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Conclusions

1. The priority order established byP (∗, ∗), which lets
apply the considered criteria, exhibits a good estima-
tion performance, such as is shown by both methods.

2. Method s provides estimations ofβ much more parsi-
monious than Method–a at a non–excessive error cost.

3. Taking into the computational simplicity of BIC and
Cp, they would be a good choice for Method s.

Variances of beta estimations

Averages of beta estimations

Contour maps of some summary statistic functions
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Goodness–of–fit of the models identified by every criterion by using bE
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Parsimony of the identified models (# pairs =# parameters)

Comparisons of the logarithms of the errors between both methods, for
every criterion but MSE

• Study of the models selected by the five considered criteria,beingbE
as theideal reference
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Priority orders of PC pairs to be considered to estimateβ for Methodsa
ands, respectively, whereRjPi stands for the pair (ηj, ψi)

Numerical results(number of trials = 400):

A simulation study
Sketch for each trial

• Predictor process(based on James, Hastie and Sugar (2000)):

xw(t) =

14∑

p=1

awp ϑp(t) + γw, ∀ t ∈ [0, 1], w = 1, . . . , n = 10,

ap N (0, |10 − p|), γ  N (0, 1),
ϑ2r−1(t) = sin(2πrt), ϑ2r(t) = cos(2πrt), r = 1, . . . , 7.
X Discrete data: evaluatexw at ti = i/20, i = 0, . . . , 20

• Parameter function: β(s, t) = s sin(2π t) + cos(4π t) , ∀ s, t ∈ [0, 1]

• Response process: yw(s) =

∫

S
β(t, s)xw(t) dt, s ∈ [0, 1]w = 1, . . . , 10

X Discrete data: evaluateyw atsj = j/16, j = 0, . . . , 16

• Estimations ofβ: (2 methods for considering PC pairs× 5 criteria for
selecting the number of PC pairs)

Wavelet approximation of sample curves
In practice, basis coefficients of predictor and response sample curves
need to be estimated from discrete time observations⇒ Wavelet Analysis

Model estimation
Assuming thatX andY belong to finite dimension spaces spanned by two
basis{ϑp : p = 1, . . . , P} and{ϕq : q = 1, . . . , Q},

xw(t) =

P∑

p=1

awpϑp(t) yw(s) =

Q∑

q=1

bwqϕq(s),

the parameter function→ β(t, s) =

P∑

p=1

Q∑

q=1

βpq ϑp(t)ϕq(s).

Model (1) can be formulated as the multivariate linear model

B = AΨβ + Υ,

B = (bwq)n×Q, A = (awp)n×P , Ψ =
(
< ϑp, ϑp′ >L2(T )

)

P×P
,

Υ a noise matrix.

Least squares estimation:β̂ = ((AΨ)′(AΨ))−1 (AΨ)′B

Problems: multicollinearity and high dimension

A solution: Estimation based on the FPCAs of predictor and response

xw(t) =

n−1∑

i=1

ξwi fi(t) yw(s) =

n−1∑

j=1

ηwj gj(s),

whereξi andηj are the PCs of predictor and response curves,

ξwi =

∫

T
xw(t) fi(t) dt ηwj =

∫

S
yw(s) gj(s) ds ,

with fi(t) andgj(s) being their associated PC weights (eigenfunctions of
the sample covariance operators).

Model (1)⇒ Linear regression of each PC ofY on all PCs ofX

ηwj =
∑

i

ξwi νij + ǫwj ⇒ β(t, s) =
∑

i,j

νij fi(t) gj(s)

A functional PC estimation of β can be obtained by

• selecting an optimum setJ of PCs ofY

• regressing each of them in terms of and optimum setIj of PCs ofX.

Idea: R2 =
E[‖Ŷ ‖2]

E[‖Y ‖2]
=

∑

i,j

P (j, i),

whereP (j, i) is the variance explained by(ηj, ξi)
⇒ P (∗, ∗) establishes a priority order in the set of PC pairs⇒

1.Are all the PC pairs needed for estimatingβ?

• Method a: all possible pairs are considered.
• Method s: pairs with clearly non–significant correlation are leaved

out.

2.How many PC pairs?

• CV (leaving–one–out), BIC, Cp and MSE are adapted to functions
(errors→ normed errors)

• Only for simulation studies,bE = ‖β − β̂‖2
L2

The responsey∗(s) associated to a new predictor curvex∗ is forecasted

y∗(s) =

J∑

j=1

η∗j gj(s) =

J∑

j=1

∑

i∈Ij

σij

σ2
i

ξ∗i gj(s),

whereξ∗i =
∫
T x∗(t)fi(t) dt.

Functional linear model for a functional response
Let us consider a functional predictor{Xw : w ∈ Ω} ⊂ L2 (T ) and
a functional response{Yw} ⊂ L2 (S), where(Ω,A,P) is a probability
space,T andS are intervals inR, and both processes are centered.

The sample:{(xw, yw), w = 1, ..., n} ⊂ L2 (T ) × L2 (S)

The model:

E[Y (s)/xw] =

∫

T
β(t, s)xw(t)dt, s ∈ S. (1)

with β ∈ L2 (S × T ).

The ill–posedproblem: estimate theβ function.

ObjectiveStudy some estimation procedures for a functional regres-
sion model where both predictor and response variables are functions.
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