 0. We can consider two cases.

1.- 6= 0 2.- = 0

Let be as point in . B y t he Cayley t ransfor -
mat ion , we const r uct t he l ine e = ¡ 1( ) and
t he point e = ¡ 1( ) in 2.

Now, in 2, we const r uct t he or t hogonal l ine t o
e t hrough e. A pply ing we obtain t he cor r e-
sponding or t hogonal l ine in 2.
Let e be t he angle det emined by t he euclidean
t angent l ine t o eat t he point e wit h t he euclidean
l ine = 0.

We can consider two cases:

2.2  DETERMINATION IN D2

3 ORTHOGONAL LINE TO A PAIR OF 
ULTRAPARALLEL LINES

Given two ul t raparal lel l ines and , det ermine
t he unique or t hogonal l ine t o bot h.

3.1  DETERMINATION IN H2

From t he eucl idean point of v iew ex ist four pos-
sibi l it ies of relat ive posit ion for t hese two ul t ra-
paral lel l ines. From this, we can obt ain t he fol -
lowing sit uat ions:

Let and two ult r apar allel l ines in 2. By the
Cayley t ransformat ion , we const ruct t he lines
e= ¡ 1( ) and e = ¡ 1( ) in 2.

Now, in 2, we const ruct t he unique or t hogonal
l ine t o and . A pplying we obt ain t he cor r e-
sponding or t hogonal l ine in 2.

We can obt ain t he following si t uat ions:

4 ORTHOGONAL LINE TO ANOTHER ONE 
GIVEN THRUOGH AN OUTER POINT

REMARK

We refer t he reader t o [3], which pr esent s an
elect r onic t ool named H yper bol (1) whose compu-
t at ional suppor t is M at hemat ica software. T his
t ool consist s of modules t hat allow us t o draw
di®erent hyperbolic const ruct ions in Poincare's
models for t he hyperbol ic plane, usually denoted
by H 2 and D 2. Such const r uct ions include r e-
° ect ions, rot at ions, t ranslat ions, glide re° ect ions,
and t he orbit s of a point . These isomet r ies and
geomet r ic loci act on t he hyper bolic plane; and i f
a euclidean element appears in some representa-
t ion of t his plane, we shal l not e it in an explicit
way.

Given a l ine and an out er point of it , det er -
mine t he or t hogonal line t o t hr ough .

3.1  DETERMINATION IN H2

Let be t he refect ion of t he point respect t o
t he l ine . T he sought or t hogonal l ine is t he line
t hr ough and .

3.2  DETERMINATION IN D2

3.2  DETERMINATION IN D2

1Software available at ht t p:/ / www.ugr .es/ local / r uiz/ softwar e.htm
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Const ruct ions which involve t he or t hogonal ity
are necessary for t he r esolut ion of many prob-
lems of t he plane hyperbol ic geomet ry, such as
t he const r uct ion of t he circumference, t he horo-
cycles, t he hypercycles[4], t ranslat ions according
t o a l ine, Saccher i [6] and Lamber t [5] quadr i lat er -
als and others, in t he two models of Poincar¶e for
t he hyperbol ic plane: t he hal f{ plane 2 and the
unit disc 2[3].

T hese const ruct ions can be classi¯ed in t hree
t ypes[2]:
1.- Det erminat ion of t he or t hogonal line t o another
one given t hrough a point of it .

2.- Det erminat ion of t he unique or t hogonal l ine t o
a pair of ult r apar allel l ines.

3.- Det erminat ion of t he or t hogonal line t o another
one given t hrough an out er point .

1.- e 6= 0 2.- e = 0

Let and a line and an out er point in 2, r e-
spect ively. B y the Cayley t r ansformat ion , we
const ruct t he line e= ¡ 1( ) and e = ¡ 1( ) in 2.

Now, in 2, we const r uct t he or t hogonal l ine t o
e t hrough e. A pply ing we obtain t he cor r e-
sponding or t hogonal l ine in 2.


