A PROOF BY CALIBRATION OF AN ISOPERIMETRIC
INEQUALITY IN THE HEISENBERG GROUP H"

MANUEL RITORE

ABSTRACT. Let D be a closed disk centered at the origin in the horizontal hyper-
plane {¢ = 0} of the sub-Riemannian Heisenberg group H", and C the vertical
cylinder over D. We prove that the perimeter of any set E such that D C E C C
is larger than or equal to the one of the rotationally symmetric sphere with con-
stant mean curvature of the same volume, and that equality holds only for these
spheres using a recent result by Monti and Vittone [12].

1. INTRODUCTION

It was conjectured by P. Pansu in 1983 [14] that the isoperimetric regions, minimiz-
ing perimeter under a volume constraint, in the sub-Riemannian Heisenberg group H*
are the topological balls enclosed by the one-parameter family {Sy} >0 of rotationally
symmetric spheres of constant mean curvature A described in [I4], see also [6], [16].

The existence of isoperimetric regions in Carnot groups was proven by G.-P. Leonar-
di and S. Rigot [7]. Every Carnot group G is equipped with an one-parameter family
of dilations which has a well-known effect on the perimeter and the Haar measure,
the volume of the group. Hence the isoperimetric profile of G, the function assigning
to each volume v > 0 the infimum of the perimeter of the sets of volume v, is given
by

Ig(v) = Cg U(Q—l)/Q’

where Q > 0 is the homogeneous dimension of G, and Cg > 0 is a constant. The
isoperimetric profile must be seen as an optimal isoperimetric inequality in G. For
any finite perimeter set E C G,

() Ps(E) > Cg | B|@~1/9,

where Fg is the sub-Riemannian perimeter and |E| is the volume of E. Pansu’s
conjecture then states that, for G = H', which has homogeneous dimension Q = 4,
equality is attained in @ precisely when F is the topological ball enclosed by some
sphere S). This conjecture can be extended to the higher dimensional Heisenberg
groups H", n > 2.

Several attempts to solve this conjecture have been made. R. Monti [9] and G.-
P. Leonardi and S. Masnou [6] have shown that there is no direct counterpart in H! to
the Brunn-Minkowski inequality in Euclidean space. In fact, such a Brunn-Minkowski
type inequality would imply that the metric balls for the Carnot-Carathédory distance
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would be isoperimetric regions, which is known to be false [§]. The author and C. Ros-
ales showed in [16] that the only compact rotationally symmetric C? hypersurfaces in
H" with constant mean curvature are the spheres Sy, see also [13]. The same authors
proved in [I7] that the spheres Sy are the only compact C? surfaces in H! which
are area-stationary under a volume constraint, thus solving the isoperimetric problem
assuming C? regularity of the solutions. R. Monti and M. Rickly [I1] proved that
the spheres Sy are isoperimetric in H' under the additional assumption of Euclidean
convexity. In [3], D. Danielli et al. provided a proof of the isoperimetric property of
the spheres Sy C H" in the class of sets that are the union of the graphs of a non-
negative and a non-positive function of class C? over a Euclidean disk centered at the
origin in the horizontal hyperplane {¢ = 0} in H", and enclosing the same volume
above and below such hyperplane. For a description of these results, and some other
approaches, the reader may consult Chapter 8 of the monograph by L. Capogna et
al. [2].

In this paper we extend the main result in [3]. We prove in Theorem [3.1 that, if C'
is the vertical cylinder in H"™ over a closed disk D centered at the origin in the hori-
zontal hyperplane {¢t = 0}, and £ C H" is a finite perimeter set so that D C F C C,
then the perimeter of E is larger than or equal to the one of the ball By enclosed
by the sphere Sy with |By| = |E|. Equality characterizes the spheres Sy by a recent
result of R. Monti and D. Vittone [I2], who proved that a set in H™ of locally finite
perimeter with continuous horizontal unit normal has H-regular boundary. Theo-
rem [3.I] can be applied to a set E C H" rotationally symmetric with respect to the
vertical axis passing through the origin and satisfying D C E. Assumption D C E
has been recently removed by R. Monti [I0], who has proven, using Theorem
and a symmetrization argument, that the spheres Sy C H" are isoperimetric in the
class of rotationally symmetric sets of finite perimeter. Theorem [3.1] and the result of
R. Monti and D. Vittone [12] together provide the only known characterization result
for solutions of the isoperimetric problem in H™ in the class of finite perimeter sets.

One of the classical proofs of the isoperimetric inequality in R3 was given by
H. A. Schwarz [22], and extended to higher dimensional Euclidean spaces, spheres and
hyperbolic spaces in a series of papers by E. Schmidt [18], [19], [20], [21]. Schwarz’s
proof had two main ingredients: what it is known nowadays as Schwarz’s symmetriza-
tion and a variational argument to prove that in the class of rotationally symmetric
sets spheres have the smallest perimeter under a volume constraint. A unified argu-
ment, using calibrations, can be used to give a proof of the second part of Schwarz’s
argument in a wide class of homogeneous Riemannian manifolds [I5, § 1.3.1], and
in sub-Riemannian manifolds. A symmetrization in the sub-Riemannian Heisenberg
group H" is difficult to produce due to the lack of reflections with respect to hyper-
planes, on which all classical symmetrizations are based.

In the proof of Theorem [3.1] we consider the right cylinder C' C H™ over a closed
Euclidean disk D in the horizontal hyperplane {t = 0}. On C we construct two
foliations by vertically translating the upper hemisphere and the lower one of the
only sphere S intersecting {¢ = 0} at dD. Using these foliations we prove that the
sphere Sy minimize the functional area—n\ volume in the class of finite perimeter sets
E C H" satisfying D C F C C. Then we minimize over the spheres S, the functional
area — nyu (volume — |E]) to get the desired result. The reader should compare our
proof with the one given by E. Schmidt [T9] of the isoperimetric property of balls in
the n-dimensional sphere S™ in the class of rotationally symmetric sets.
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We have organized this paper into two sections. In the following one we state some
material needed in the proof of Theorem Proofs of the results which cannot be
found in the literature, in particular of Lemmae [2.2] are outlined. In section
we give the proof of our main result, Theorem

The author is extremely grateful to Roberto Monti and Davide Vittone for sending
him a copy of their manuscript [12], and to the referee for his valuable suggestions.

2. PRELIMINARIES

2.1. The Heisenberg group. The Heisenberg group H" is the Lie group (R?"+1,.),
where we consider in R?"*! = C" x R the product

(z,t) - (w,8) = (z4+w,t+s+ Zlm(ziu?i)).

i=1
A Dasis of left-invariant vector fields is given by {Xi, ..., Xpn, Y1, ..., Yy, T}, where
0 0 0 0 0
Xizi [APYR) Y7-,:7_ [ YR .:17"‘7 ) T=_.
om;, Vi oy Vior ! " ot
The only non-trivial bracket relations are [X;,Y;] = —2T, i = 1,...,n. The horizontal

distribution at a point p € H” is defined by #H,, := span{(X;),, (Yi)p :i=1,...,n}.

We shall consider on H" the left-invariant Riemannian metric g = <~, > so that the
basis {X1, ..., Xpn, Y1, ..., Yn, T} is orthonormal. The horizontal projection of a vector
field U in H", denoted by Uy, is the orthogonal projection of U over H.

The Levi-Civita connection on (H", g) is denoted by D. From Koszul formula and
the Lie bracket relations we get
Dx,X; = Dy,Y; = DyT =0,
(2.1) DxY;=—6,;T, DxT=Y;, DyT=-X
Dy, X; =6;T, DrX;, =Y, DrY, = —X;,.
For any vector field U on H" we define J(U) := DyT. It follows from that

J(X;) =Y;, JY;) = =X, and J(T) = 0, so that J defines a linear isometry when
restricted to the horizontal distribution.

2.2. Volume and sub-Riemannian perimeter. The volume |E| of a Borel set
E C H" is the Riemannian volume of E with respect to the metric g. The area A(X)
of a C! hypersurface ¥ C H" is defined as

A) = [ |Nilas,

where dY is the area element induced on ¥ by the Riemannian metric g, and N is a
locally defined unit vector normal to ¥.. For a C? hypersurface enclosing a bounded
region F, the area coincides with the sub-Riemannian perimeter |0E|, defined as

|[OE|(Q) := sup { / div U dv : U horizontal of class C*,|U| < 1,supp(U) C Q},
Q

where 2 C H™ is an open set, div U is the Riemannian divergence of the vector field
U, and dv is the volume element associated to g.

A set E C H" is of locally finite perimeter if |0F|()) < +oo for all bounded open
sets Q C H". Tt is of finite perimeter if |OE| := |0E|(H") < +oco. We normalize
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any finite perimeter set £ C H" to include its density one points and to exclude its
density zero points [B, Prop. 3.1].

The reduced boundary 0*E of a set E C H" of locally finite perimeter, as defined
in [4, Def. 2.17], is composed of those points p € H" such that

(1) |OE|(U(p,r)) > 0 for all r > 0,
(2) there exists lim, o f;;,, -y va dlOE],

(3) [lim,—o fopm Ve d|OE|| = 1.

Here U(p,r) is the open metric ball with respect to the distance induced by the
homogeneous norm

(2.2) Iplloo = max{|z|, [t]/%},  p= (1),

which is globally equivalent to the Carnot-Carathéodory distance, [4, Prop.2.7]. The
perimeter measure of a set of locally finite perimeter is supported on the reduced
boundary as shown in [4, Thm. 7.1].

2.3. Hypersurfaces in H" and variational formulae. For a C' hypersurface
3 C H", the singular set 39 C 3 consists of the points where the tangent hyper-
plane coincides with the horizontal distribution. The set ¥ is closed and has empty
interior in X, and so the regular set ¥\ Xy of 3 is open and dense in X. For any
p € ¥\ X, the tangent hyperplane meets transversally the horizontal distribution,
and so T,X N H, is (2n — 1)-dimensional. We say that ¥ is two-sided if there is
a globally defined unit vector field normal to X. Every C' hypersurface is locally
two-sided.

Let ¥ be a C? hypersurface in H", and N a unit vector normal to ¥.. The singular
set Xp C X can be described as g = {p € ¥ : Ng(p) = 0}. In the regular part X\ 2o,
we can define the horizontal unit normal vector vy by vy := Ny /|Ng|. Consider the
unit vector field Z on ¥\ £ given by Z := J(vg). As Z is horizontal and orthogonal
to vy, it follows that Z is tangent to X. The integral curves of Z in ¥\ X will be
called characteristic curves. Characteristic curves foliate the regular part of 3.

Consider a C! vector field U with compact support on H", and denote by {¢;}ier
the associated group of diffeomorphisms. Let E be a bounded region enclosed by a
hypersurface ¥. The families {E,}, {£;}, for ¢ small, are the variations of E and
Y induced by U. Let V(t) = |E;| and A(t) = A(X;). We say that the variation
is volume-preserving if V/(0) = 0. We say that X is area-stationary if A’(0) = 0
for any variation, and volume-preserving area-stationary if A’(0) = 0 for any volume
preserving variation.

If ¥ is a C! hypersurface enclosing a bounded region E, it is well-known that
(2.3) V'(0) = / divU dv = —/ udy,
E b

where u = <U, N > and N is the unit vector normal to ¥ pointing into E.

If ¥ is C?, and N is a unit vector field normal to ¥, the mean curvature of ¥\ X is
given by —nH := divy vy, where divs U(p) := 2321 <De,- U, ei> for any orthonormal
basis {e;} of T,X.. We say that ¥ has constant mean curvature if H is constant on
¥\ 9. By combining [I6, Lemma 3.2] and [I7, Lemma 4.3 (4.7)] we have

Lemma 2.1. Let ¥ C H" be a C? hypersurface enclosing a bounded region E, with
inner unit normal vector N. Consider a variation induced by a vector field U, and let
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u = <U,N>. Assume that % is volume-preserving area-stationary, and let H be the
mean curvature of X.. Then we have

A(0) :-/ nH ud.
b

We remark that the variation associated to U in the statement of Lemma 2.1] is
not assumed to be volume-preserving. From Lemma [2.1] and (2.3)) we easily obtain

Lemma 2.2. Let ¥ C H" be a C? hypersurface enclosing a bounded region E. As-
sume that ¥ is volume-preserving area-stationary, and let H be the (constant) mean
curvature of 3. Then X is a critical point of the functional A—nHYV for any variation.

Let ¥ be a C? horizontal graph without singular points. We can translate it ver-
tically to get a foliation of the vertical cylinder C' over ¥. Denote by N the unit
normal to the foliation, and by vy the horizontal unit normal obtained from N. For
any p € C, let {e;} be an orthonormal basis of the leaf passing through p. Then

2n

divvg(p) = Z <DeiuH7e¢> + <DNPVH,NP> =-—nH(p) + <DNPVH,N,,>.
i=1

Since N = |Ng|vyg + <N,T> T, and <DU1/H,1/H>, <DT1/H,T>, and <DVHT, VH> =
<J(1/H), I/H> vanish, we conclude that <DNPZ/H, Np> = 0. Hence

(2.4) —nH =divvy.

In [16] Lemma 3.1 (3.3)] it is proven that

2n—1
(2.5) Dyvy = |Ny|™* Z ((DuN,z;) = (N, T)(J(u), 2)) 2z + (z,u) T,
i=1
where u € T, X for a given point p € ¥, and {z1, ..., z2,—1} is an orthonormal basis of

T,YX N Hp, with 21 = 2z = J((va)p). Completing {z;} to an orthonormal basis of 7,2
by adding a vector v, we obtain from (2.5 that <D7,VH, v> = 0. Hence we conclude

2n—1

—nH(p) = Z <Dz,-VH7Zi>7

where {z;} is an orthonormal basis of 7,3 N H,,. From (2.5, it follows that the en-
domorphism v — —Dyvg — [Ng|~'(N,T) J(v)", defined in the subspace T, N H,,
p € B\ X, is selfadjoint. Thus there exists an orthonormal basis {v1,...,v2,-1}
of T, N H, composed of eigenvectors with eigenvalues k1,...,k2,-1. By analogy
with the Riemannian case they will be named principal curvatures, and we have
—-nH = K1+ ...+ Kop—1-

2.4. Geodesics in H". We refer the reader to [16], § 3] for detailed arguments. Geo-
desics in H" are horizontal curves « : I — H"™ which are critical points of the Rie-

mannian length L(v) := [;|¥] for any variation by horizontal curves ~.. A vector
field U along v induces a variation by horizontal curves if and only if
(2.6) YU, T)) +2(%,J(U)) = 0.

The derivative of length for such a variation is given by

(2.7) | roo=- [ (o).

de
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Observe that D7 is orthogonal to both 4 and T'. Along v consider the orthonormal
basis of TH" given by T, %, J(§), Z1, - .., Zan—2. In the same way as for the case of
H!, see [17, § 3], we take any smooth f : I — R vanishing at the endpoints of I so
that [, f = 0. The vector field U along v so that Uy = f J(¥), and (U,T) =2 [, f,
satisfies . Hence allows us to conclude that <Da,7, J("y)> is constant. Now
let f: I — R be any smooth function vanishing at the endpoints of I. Then the
vector field U = f Z;, for any ¢ = 1,...,2n — 2, satisfies , and hence Ds7 is

orthogonal to Z; for all t = 1,...,2n — 2. So we obtain that the horizontal geodesic
v : I — H" satisfies the equation
(2.8) Dy +2XJ(y) =

for some constant A € R. For A € R, p € H", and v € T,H", |v| = 1, the geodesic 7 :
I — H" of curvature A with initial conditions v(0) = p, ¥(0) = v, will be denoted by

A
Yo

The equations of a geodesic can be computed in coordinates in the following way:
let v(s) = (z1(8),y1(8), .-, Tn(S),yn(s),t(s)) be a horizontal geodesic. Then

Zfﬁz 'y(s +yz( )(}/i)v(s)v

and

So equation (2.8)) is transformed in
Ui = =2\,
with initial conditions x;(0) = ()i, ¥:(0) = (yo)s, and 4;(0) = A;, 9;(0) = B;, with
S (A2 4+ B2) = 1.
Integrating these equations, for A = 0, we obtain
yi(s) = (yo)i + Bis,

=t + Z (20)i) s,
which are horizontal Euclidean straight lines in H".
Integrating, for A # 0, we obtain

24(s) = (w0)s + Ai (mgs)) + B, (1‘";’:(2“))

yi(s) = (yo)i — Ai (1—Cf2)i(2)\8)) + B; (Smg\m))

H(s) = to 1 % ( Sm;@) +zn: {(Ai(xo),' +Bi(yo)i)<1_‘3;’i(2’\5))

i=1

— (Bi(wo)i — Ai(yo):) (Smg\/\s)> }
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In case zg = yo = 0, we obtain

), (D) (L)

2\ 2
1 — cos(2Xs) sin(2As)
() = A, [ = =P\EA0) B, [ 22222
bils) ( 2\ )+ < A
and so @, ¥;, ¢t = 1,...,n, can be expressed in terms of z;, y; in the following way
A sin(2s)
2.9 ti(s) = ———~" "7 o, AU
(29) &i(s) 1 — cos(2As) zi(5) + Agils),

. A sin(2As)
2.10 i(s) = = ———y;(s).

(2.10) ih(s) = —Az(s) + T S ()

2.5. The spheres Sy. For any A > 0, p € H", consider the hypersurface Sy ;, defined
by

Swo= U mal0.7/A).
vEHp,|v|=1

If p is translated to the point ¢ = (0, —m/(4A?)), then Sy := S, , is the union of the
graphs of the functions f and —f, where
1
3
The hypersurface Sy is compact and homeomorphic to a (2n)-dimensional sphere. Its
singular set consists of the two points 4(0, 7/(4\?)) on the t-axis, called the poles. It
is known that the spheres Sy are C? but not C2 around the singular points. These
hypersurfaces were conjectured to be the (smooth) solutions to the isoperimetric prob-
lem in H! by P. Pansu [14]. It was proven in [I6] that the hypersurfaces Sy are the
only compact hypersurfaces of revolution with constant mean curvature A in H". We
shall denote by B, the topological closed ball enclosed by Sy. It is well known that
the spheres Sy consist of the union of segments of geodesics of curvature A\ and length
7/ starting from a given point p € H".

1
F(z) = 535 (A2l V1 = A2[2f? +arccos (Az])}, 2] <

Lemma 2.3. The characteristic curves in Sy are the geodesics of curvature A joining
the poles.

Proof. Since Sf\t is the graph of the function £f, the inner unit normal to Sy is

proportional to
" af _ ' af Nv L
> { (55 o) s ()

i=1

on S, , and proportional to
- o(— o(—
_Z{<(f)_yz> Xi+ ((f) +$1>E}+T
P Ox; Oy
on Sy . Let vy be the horizontal unit normal to Sy. From

gi = Al (1= X[e) "2, gi = —Az| (1= A2[z) "2y,

we have that J(vy) is given by

n 1 — \2|2[2)1/2 1 — \2[2[2)1/2
R PRCEa e iy PN WL K %

= |2l 2]
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on S;\r, and by

n 1 — \2|2[2)1/2 1 — \2[2[2)1/2
) @R PRCEs e iy PN EWRLES. i K %

pat || 2|
on Sy, where |22 =31 | (a7 + y?).

On the other hand, the tangent vector to a horizontal geodesic of curvature A\ leav-
ing from (0, —7/(4A?)), is given by 4(s) = "1, @;(s) X; +9i(s) Yi, where @;(s), 9:(s)
satisfy (2.9) and (2.10). A direct computation shows

A sin(2Xs) (1 — \2|z|?)/?

2.11 =+
(2.11) 1 — cos(2Xs) 2] ’

where the plus sign is chosen in case s € [0,7/(2))], that is, when v(s) € Sy,
and the minus sign if s € [7/(2)\),7/A], when ~(s) € S{. Replacing the value of

Asin(2As)/(1 — cos(2As)) in equations (2.9) and (2.10) by using (2.11]), we conclude

that 4 is equal to J(vy), i.e., v is a characteristic curve of Sy. O

Lemma 2.4. Let ¥ C H" be a C? compact hypersurface with a finite number of iso-
lated singular points. Assume that ¥ has constant mean curvature. Then X is volume-
preserving area-stationary. In particular, the spheres Sy are volume-preserving area-
stationary.

Proof. Let U be a vector field inducing a volume-preserving variation of . Let
u = <U, N>. By the first variation of volume (2.3) we have [, ud% = 0. By the first
variation of area [I6] Lemma 3.2], we have

A(0) = — / divs, (u(vir)T) d3,
)
since u has mean zero and divs, vy is constant.

To analyze the above integral, we consider open balls B.(p;) of radius € > 0 cen-
tered at the points pi, ..., px of the singular set . By the divergence theorem in
Y, we have, for ¥, = X\ Ule B.(p:),

k
_/EE divy (u (vg)T) dE = ; /aBE(pi)u<§i,(VH)T>d(BBg(pi)),

where ; is the inner unit normal vector to OB:(p;) in 3, and d(0B:(p;)) is the Rie-
mannian volume element of 9B.(p;). Note also that

k

k
; /ii’Bg(m) u (VH)T>d(8BE(pi))’ < (sup ful) D Van-1(9B<(pi)),

i=1

where Va,,—1(0B:(p;)) is the Riemannian (2n—1)-volume of 9B, (p;). Observe that the
function | divs (u (vf;))] is bounded from above by (supy, |u|) | divs vy —|Ng| | divs N|+
|Vsul, which is also bounded. So we can apply the dominated convergence theorem

and the fact that Va,_1(90B:(p;)) — 0, when € — 0, to prove that A’(0) = 0. O

2.6. H-regular surfaces ([1], [4]). Let Q C H" be an open set. Then C§(Q) is the
set of continuous real functions in €2 such that Vg f is continuous, [4, def. 5.7], where
Vuf is defined by

Vuf = ZXi(f) X, +Yi(f) Y.
i=1
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Following [4, def. 6.1] we say that ¥ C H" is an H-regular hypersurface if, for every
p € ¥, there is an open set ) containing p, and a function f € Cf(Q) such that

ENQ={qeQ: f(g) =0},  Vuflq) #0.

From [4, Thm. 6.5], we know that if ¥ is an H-regular hypersurface defined locally
by a function f € Cg(Q) with nonvanishing horizontal gradient Vg f, and we let

={q € Q: f(q¢) < 0}, then E is a set of locally finite perimeter in Q and
veg = —Vuf/|Vuf|.

We have the following

Lemma 2.5. Let X be an H-reqular hypersurface, and let vy be its horizontal unit nor-
mal vector. If v : I — H™ is an integral curve of J(vg) with v(0) € X, then y(I) C X.

Proof. Locally ¥ = {p € Q : f(p) = 0}, for some open set Q& C H", and some
f € C&(Q) with non vanishing horizontal gradient. It is enough to prove the result
in XN Q. If v is any C* curve then

(2.12) ff = (Vaf(v(s)),5(s))-

Let us check this equality. The C}; function f is Pansu-differentiable in its domain
of definition by [4, Thm. 5.10]. By the results in [4} § 5] this implies that, for p in a
fixed small neighborhood of a, we have

(2.13) fp) = fa) = (Vaf(a),ma(a™"  p))) = lla™" - pllcE(a, p),
where the function E(a,p) satisfies
(2.14) gl_rf(ll E(a,p) =0,

|| - ||oo is the homogeneous norm defined in (2.2)), and the projection m, is defined, as
in [4 Def. 2.19], by

sz atYi }/z)a-

Hence, taking a = v(s), p = v(s + h), g(s) = (fon)(s), we get from
9(s +h) —g(s)

(2.15) h = (Vuf((s)), M(S)(V(S)_h s+ h))>
# DO 2 Wl ), (5-4 1)

Since v is a horizontal curve, it is immediate to check that

Tr'y(s)(’}/(s)_l : 7(8 + h‘))

2.1 li =Y(s).
(2.16) Lim - ¥(s)
On the other hand, since the norm || - || is globally equivalent to the Carnot-Ca-

rathéodory distance, there is a constant C' > 0 so that |[y(s)™! - v(s + h)||ec <
Cd(v(s),y(s+h)). As v is a C! horizontal curve we have d(v(s),y(s+h)) < [|¥]]ec b
So we have that [|[a=! - v(s + h)||eo/h is bounded and

871' S 0o
tim 001 Dllee 554) 541y =0,

by (2.14). Taking limits when h goes to 0 in (2.6)), and using (2 and (2.17)), we
P.12)

get

(2.17)



10 M. RITORE

Assume now that v is an integral curve of J(—Vuf/|Vuf|) with v(0) € ¥. Since
Vuf and J(Vyf) are orthogonal, equation (2.12)) implies

< 1ats)) =0

We conclude that f o is a constant function and, since f(v(0)) = 0, we have foy =0
in Q, and soy(I) C X. Since vy = =V f/|Vuf| on X, v in an integral curve of J(vg)
contained in 3. ]

3. PROOF OF THE ISOPERIMETRIC INEQUALITY

We shall denote by D,. := {(2,0) : |z| < r} the closed Euclidean disk of radius r > 0
contained in the Euclidean hyperplane I := {¢ = 0}, and by C, := {(z,t) : |z| < r}
the vertical cylinder over D,. The vertical t-axis {(0,¢) : ¢ € R} will be denoted by
L. For any set B C H", define BT := BN {(z,t) e H" : t > 0}, B~ := BN {(2,t) €
H" : ¢ < 0}.

We recall that to any finite perimeter set £ C H" we may add its density one
points and remove its density zero points, without changing the perimeter and the
volume of E. We shall always normalize a finite perimeter set in this way.

Theorem 3.1. Let E C H" be a finite perimeter set such that D C E C C, where
D=D,, C=C,, for somer >0. Then

3.1 0B] = |0B,|,
where B,, is the ball with |B,| = |E|. Equality holds in (3.1) if and only if B, = E.
Proof. Tt can be easily proven that E* := E N (H")* are finite perimeter sets. The

reduced boundary 9* E* of E* is contained in (0* EN{t > 0})Uint(D), where int(D)
is the interior of D inside II;.

We choose two families of functions. For 0 < ¢ < 1 we consider smooth functions
e, depending on the Euclidean distance to the vertical axis L, so that 0 < ¢, < 1,
and

@e(p) =0,  d(p,
ve(p) =1, d(p,L)
IVee(p)] <2/e, 2 <d(p,L)<e.

Again for 0 < ¢ < 1 we consider smooth functions 1., depending on the distance to
the Euclidean hyperplane Ilj, so that 0 < ¥, < 1, and

de(p)=1, d(p,To) <e /2,
bp) =0, d(p.Tlg) =241,
|vw€(p)| < 2; 8_1/2 < d(p, Ho) < 6_1/2 + 1

<
2 €,

Let A := 1/r. Then the ball By satisfies By NIy = D. Translate vertically the
closed halfspheres S to get a foliation of C. Let X be the vector field on C'\ L given
by the horizontal unit normal to the leaves of the foliation. By , on C'\ L we
have

div X = —nA.

We consider the horizontal vector field .. X, which has compact support on H"™.

div(wEgoEX)dU:/ Ve e diVde+/ <V(w8<pg),X> dv.
E+ E+

E+
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Observe that
lim/ Yepe div X dv = —n\ |[ET|,
E+

e—0

by Lebesgue’s Dominated Convergence Theorem since 1 . div X is uniformly bounded,
E7 has finite volume, and lim._.%.p. = 1. On the other hand

Ehi% . <v(¢8()08)7X> dv =0,

since <ap5V1/)€, X > is bounded and converges pointwise to 0, and

e—0

lim (¥eVipe, X )| dv < lim/ e [Vpe|dv = 0.
E+ e—0 (H"’)+

The last equality is easily checked taking classical cilindrical coordinates in H" =
R+ So we conclude

(3.2) lim div(1.p. X) dv = —nX |E™T|.
e—0 E+

By applying the Divergence Theorem for finite perimeter sets [4] to ET and to the
vector field .. X we have

div(epe X) dv = —/D <¢5<pEX, ND>dD —/6 <¢E¢5X, l/H>d|8E|,

E+ *En{t>0}

where Np is the Riemannian unit normal to D pointing into (H")", dD is the Rie-
mannian area element on D, and vy is the inner horizontal unit normal to 0*FE.
Taking limits when € — 0, we get from (3.2]) and inequality <X, Z/H> <1,

(3.3) S A B > —/ <X,ND>dD—/ d10E),
D o*En{t>0}
with equality if and only if, |0E|-a.e., X = vy on OE N (H")*.

We may replace E+ by IB%;\r in the previous reasoning to obtain

(3.4) —nA\|0BY| = —/ <X,ND>dD—/ d|OBy|.
D O*BAN{t>0}
Hence from (3.3) and (3.4) we obtain
(3.5) / d|OE| > / d|0By| +nX (|[ET| — |]B%j\r|),
o*En{t>0} OBAN{t>0}

with equality if and only if, [0F|-a.e., X = vy on OF N (H™)*.

We consider now the foliation of C' by vertical translations of the closed halfspheres
Sy. Let Y be the vector field on C'\ L given by the horizontal unit normal to the
leaves of the foliation. By applying the previous argument we get a similar estimate

(3.6) / d|0F| >/ d10Bx| + nA (|E~| - B; ),
o*EN{t<0} OBAN{t<0}

with equality if and only if, |0F|-a.e., Y = vy on E N (H™)~.

Hence, adding (3.5) and (3.6, and taking into account |0E| > |0E|(H™ \ Ip), that
OB, NIl does not contribute to the perimeter of £ and B, and that £ N Ily and
By NIIy do not contribute to the volume of £ and By, we get

3.7) |0E| > [0BA| + nA (|E] — [Ba]),

with equality if and only if, |0F|-a.e, X = vy on 0E N (H")" and Y = vg on 0E N
(H™)~ and |0F| = |0E|(H™ \ TIy).
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Let f(p) := np|E|+|0B,|—np|B,|. By Lemmac[2.2]and 2.4 the sphere S,, is a crit-
ical point of A—npV', with p fixed, for any variation. So we have A(S,) —npV(B,) =
0, where primes indicate the derivative with respect to p. Hence we have

f'(p) = n(|E| = |By|).

Since the function p — |B,| is strictly decreasing and takes its values in the interval
(0, 400), we obtain that f(p) is an strictly convex function with a unique minimum
p for which |E| = |B,|. Hence we obtain from (3.7)

(3.8) [0E| > f(A) = f(u) = [0By],
which implies (3.1)).

Assume now that equality holds in (3.8]). Then, since f is strictly convex, A = p. By
[12, Thm 1.2], 9F\ L is an H-regular hypersurface. By Lemma the integral curves
of J(vgr), starting from points in OF \ L, are contained in OF \ L.

Observe now that 9D C (OE \ L) NS,. For every p € 0D, consider the integral
curve vy, : I, = H" of J(vg), where I, is the maximal interval for which ~,, is defined.
The trace v,(l,) is contained in OF \ L. Such a curve is also an integral curve of
J(X) in (H™)* and an integral curve of J(Y') in (H")™, and so it is contained in the
sphere S,,. In fact, it is part of a characteristic curve of S,.

Since OF \ L is foliated by integral curves of J(vg), it is easy to check that
9E O Upeap 1(Ip) = Su\ (Sp)o = Su \ L. Here (Su)o is the singular set of the
C? hypersurface S,, as defined in § 2.3. This implies that S, C 0FE. We claim that
B, C E. To prove this we shall show that B,\LC E reasoning by contradiction. If
B, \ L is not contained in E, as S, = 0B, C JF, there is a point p in the interior
of B, \ L so that p ¢ E. The Euclidean orthogonal projection p’ of p over t = 0
lies in D C E. Hence there is a point ¢ in the Euclidean segment [p,p’] C int(B,,)
that belongs to OE \ L. As OF \ L is H-regular, the perimeter of JF in a small ball
contained in int(B, \ L) and centered at ¢ is positive, and so |0E| > |0B,|, which
contradicts our assumption that equality holds in (3.8). This implies B, C E. As
IB,.| = |E| we obtain B, = F by the normalization of E.

O
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