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NECS GROUPS AND FUNDAMENTAL REGIONS

Let X bethe hyperbolic planewith the topology
induced by the hyperbolic metric. The model we
shall use is the open disc unit of Poincar§ D 2.
Let | be a subgroup of the group of hyperbolic
isometries of X, I so(X ). The action of j on X is
the natural application © : | £ X j! X, given
by ©(°;z) = °(z). For each z2 X we denote the
set £ = f°(z) : ° 2 jg as the orbit of z by the
action of | upon X. The action of a subgroup
i on X gives rise to the following relationship:
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Thisrelationship v isan equivalence relation on
X , whose equivalence classes are the orbits of the
elements of X by the action of . The quotient
set X=v will be designated asj nX and is called
the orbit space.

De nition 1Let | be a subgroup of 1so(X). j
is said to be an NEC group, that is, a Non-
Euclidean Crystallographic Group, if it is dis-
crete (with compact open topology) and the orbit
space is compact.

If i isan NEC group, then its rotations have
multiple integer angles of 2%=n, with n 2 N, and
they do not contain limit rotations that is, rota-
tions whose center lies on the in nity line.

The fundamental regions comprise the smallest
tile that allow us to tessellate by means of the
action of an NEC group. For this purpose we
establish the following de nition.

De nition 2([3]) Let F % X be closed and | an
NEC group. F is said to be a fundamental re-
gion for j if:
i) for each z 2 X there exists ° 2
i sothat °(z)2 F
ii)if z2 F is such that °(z) 2 F,
with © 6 1, then z;°(z) are in
boundary of F
iii) F = Closure(int(F)):

It is important to point out that this de nition
is an improvement upon those used in [10] and
[12], in the sense that we eliminate the cases of
pathological regions having isolated points that
correspond with other points of the fundamental
region under consideration.

TESSELATIONS OF THE HYPERBOLIC PLANE

De nition 3Let | be a NEC group. A | {tesse-
llation of the hyperbolic plane X, with the fun-
damental region F is a set of regions fFjgj2

suchgthat:
S
i) Fi=X
i21
ii)int(Fi)\ int(Fj) = ? for i 6 j
iii)8i 2 1;9° 2 :F; = °(F).

In the study of subgroups of NEC groups, as
well as int he tessellations of X, the following
proposition is important:

Proposition 1([11]) Let j by an NE€ group and
i %a subgroup of | with theindexp ( : ;% = p).
Let Fi by a fundamental region for j. Then j©
has a fundamental region Fi resulting from the
union of p congruent replicas of Fi and besides
s —i.0;

Jii®=ii"].

Theorem 1([10]) Let j be an NEC group. Then,
there exists a convex polygon F that constitutes
a fundamental region for .

Theorem 2Let F be a convex polygon of k sides
and interior angles %~nj, with nj 2 N;n; = 2,
for each i = 1;2;:::;k, with vertices P; and sides
determined by the segments Pj; 1Pj where Pg =
Py, satisfying [ %=n; < (ki 2)% Let % be
the re° ection on the line containing the segment
Pi; 1Pj for each i = 1;2;:::;k. Then the group j
generated by the re° ections %; %p; :::; % (polyg-
onal group) is an NEC group.

In addition, the family f°(F) :° 2 j g consti-
tutes a j -tessellation of X .

Example 1 Tessellations of the Poincar§ disk con-
structed by M .C. Escher using polygonal groups:
Cirkellimiet I (Circle limit 1) and Cirkellimiet
Il (Circle limit I11).

ACCHERI AND L.

QUADRILATERALS

The Saccheri quadrilaterals have two consecu-
tive right angles on a side named base, and two
equal and acute angles opposite to the base.

The Lambert quadrilateral isa quadrilateral with
three right angles. The union of two Lambert
quadrilaterals is a Saccheri quadrilateral: that is,
it has two adjacent right angles and two equal
acute angles. And, conversely, if in a Saccheri
quadrilateral we trace the unique perpendicular
line that is common to the base and the opposite

side, we obtain two Lambert quadrilaterals, con-
gruent by means of re°® ection with respect to the
common perpendicular.

Theorem 3([7]) For every R > 0 and n 2 N,
n > 2, there exists a unique Saccheri quadrilat-
eral with the base R and acute angles ' = Y~n,
unique up to congruence, that tessellates the hy-
perbolic plane.

Example 2As an example
illustrating this situation,
we show below tessella-
tion of a Poincar§ disc
by means of a Sacggheri
quadrilateral for ' = and
R = 1, created witg the
Hyperbol package for M ath-
ematica software that has
been developed by the au-
thors.

Theorem 4 ([6]) For each R > 0andn 2 N, n >
2, there exists a unique Lambert quadrilateral
L(P;Q; Q%P9 with three right angles, side P; P
or length R, and acute angle A = %=n, unique
up to congruence, that tessellates the hyperbolic
plane.

Polygonal groups are those that are generated
by re®ections in the sides of a polygon. Certain
hyperbolic polygons give riseto NEC groups, and
the hyperbolic plane is tessellated with them.

Lemma 1([1]) Let ®4; ®y; :::; ® be real numbers
with 0 - ®; < Yfor each i = 1;2;::;;k. Then,
there exists a convex hyperbolic polngn F with
angles ®1;®; ::1;; ® if, and only if, ik=1®i <
(ki 2)%

Example 3As an example
illustrating this situation,

we show below two tessella-

o | tions of the Poincar§ disc,
! created also with the Hyper-

] bol package, using a Lam-
L] bert quadrilateral for A =

V=4, and R"' 0:881373.

Example 4 W e use the Saccheri quadrilateral that
is obtained from the union of the Lambert quadri-
lateral, of the above example, and its re® ection
with respect to the line that contains the segment
of length R. This Saccheri quadrilateral is sub-
jacent in the work of Escher in the Cirkellimiet
IV (Circle limit 1V), known as Angels and Devils,
as it is the union of three consecutive triangles,
which contain the ~gures appearing in this cre-
ation.

TESSELLATIONS IN DE POINCARE HALF-PLANE

All the mathematical tools that we have de-
scribed for D2 can be transcribed in the model
of the Poincar§ half-plane denoted by H 2. Both
models are geometrically equivalent and the in-
terested reader cam ~nd this equivalence in [3].
The Hyperbol package, mentioned above, also fea-
tures drawing tools to work on the half-plane.
Their usefulness is evident when we regard some
of the works by M.C. Escher based upon this
model. Two examples follows:

Example 5 Tessellation of the
Poincar§ half{plane, in the study
work Houtsnede VI (Woodcut VI)
by Escher, made with triangular
groups ([4]).

Example 6 The work Sch-
metterlinge (Butter® ies) by
M.C. Escher ([14]) is based

on an easily recognizable
polygonal NEC group.

CONCLUSIONS

We refer the reader to [3], which presents an
electronic tool named Hyperbol () whose compu-
tational support is Mathematica software. This
tool consists of modules that allow us to draw
di®erent hyperbolic constructions in Poincare's
models for the hyperbolic plane, usually denoted
by H 2 and D2. Such constructions include re-
°ections, rotations, translations, glide re° ections,
and the orbits of a point. These isometries and
geometric loci act on the hyperbolic plane; and if
a euclidean element appears in some representa-
tion of this plane, we shall note it in an explicit
way.

1Software available at http:/ | www.ugr.es! local/ ruiz software.tm
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