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NECS GROUPS AND FUNDAMENTAL REGIONS

Let X be t he hyper bolic plane wi t h t he t opology
induced by t he hyperbolic met r ic. T he model we
shall use is t he open disc uni t of Poincar¶e D 2.
Let ¡ be a subgroup of t he gr oup of hyperbolic
isomet r ies of X , I so(X ) . T he act ion of ¡ on X is
t he nat ur al applicat ion © : ¡ £ X ¡ ! X , given
by ©(° ; z) = ° (z) . For each z 2 X we denot e the
set £ = f ° (z) : ° 2 ¡ g as t he orbit of z by the
act ion of ¡ upon X . T he act ion of a subgroup
¡ on X gives r ise t o t he following relat ionship:
8z; w 2 X ; z v w , 9° 2 ¡ : w = ° (z) .

I f ¡ is an NEC group, t hen i t s rot at ions have
mult iple int eger angles of 2¼=n , wit h n 2 N, and
t hey do not cont ain limi t rot at ions t hat is, rot a-
t ions whose cent er l ies on the in¯nity l ine.
T he fundament al regions compr ise t he smal lest
t i le t hat allow us t o t essellat e by means of t he
act ion of an NEC group. For t his purpose we
establish t he following de¯nit ion.

I t is impor t ant t o point out t hat t his de¯nit ion
is an improvement upon those used in [10] and
[12], in t he sense t hat we eliminat e t he cases of
pathologi cal regions having isolat ed point s t hat
cor respond wit h ot her point s of t he fundament al
region under considerat ion.

TESSELATIONS OF THE HYPERBOLIC PLANE

T his r elat ionship v is an equivalence relat ion on
X , whose equivalence classes ar e t he orbit s of t he
element s of X by t he act ion of ¡ . T he quot ient
set X = v will be designated as ¡ nX and is called
t he orbit space.

De¯nit ion 1 Let ¡ be a subgroup of I so(X ) . ¡
i s sai d to be an NEC group, that i s, a Non-
Eucli dean Cr ystal lographi c Group, i f i t i s di s-
crete (wi th compact open topology) and the or bi t
space i s compact .

De¯nit ion 2 ([3]) Let F ½ X be closed and ¡ an
NEC group. F i s sai d to be a fundamental re-
gi on for ¡ i f :
i ) for each z 2 X there exists ° 2
¡ so that ° (z) 2 F

i i ) i f z 2 F i s such that ° (z) 2 F ,
wi th ° 6= 1, then z; ° (z) are i n
boundar y of F

i i i ) F = C losu r e(i n t (F ) ):

De¯nit ion 3 Let ¡ be a NEC group. A ¡ { tesse-
l lat i on of the hyper bolic plane X , wi th the fun-
damental regi on F i s a set of regions f Fi gi 2 I
such that :
i )
S

i 2 I
Fi = X

i i ) i n t (Fi ) \ i n t (Fj ) = ? for i 6= j
i i i ) 8i 2 I ; 9° 2 ¡ : Fi = ° (F ) .

Proposi t ion 1 ( [11]) Let ¡ by an NEC group and
¡ 0a subgroup of ¡ wi th the i ndex p (

¯̄
¡ : ¡ 0̄̄ = p) .

Let F ¡ by a fundamental regi on f or ¡ . T hen ¡ 0
has a fundamental regi on F ¡

0
result i ng f rom the

union of p congr uent repli cas of F ¡ and besi des
j ¡ j ¢p = j ¡ 0 j .

Polygonal groups are t hose t hat are generated
by re° ect ions in t he sides of a polygon. Cer t ain
hyperbolic polygons give r ise t o NEC groups, and
t he hyperbolic plane is t essellat ed wit h t hem.

Lemma 1 ( [1]) Let ®1; ®2; :::; ®k be real number s
wi th 0 · ®i < ¼ for each i = 1; 2; :::; k . T hen,
there exi sts a convex hyper boli c polygon F wi th
angles ®1; ®2; :::; ®k i f , and only i f ,

P k
i = 1 ®i <

(k ¡ 2)¼:

T heorem 1 ( [10]) Let ¡ be an NEC group. T hen,
there exi sts a convex polygon F that const i tutes
a fundamental region for ¡ .

T heorem 2 Let F be a convex polygon of k si des
and in ter i or angles ¼=n i , wi th n i 2 N; n i = 2,
for each i = 1; 2; :::; k , wi th ver ti ces Pi and si des
determined by the segments Pi ¡ 1Pi where P0 =
Pk , sat isf yi ng

P k
i = 1 ¼=n i < (k ¡ 2)¼. Let ¾i be

the re° ecti on on the li ne contai ni ng the segment
Pi ¡ 1Pi for each i = 1; 2; :::; k . T hen the group ¡
generated by the re° ect i ons ¾1; ¾2; :::; ¾k ( polyg-
onal group) i s an NEC group.
I n addi t i on, the fami ly f ° (F ) : ° 2 ¡ g consti -
tutes a ¡ -tessel lat ion of X .

KALEIDOSCOPIC SACCHERI AND LAMBERT 
QUADRILATERALS

T he Saccher i quadr ilat erals have two consecu-
t ive r ight angles on a side named base, and two
equal and acut e angles opposit e t o t he base.
T he Lamber t quadr ilat eral is a quadr i lat eral wi t h
t hr ee r ight angles. T he union of two Lamber t
quadr i lat erals is a Saccher i quadr i lat eral: t hat is,
i t has two adjacent r ight angles and two equal
acut e angles. A nd, conversely, if in a Saccher i
quadr i lat eral we t race t he unique perpendicular
l ine t hat is common t o t he base and t he opposit e
side, we obt ain two Lamber t quadr i lat erals, con-
gruent by means of re° ect ion wit h respect t o t he
common perpendicular .

T heorem 3 ( [7]) For ever y R > 0 and n 2 N,
n > 2, there exists a unique Saccher i quadr i lat-
eral wi th the base R and acute angles ' = ¼=n ,
uni que up to congr uence, that tessel lates the hy-
per boli c plane.

T heorem 4 ( [6]) For each R > 0 and n 2 N, n >
2, there exi sts a unique Lamber t quadr i lateral
L (P; Q; Q0; P 0) wi th three r i ght angles, side P; P 0
or length R , and acute angle Á = ¼=n , uni que
up to congr uence, that tessel lates the hyper bolic
plane.

TESSELLATIONS IN DE POINCARÉ HALF-PLANE

A ll t he mat hemat ical t ools t hat we have de-
scr ibed for D 2 can be t ranscr ibed in t he model
of t he Poincar¶e hal f-plane denoted by H 2. Bot h
models are geomet r ically equivalent and the in-
t erest ed reader cam ¯nd this equivalence in [3].
T he H yper bol package, ment ioned above, also fea-
t ur es drawing tools t o work on t he half-plane.
T heir usefulness is evident when we regard some
of t he works by M .C. Escher based upon this
model . Two examples follows:

I n t he st udy of subgroups of NEC groups, as
well as int he t essellat ions of X , t he fol lowing
proposit ion is impor t ant :

CONCLUSIONS

We refer t he reader t o [3], which pr esent s an
elect r onic t ool named H yperbol (1) whose compu-
t at ional suppor t is M athemat ica software. T his
t ool consist s of modules t hat allow us t o draw
di®erent hyperbolic const ruct ions in Poincare's
models for t he hyperbol ic plane, usually denoted
by H 2 and D 2. Such const r uct ions include r e-
° ect ions, rot at ions, t ranslat ions, glide re° ect ions,
and t he orbit s of a point . These isomet r ies and
geomet r ic loci act on t he hyper bolic plane; and i f
a euclidean element appears in some representa-
t ion of t his plane, we shal l not e it in an explicit
way.
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Example 2 A s an example
i l lustrati ng thi s si tuat i on,
we show below tessel la-
t ion of a Poincar¶e di sc
by means of a Saccher i
quadr i lateral for ' =

¼
3
and

R = 1, created wi th the
Hyperbol package for M ath-
emat i ca sof tware that has
been developed by the au-
thor s.

Example 1 Tessel lat i ons of the Poincar ¶e di sk con-
st r ucted by M .C. Escher using polygonal groups:
C ir kel lim iet I (Ci rcle limi t I ) and Ci r kel limiet
I I I (C i rcle l imi t I I I ) .

Example 4 W e use the Saccher i quadr i lateral that
i s obtai ned f rom the union of the Lamber t quadr i -
lateral, of the above example, and i ts re° ect i on
wi th respect to the li ne that contai ns the segment
of length R . T hi s Saccher i quadr i lateral i s sub-
j acent i n the wor k of Escher in the Ci r kel limiet
I V (Ci rcle lim i t I V ) , known as Angels and Devils,
as i t i s the union of three consecut ive t r i angles,
whi ch contain the ¯gures appear i ng in thi s cre-
at i on.

Example 3 A s an example
i l lustrati ng thi s si tuat i on,
we show below two tessel la-
t ions of the Poincar ¶e di sc,
created also wi th the Hyper-
bol package, usi ng a Lam-
ber t quadr i lateral for Á =
¼=4, and R ' 0:881373.

Example 5 Tessel lat ion of the
Poincar¶e half { plane, i n the study
wor k H outsnede V I (W oodcut V I )
by Escher , made wi th t r iangular
groups ( [4]) .

Example 6 T he wor k Sch-
metter li nge (But ter ° i es) by
M .C. Escher ( [14]) i s based
on an easi ly recogni zable
polygonal NEC group.

©2003,D. Gámez, M. Pasadas, R. Pérez and C. Ruiz,ISAMA-BRIDGES, Granada, July 2003

1Software avai lable at ht tp:/ / www.ugr .es/ local / r u iz/ software.htm


