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ABSTRACT. In this paper we construct nontrivial exterior domains Q@ C RY, for all
N > 2, such that the problem

—Au+u—uP =0, u>0 in €,

u=0 on 01,
?TZ = cte on 0f,

admits a positive bounded solution. This result gives a negative answer to the Berestycki-
Caffarelli-Nirenberg conjecture on overdetermined elliptic problems in dimension 2, the
only dimension in which the conjecture was still open. For higher dimensions, different
counterexamples have been found in the literature; however, our example is the first
one in the form of an exterior domain.

1. INTRODUCTION

This paper is concerned with the existence of solutions of a semilinear overdetermined
elliptic problem in the form

Au+ f(u)=0 in Q,

u >0 in €,
(1.1) u=20 on 0f,
% =c#0 on 0f2.

Here Q C RY is a regular domain, f is a Lipschitz function and v stands for the exterior
normal vector to 0€2. Observe that the presence of two boundary conditions makes the
problem overdetermined. Overdetermined boundary conditions arise naturally in free
boundary problems, when the variational structure imposes suitable conditions on the
separation interface, see for example [3].

In 1971 J. Serrin proved that if (1.1) is solvable for a bounded domain €2, then © must
be a ball ([24, 19]). This is also true if we replace the Laplacian operator by another
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strongly elliptic operator and if the function f depends also on the gradient of u. This
result has many applications in Physics, and some of them are the following: 1) when a
viscous incompressible fluid is moving in straight parallel streamlines through a pipe of
given cross section, the tangential stress per unit area on the pipe wall is the same at all
points if and only if the cross section is circular; 2) when a solid straight bar is subject
to torsion, the magnitude of the resulting traction which occurs at the surface of the bar
is independent of the position if and only if the bar has a circular cross section; 3) when
a liquid is rising in a straight capillary tube, the liquid will rise to the same height at
the tube wall if and only if the tube has circular section. Serrin’s proof is based on the
Alezandrov reflection principle, introduced in 1956 by Alexandrov in [2] to prove that
the only compact, connected, embedded hypersurfaces in RV whose mean curvature is
constant are the spheres. The reflection principle was used also in 1979 by Gidas, Ni
and Nirenberg [13] to derive radial symmetry results for positive solutions of semilinear
elliptic equations. After that paper the reflection principle has been named the moving
plane method.

A natural dual version of the previous situation is to consider problem (1.1) in exterior
domains, i.e., domains © given as the complement of a compact connected region D ¢ RV,
In Physics this situation corresponds to the case of very big domains (mathematically
considered as unbounded) with a hole. We refer the reader to the survey [27] for more
specific applications in Physics of elliptic overdetermined problems in exterior domains.

In the case of exterior domains, the following problem has been considered:

Av+g(v)=0 in Q,

v=a>0 on 0f,
(1.2) % =c on 01,
0<v<a in Q.
With the change of variables u := a — v we have immediately a problem in the form

(1.1) with the extra assumptions u < a. In this framework, the main research line has
aimed to prove the counterpart of the Serrin’s symmetry result, that is, to prove that
Q is the complement of a ball. For example under the assumptions that g(¢) > 0 and

that ¢ w2 g(t) is nonincreasing, Aftalion and Busca proved in [1] that if problem (1.2)
has a solution then € is the complement of a ball. In [20] Reichel proved the same
symmetry result but under different assumptions: he assumes that g(t) is decreasing
for small positive ¢ and that v — 0 at infinity. Finally, Sirakov (][28]) extends Reichel’s
result in several directions: to other domains (like the complement of a finite number
of domains, with different constants a;, ¢;), to other elliptic operators, and moreover he
shows that the condition v < a can be replaced with the assumption ¢; > 0.
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As a consequence of [20, 28], we show in this paper that for some special functions f,
the solution w of (1.1) must be radially symmetric and increasing (see subsection 2.1)
and 2 is the complement of a ball. This includes, for instance, the case of the Allen-Cahn

nonlinearity f(u) = u — u®.

In the proofs of [1, 20, 28] the main tool used is the moving plane method from infinity,
sometimes combined with the moving spheres method. Then their proofs show not only
symmetry, but also monotonicity along the radius. At this point, we point out that
there are radially symmetric solutions of problem (1.1) which are not monotone along
the radius. For instance, there exists a non-monotone radial solution to the problem:

Au+uP —u=0 in Bf,
(1.3) u>0 in B,
u=0 on 0Bp,

for any p > 1 and R > 0, where Bp is the ball of radius R and B, is its complement (see
for instance [10]). This equation receives the name of Nonlinear Schrédinger Equation
and has been widely studied in the literature. Its solution increases in the radius up to
a certain maximum, and then it decreases and converges to 0 at infinity. Therefore, the
usage of the moving plane method from infinity is intrinsically restricted to some kind of
nonlinearities and/or solutions u. The main goal of this paper is to prove that (1.1) is
solvable for some exterior domain different from the complement of a ball. For that, we
use a local bifurcation argument from the solutions of (1.3).

Before going further presenting our results, let us review the literature on overdeter-
mined semilinear elliptic problems. In [6] Berestycki, Caffarelli and Nirenberg consider
free boundary problems where the variational structure imposes overdetermined condi-
tions on the boundary. The study of the regularity of the solutions by a blow-up technique
led them to study problem (1.1) in epigraphs. Under some hypothesis on the nonlinearity
f and on the behavior of the epigraph at infinity, they proved that the epigraph must be
a half-space (these results were later extended by Farina and Valdinoci [11]). Motivated
by this, and by the aforementioned results on exterior domains, they proposed in [6] the
following conjecture:

BCN Conjecture: If RVM\Q is connected, then the existence of a bounded solution
to problem (1.1) implies that Q is either a ball, a half-space, a generalized cylinder
B x RN=F (B* is a ball in R¥), or the complement of one of them.

This conjecture has been answered negatively for N > 3 in [26], where the third author
finds a periodic perturbation of the straight cylinder BV ! x R that supports a periodic
solution to problem (1.1) with f(t) = At.

In the last years, a parallelism between overdetermined elliptic problems and constant
mean curvature surfaces, in the spirit of the correspondence of Alexandrof’s and Serrin’s
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results, has been observed. Indeed, the counterexample to the BCN Conjecture built
in [26] belongs to a smooth one-parameter family that can be seen as a counterpart of
the family of Delaunay surfaces, see [25]. Such domains exist also in other homogeneous
manifolds, as S” x R or H" x R, as shown in [18] as the counterpart of other well known
families of constant mean curvature surfaces. In [14] Hélein, Hauswirth and Pacard
establish a kind of Weierstrass representation for overdetermined elliptic problems in
dimension 2 with f = 0 in analogy with minimal surfaces. Moreover, Traizet finds a
one-to-one correspondence between solutions of problem (1.1) in dimension 2 with f =0
and a special class of minimal surfaces ([32]). Finally, in [9] Del Pino, Pacard and Wei
consider problem (1.1) for functions f of Allen-Cahn type and they build new solutions
in domains © with boundary close to a dilated embedded minimal surface in R? with
finite total curvature and nondegenerate, or to a dilated Delaunay surface.

If © is an epigraph, the problem is also related to the De Giorgi’s conjecture (1978),
that is still open in its full generality. This conjecture states that the entire solutions
of the Allen-Cahn equation Au + u — v® = 0 monotone in one direction must have
level sets which are parallel hyperplanes if N < 8. The relationship between the De
Giorgi’s conjecture and overdetermined problems is not surprising if we recall that this
conjecture is the counterpart of the Bernstein’s conjecture on minimal surfaces (1914),
that stated that all entire minimal graphs in RY should be hyperplanes, and which has
been disproved by E. Bombieri, E. De Giorgi and E. Giusti for N > 9 ([7]). Starting
from the Bombieri-De Giorgi-Giusti entire minimal graph, Del Pino, Kowalczyk and Wei
build entire nontrivial monotone solutions to the Allen-Cahn equation if N > 9. In this
spirit, Del Pino, Pacard and Wei has recently built nontrivial solutions for (1.1) for f of
Allen-Cahn type in nontrivial epigraphs if N > 9, see [9]. In [34] Wang and Wei prove
that this type of solutions do not exist if NV < 8, a result that can be put in analogy with
that of Savin for the De Giorgi conjecture ([23]). Finally, the notion of stability plays
an important role in the De Giorgi conjecture, and also in overdetermined problems, see

33].

Coming back to the BCN Conjecture, we point out that all counterexamples men-
tioned above require N > 3, and we underline that all the examples of domains solving
an overdetermined elliptic problem are linked to minimal or constant mean curvature
surfaces.

In this paper we give a counterexample in the form of a exterior domain for any
dimension N > 2. This gives a definitive negative answer to the conjecture, also in
dimension two. Partial positive answers to the BCN conjecture in dimension 2 have
been given in several works, see [11, 14, 21, 22, 32, 34]. In [21] the authors show that
the conjecture holds in dimension 2 under the hypothesis that 92 is unbounded. The
counterexample we give in this paper shows that such hypothesis is actually sharp.
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Finally, this is the first example of a domain solving an overdetermined elliptic prob-
lem that has no clear counterpart in the theory of minimal or constant mean curvature
surfaces.

A first statement of our result (see Section 2 for a more detailed statement) is the
following:

Theorem 1.1. Let N e N, N >2, 1 <p< % (p>1if N =2). There exist smooth
exterior domains Q different from the complement of a ball such that the overdetermined
problem

“Aut+u—uP =0, u>0 in §Q,

(1.4) u=0 on 01,
% = cte on 0f1,

admits a bounded solution.

Observe that, for any R > 0, the solutions to (1.3) form a trivial family of solutions
of (1.4). In this paper we use a local bifurcation argument to show that, from this
family of trivial solutions, there are nontrivial solutions in nontrivial domains bifurcating
at some values of the radius. The proof uses a general bifurcation result in the spirit
of Krasnoselskii. In order to do that, the nondegeneracy of the Dirichlet problem is
essential, but in general this is false at least for some radii R. Under some symmetry
assumptions, we find a spectral gap for the Dirichlet problem associated to (1.3), that is,
we show that it is nondegenerate for R € (0, Ry), for some Ry > 0. Another important
issue of the proof is to show that bifurcation occurs exactly in that interval. This is made
by studying the behavior of the first Steklov eigenvalue of the linearized operator.

The paper is organized as follows. In Section 2 we state a more precise version of
Theorem 1.1, which is the main result of the paper. Moreover, we complement our
analysis by showing the validity of the BCN conjecture for exterior domains and some
special nonlinearities f. In Section 3 we give some preliminary results. In particular,
the existence of the spectral gap for the Dirichlet problem is stated, but the proof is
postponed to Section 7. In Section 4 we define the operator that appears naturally in
our problems, and we compute its linearization. Section 5 is devoted to the study of
the linearized operator and its spectrum. Finally, in Section 6 we use a local bifurcation
result to conclude the proof.

The authors would like to thank the referee for his comments on the original version
of the paper. Those comments have given rise to subsection 2.1.
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2. STATEMENT OF OUR MAIN RESULT AND COMMENTS

Let us first set some notations. Given a symmetry group G acting on RY, we say that
Q c RY is G-symmetric if it is invariant under the action of the group G. In such case,
we can define the Sobolev spaces of G-symmetric functions as follows:

HL(Q) ={uec H(Q): u=uogVgc G},
H&,G(Q) ={ue€ H&(Q): u=wuogVge G},

and by Hél(Q) the dual space of H&G(Q). We will use the same kind of notations for
functions defined in 9f2. In particular:

Hém(@(l) ={ue HY?@Q): u=uogVgeG}.

We denote by Bg € RYM the ball of radius R centered at 0, and we may also write
SN=1 instead of 9B;. If Q is radially symmetric, we shall denote the spaces of radially
symmetric functions as:

HY Q) ={uec HY(Q): u(z) =u(|z]) a.e. z € Q},
H&jr(Q) ={uec H}(Q): u(z) =u(|z]) a.e €N}

1/2
For a function v € H'(2), we denote ||u| = (||Vu\|%2 + Hu||%2) its Sobolev norm.

Other norms will be clear from the subscript. In the case of the Holder regularity we can
define the following spaces:

CEY(Q) = {uec CP(Q): u=uogVge G},
Cg’a(aQ) ={ueChaN): u=uogVgeG)
Moreover, we will denote by C’é’%(SN ~1) the set of functions in Cf3*(SN~1) whose

mean is 0. Given a positive function w € C’é’a(SN ~1) let us denote

Bw::{xERN : 0§|:C|<w<|x>}.
x

and B¢, its complement in RY.

We denote Agv-1 the Laplace-Beltrami operator in SV =1, and {;}icn its eigenvalues,
ie. p; =1i(i + N —2). From now on, we will fix a symmetry group G with the following

property:
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(G) G leaves invariant the origin and, denoting by {, }ren the eigenvalues of Agn—1
restricted to G—symmetric functions and my, their multiplicity, we require i; > 2
and my odd.

We are now able to state the main result of this paper, from which Theorem 1.1 follows
immediately.

Theorem 2.1. Let N e N, N > 2, 1 <p< % (p>1if N=2). Let G be a group
of symmetries of RN satisfying (G). Then there exist R, = R.(i1,p) > 0, a sequence
of mon-zero functions v, € Cé’?n(SNfl) converging to 0, and a sequence of positive real
numbers R, converging to R, such that the overdetermined problem:

—Aut+u—uP =0, in Bf%n(an)
u=20 on OBR, (14v,)
g—;‘ = cle on OBR, (14v,)

admits a positive bounded solution u € C’é’a (Bf%n(l“l‘vn)) N H(%,G (Blc%n(l-wn))'

Remark 2.2. There are many examples of groups G satisfying (G). For instance, if
1 <m < N —1, the group G = O(m) x O(N — m) satisfies that i1 = 2 and m; = 1.
Indeed, in this case, the corresponding eigenvalue is given as the restriction to SV~! of
the 2-homogeneous harmonic polynomial:

p(x) = (N —m)(z] + -+ ) —m(zh g+ +3%).

In dimension 2, we can take as G any dihedral group D, k& > 3. In this case, i1 = k
and mq = 1. In dimension 3 we can take GG as the group of isometries of the tetrahedron
(i1 = 3 and my = 1), the octahedron (i; = 4 and m; = 1) or the icosahedron (i; = 6 and
my = 1), see [16].

Remark 2.3. One could ask whether two different groups G1, G5 give rise to different
domains 2. The answer is (partially) affirmative. Indeed, define G = (G, G2), and
denote:

(1) {pi,} the eigenvalues of Agn-1 restricted to G1-symmetric functions,
(2) {uj,.} the eigenvalues of Agn-1 restricted to Ga-symmetric functions,
(3) {m,} the eigenvalues of Agn-1 restricted to G-symmetric functions.

Clearly, [y > max{i1,j1}. If {1 > min{i;, j1}, then the two groups G; and Gy give rise
to different domains €. In particular, this is true if i1 # j;. In fact the value of the
bifurcation radius R, is different; this is due to the fact that the value R, is strictly
increasing with respect to i1, as can be see in the proof of Lemma 6.4.
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2.1. On the validity of the BCN conjecture for other type of nonlinearities. As
commented in the introduction, Theorem 2.1 gives a counterexample to the Beresticky-
Caffarelli-Nirenberg conjecture in exterior domains. We end this section by discussing
its validity for other types of nonlinear terms f(u).

Proposition 2.4. Let Q) be a bounded smooth domain and u be a bounded solution of
the problem:

Au—+ f(u) =0 in QF°,

u=20 on 0f),
(2.1) % =c on 0f2,
u >0 in €°.

Suppose that f : [0, +00) — R is a C* function such that there exists L > 0 with:
(1) f(t) >0 forallt e (0,L),
(2) f(t) <0 forallt> L,
(3) (L) =0 and f'(L) <0,
(4) If f(0) =0 then f'(0) > 0.

Then Q is a ball and w is radially symmetric and increasing.

Proof. The proof relies on the result [20] on exterior domains. But in order to apply it,
we need to show that u(x) < limj|_,;o u(x) = L. This is done in two steps.

Step 1. u(z) < L for all z € Q°.

Assume that o = supu > L, and take z,, € Q¢ such that u(z,) — a. Since u is
subharmonic in the domain {u(x) > L}, then it cannot reach its supremum, so z, is
unbounded. Define u,(z) = u(x + ). Clearly u,, is bounded in L>, and hence also its
C* norm is bounded in L on compact sets, for every k € N. As a consequence, u,, — v
in O sense on compact sets of RY, where 0 < v(z) < « is an entire solution of the
equation Av+ f(v) =0, and v(0) = a > L. But v is strictly subharmonic in the domain
{v(z) > L}, then it cannot reach its supremum. Hence o < L. Moreover, observe that
u = L is a constant solution of the problem Au + f(u) = 0. By the maximum principle,
those two solutions cannot be at contact, concluding the proof.

Step 2. limyy|_, 4o u(z) = L.

Let us define 8 = liminf|, o u(x). This implies that there exists z, € Q°, |z,| —
400, such that u(x,) — B. As before, define u,(x) = un(z + x,), up — v in C*
sense on compact sets of RY, where 8 < v(z) < L is an entire solution of the equation
Av + f(v) = 0. In particular v is superharmonic, and v(0) = 5 = infv € [0, L]. Hence
v = 8, which in turn implies that 8 = 0 or 8 = L. We now exclude the possibility 8 = 0.
In such case f(0) = 0 and wu,, converges uniformly to 0 on compact sets. Then, given
any € > 0, R > 0, we have that u,(z) € (0,¢) in B(0, R) for large n. By hypothesis (4),

flu) > @u for any u € (0,¢), provided that € > 0 is chosen sufficiently small. We can
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also choose R > 0 such that the first eigenvalue of the Laplace operator under Dirichlet

boundary conditions satisfies A\; = A\1(Bg) < @. Then wu,, is a positive solution of the
inequality —Awu, > Aju, in Bg. But this is not possible, so we conclude that § = L.

We are now in conditions to apply the result of [20] to the function v(z) = L — u(x)
to conclude the proof. O

The above result applies for instance to the case of the Allen-Cahn nonlinearity f(u) =
u — u3. The following proposition, probably known in the literature, represents an other
example when the BCN conjecture works for exterior domains.

Proposition 2.5. Let ) be a bounded smooth domain and u be a bounded solution of
the problem:
Au=0 in QF,
u=20 on 082,
gz =c on 09,
u >0 in Q°.

Then Q2 is a ball and u is radially symmetric and increasing.

Proof. Here also the proof relies on the application of the result [20] to v(z) = L — u(z),

where L = lim;) 1 u(z). This is possible because
(1) The limit lim,_ 4 u(7) exists for harmonic functions defined outside of a com-
pact set, and then L is well defined (see for example Theorems 4.9 and 4.10 of

[5])-

(2) v is positive, because u is harmonic and then u(z) < L for all z € Q°.

This concludes the proof. ]

Remark 2.6. There exist nonlinearities such that, for any bounded smooth domain ) C
RN | the problem

Au+ f(u) =0 in QF,

u=20 on 0,

u>0 mn Q°,
does not admit any bounded solution. In this case we could say that the BCN conjecture
holds in a degenerate way. This happens, for instance, under the following assumptions:

(1) f(t) <0 for anyt > 0. This can be seen by defining = supu > 0, z, € Q° such
that u(x,) — B and, arquing as in the proof of Proposition 2.4, we would pass to
a nonconstant subharmonic function attaining its supremum.

(2) f(t) > et for any t > 0 and some € > 0, see for example [22, Proposition 3.1].

(3) f(t) > ¢ >0 for any t > 0. Indeed, for any ball B(xo, R), we have that v(z) =
35 (R% — |z — 20/?) solves the equation Av+ c =0, with 0 boundary data. By the
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mazimum principle, if such ball is contained in Q°, then a solution of (??7) would
satisfy u > v. But as R becomes large v becomes larger, giving a contradiction.

The previous results, together with [21], implies the following;:

Corollary 2.7. In dimension 2, under the assumptions of Propositions 2.4 and 2.5 or
Remark 2.6, then the BCN conjecture holds.

We remark also that the case of the original Serrin’s overdetermined problem, i.e. the
case where f is a constant, is completely solved for exterior domains by the previous
results.

We finish this section with a comment on the case of affine functions f(u). In view of
Propositions 2.4 and 2.5 and Remark 2.6, the only case left is f(u) = au + b with a > 0
and b < 0. This case seems to remain as an interesting and hard open problem.

To fix ideas, let us take N = 3. Then, the function u(z) = Si‘nxllxl + % is a solution of

the problem:
Au+u— % =0 in B¢

u=20 on 0B,
g—:j:c;éo on 0B,
u >0 in B¢.

Here B = Bjx. This is of course a radial solution to the overdetermined problem, but it

is not monoténe along the radius, as the solution of (1.3). Actually it oscillates infinitely
many times around its limit % As a consequence a symmetry proof via monotonicity,
in the spirit of [1, 20, 28|, cannot be performed. It would be interesting to use this
solution to build other counterexamples to the BCN conjecture, as we do in this paper,
but this seems difficult. The solution is explicit but it does not belong to the Sobolev
space H'(B¢), and its Morse index is infinity, even when we restrict ourselves to radially

symmetric functions.

3. PRELIMINARY RESULTS

As commented in the introduction, we will prove Theorem 2.1 by means of a bifurcation
argument to show the existence of such domain €2 close to the exterior of a ball. For
that, we shall need some facts of the Dirichlet problem; given any p > 1, consider:

—Au+u—uP =0, u>0 in Bf,

u=20 on 0Bp.

It will be convenient to make a change of scale and pass to the equivalent problem:

“AMu+u—u’ =0, u>0 in BY,
u=0 on 0Bi,

(3.1)

(3.2)

where A = #. In the proposition below we list some known properties of this problem.
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Proposition 3.1. There follows:

a) For any A > 0, there exists a radially symmetric C* solution of (3.2). This
solution increases in the radius up to a certain mazximum, and then it decreases
and converges to 0 at infinity.

b) The positive and radial solution to (3.2) is unique: we denote it by uy.

c) Let us define the linearized operator Ly : H&G(Bf) — H;'(BY),

(3.3) L) = =MD + ¢ — pul o,
and consider the eigenvalue problem:
Lx(¢) =T ¢.

In the space of radially symmetric functions H&T(BIC%) this problem has a unique
negative eigenvalue and no zero eigenvalues. In other words, uy is nondegenerate
in H&T(Bf) and has Morse index 1. We denote by zy € Hg .(Bf) (normalized by

llzall = 1) the positive eigenfunction with negative eigenvalue, i.e.
1 i
(3.4) —Azy + 2y —pud Tz =102\ in B,
zx =0 on 0Bi,

where 19 = 19(A) < 0. Moreover zy is a C* function.

Proof. Statement a) is quite well known and has been proved in [10], for instance. The
results b) and ¢) are more recent and have been obtained in [12, 31]. O

Let us define the bilinear operator associated to (3.3): @y : H&G(Bf) X H&G(Bf) — R,

(3.5) Qr (. 1) = /

AV - Vaby + by by — pub by 4o .
Bf

By Proposition 3.1, ¢), Q, is positive definite for v € H} ,.(Bf) with Jge ¥ zx = 0. In next
’ 1

lemma we show that this property may fail if we do not impose radial symmetry. This

might be known in the literature, but we have not been able to find a specific reference.

Proposition 3.2. Let G be a symmetry group satisfying hypothesis (G). Then there
exists € > 0 such that for any X € (0,¢), there exists ¢ € Hi o(Bf) such that

(1) fo zy = 0.
(2) Qx(¥,v) <0.

Remark 3.3. The proof of Proposition 3.2 can be adapted to show that the Morse index
of uy in Hy(BY) diverges as A — 0. This is in contrast with what happens in the radial
case. Hence, one expects the existence of infinitely many branches of nonradial solutions
to the problem (3.2) bifurcating from wy. As far as we know, this result has not been
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explicitly written in the literature. In any case, the existence of this kind of solutions is

outside the scope of this paper.

Proof of Proposition 3.2. Let u;, be the first eigenvalue of the operator Agn-1 restricted
to G-symmetric functions, and ¢ one of the corresponding normalized eigenfunctions.
Let us define the function 1 in polar coordinates: ¥(r,0) = uy(r)¢(#), with § € SV—1,

Since zy is radially symmetric, [z.1zy = 0. Observe now that
1

VP = (r)? 62(6) + 5 ur(r)? Vo (6)

Therefore,
+o0
QY. ¥) = /1 T O (1) + ua () = plua(n)*) /S O dodr
+o0 1
A /1 NGk /S IVaoO) de dr

+o0 '
N / ()‘U/A(T)2 +ur(r)? = plua(r)[P* + A%“A(Tf) rNdr
1

If we multiply the equation in (3.2) (with u = w)) by u) and integrate, we obtain:

400 too
/ ()\u’,\(T)2 + U)\(T’)2) rN=1agr = / lux(r) [P N
! 1
Plugging this identity in the above expression, we obtain:
+00 .
a0 = [ (-9 QB0 + i) + A s P ar
1

oo B , 2 N-1
< (1 —p+ Mgy ua(r)“r dr,
1

p—1

and this last quantity is negative if A < € := .
1

O

In view of Proposition 3.2, the operator L) may be degenerate if we consider non
radially symmetric functions. However, as a consequence of next proposition, we conclude

that Ly is nondegenerate for large values of A.

Proposition 3.4. There exists M > 0 such that for any X\ > M, Qx(v¥,v¢) > 0 for any

(RS H&G(Bf) such that fBT Pzy = 0.

The proof of this proposition is postponed to Section 7.



OVERDETERMINED ELLIPTIC PROBLEMS IN EXTERIOR DOMAINS 13

We define:
(3.6) Ag=sup {)\ > 0: Qx(1,v) <0 for some ¢ € H&G(Bf) \ {0}, / Yzy = O} ,
By

Observe that Proposition 3.4 implies that the set above is bounded from above, whereas
Proposition 3.2 implies Ag > 0. For A > Ay, the Dirichlet problem (3.2) is nondegenerate,
in the sense that the operator Ly has trivial kernel. The following result is rather standard
but, since the domain under consideration is unbounded, we prefer to state it and include
its proof.

Lemma 3.5. Assume that the operator Ly has trivial kernel. Then:

a) The operator Ly is an isomorphism.
b) Given v € Hé/2(SN_1), there exists a unique solution v, € H}(BS) of the prob-
lem:

(3 7) —AAYy + 1Py — pugilwv =0 n Bf»
. hy =0 on 0DBj.

Proof. We observe that the operator
= AAY 4+

is an isomorphism from H{ ,(B§) — Hg'(Bf). Moreover, the operator

-1
Y — pul

is a compact operator from H&G(Bf) — H5'(Bf), because uy () tends to 0 when |z| —
+00 (see Proposition 3.1). Our operator L) is the sum of the two previous operators,
and since it has trivial kernel by assumption, we conclude that it is an isomorphism.

In order to prove b), take ¢ € H}(BS) such that ¢|spp, = v. Observe that £ =
—AD + ¢ — pu’;\_l(b is a element of Hél(Bf) in the sense that:

(€0) = [ V0V 00— pu o

for all ¢ € H&G(Bf). By a), we can find 6 € H&G(Bf) with Ly(0) =&. Then ¢ — 0 is a
solution of (3.7). O

4. THE DIRICHLET-TO-NEUMANN OPERATOR AND ITS LINEARIZATION

The main result of this section is the following:
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Proposition 4.1. Assume that A\ > Ay, where Ay is given by (3.6). Then, for all function
v E Cé’in(SNfl) whose norm is sufficiently small, there exists a unique positive solution
u=u(\v) € C*>*(BS,,)N H&,G( {1y) to the problem

~AMu+u—uP = 0 in B,
(4.1)

u = 0 on OBiiy.

In addition u depends smoothly on the function v, and u = u) when v = 0.

Proof. Let v € C’é’%(SN —1). Instead of working on a domain depending on the function
v, it will be more convenient to work on the fixed domain Bf, endowed with a new metric
depending on the function v. This can be achieved by considering the diffeomorphism
Y : Bf — Bf,, given by

(12) v = (14w (2) )

where x is a cut-off function such that:

0 |yl >3/2,
=] P23

Hence the coordinates we consider from now on are y € B{ and in these coordinates the
new metric g can be written as

g=0i+ Y CYdydy;,
i,J
where the coefficients C% € Cé:a(Bf) are functions of y depending on v and the first
partial derivatives of v. Moreover, C*¥ = 0 when v = 0 and the maps v — C%(v) are

smooth. Up to some multiplicative constant, the problem we want to solve can now be
rewritten in the form
A+ —aP = 0 in Bf
(4.3) .
4@ = 0 on O0Bj.

When v = 0, the metric g is nothing but the Euclidean metric and a solution of (4.3) is
therefore given by 4 = u). In the general case, the relation between the function u and
the function @ is simply given by

Yiu=1.
For ¢ € H&,G(Bf) we define

N (v, ) = =AAg(ux + ) + (ux + 1) — [(ux + ) FP.
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where (uy + )" denotes the positive part of the function uy + 1. We have
N(0,0) = 0.

The mapping N is a smooth map from a neighborhood of (0, 0) in C’é’a(SNfl) X H&G(Bf)
into H, 1(Bf). The partial differential of N with respect to ¢, computed at (0,0), is given
by

DyNlgo) () = =AAY + ¢ — puh ™'

Since A > Ay, DwN|(0 0 H} o(BS) — HZ'(B$) is an isomorphism by Lemma 3.5.
Therefore, the Implicit Function Theorem implies that, for v in a neighborhood of 0
in Cé’a(SNfl), there exists of (A, v) € H&G(Bf) such that N(v,¢(v,\)) = 0. The
regularity of u = uy + (v, A) follows from classical Schauder regularity theory, whereas
the fact that u is positive comes from the maximum principle. ]

For any A > Ag, after canonical identification of 0By, with S¥~1, we can take an
open set U € (Ag, +00) X Cé‘:n(SN_l) containing (Ag, +00) x {0}, as the domain of the
operator F : U — C’Cl;’?n(SN_l) defined by

ou(A,v) 1 Gu), v)
4.4 F = B 2
( ) (A,U) v V01(8B1+U) /é)B1+v v

where v denotes the unit normal vector field to dB14, pointing to the interior of By,
and u(\,v) is the solution of (4.1) provided by Proposition 4.1.

Observe that F(A,v) = 0 if and only if % is constant at the boundary dBy4,. Clearly,

F(X,0) =0 for all A € (Ag, +00). Our purpose is to find a bifurcation branch from those

solutions, so that we get F'(A, vy) =0, with vy € C’é’i‘n(SN_l) small, but different from

0.

We will compute now the Frechet derivative of the operator F. Before this, we state
a useful lemma.

Lemma 4.2. Let v € C’é’fi‘n(SNfl) and ¢ =, € Cé’o‘(Bf) N HL(BYS) be a solution of
(3.7). Then:

/ Pz =0, 87¢ =0.
B oB, OV

c
1

Proof. We multiply the equation in (3.4) by 1, the equation in (3.7) by z), and integrate

by parts to obtain:
o 0z
o fooo = L (G 5v)

c
1
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We know that z) = 0 and 68% is constant on 0B; (recall that z) is radially symmetric)
1) = v on 9Bj. The first identity follows immediately.
Now, define k) € H}(BY{) as the unique solution of the problem:

(4.5) —ARy + Ky — pu’;_l/ﬁ,\ =0 in Bf,
' Ky =1 on 0B;.

The existence of such solution is guaranteed for any A € R by Proposition (3.1) ¢) and
Lemma 3.5 b). We multiply (4.5) by 1, (3.7) by k) and integrate by parts to conclude:

0_/ op 9
N 0B1 ov A ov '

We know that ky = 1 and %il} is constant on 9B; (k) is also radially symmetric), and

that ¢ = v on 0B;. The second identity follows immediately. O
We define the operator Hy : C5% (SN=1) — 5% (SN1),
0
(4.6) Hy(v) = 8% — (N —1)w.
v

Here 1), is given by Lemma 3.5, b). Observe that by Schauder Elliptic Estimates, if
vE C’é’?n(ﬁBl), Yy € Céia(Bf), and then the operator is well defined.

Proposition 4.3. The map F defined in 4.4 is a C* operator in a neighborhood of (\,0)
for all A > Ag, and DUF|(>\70) = H,.

Proof. The operator F is a C' operator by Proposition 4.1 (the function u depends
smoothly on v). The linear operator obtained by linearizing F' with respect to v at (), 0)
is then given by the directional derivative
F(X — F()\0 F(\
F’(w):hm ( ,S'LU) ( ) ):hm ( 78w)‘

s—0 S s—0 S

Writing v = sw, we consider the diffeomorphism Y : Bf — Bf, given in (4.2). We set
g the induced metric, so that @ = Y*u is the solution (smoothly depending on the real
parameter s) of

“MN\zu+u—aP = 0 in Bf
w = 0 on 90Bj.
We remark that @y := Y*u) is a solution of
—/\Agﬁ)\—l-ﬁ)\—ﬁl))\ =0

in a neighborhood of Bf (note that uy is radial and then can be extended in a neighbor-
hood of 0B;), and

~

aA(y) = ua((1 +sw)y),
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on 0By. Writing @ = u) + ¥ we find that

wn MG (g ) — (A + PP —an+ @ = 0 in B
4.7

¢ = —ﬂ)\ on 831

Obviously 1& is a smooth functions of s. When s = 0, we have v = uy. Therefore, 1[1 =0
and @) = u) when s = 0. We set

¢ = 8s@ﬂs:O .
Differentiating (4.7) with respect to s and evaluating the result at s = 0, we obtain
A+ (1 +pb Y = 0 in B¢
@b = —Opupyw on 0B;
where we have set r := |y|. To summarize, we have proved that

U= Uy + s Opuxy + 0(52)

where 1) is the solution of (3.7). In particular, in Bf /40 We have

aly) = ux ((L+sw(y/lyl) y) +sduri(y) + O(s?)
= ur(y) + s 0ruy (rw(y/lyl) + ¢) + O(s?)

In order to compute the normal derivative of the function @ when the normal is computed
with respect to the metric §, we use polar coordinates y = r § where § € SV~1. Then the
metric g can be expanded in Bs )y \ B; as

g=0+sw)dr*+2s(1+sw)rdwdr+r* (1 + sw)? é + s> r? dw?

where é is the metric on S¥~! induced by the Euclidean metric. It follows from this
expression that the unit normal vector field to 9B; for the metric g is given by

U= ((1 +sw)™t + (9(52)) Or + O(s) Oy,

where dy, are vector fields induced by a parameterization of SN=1. Using this, we conclude
that

9(Va, D) = dyuy + s (w 02uy + 0p1p) + O(s?)

on 0B;. The result then follows at once from the fact that d,uy and d?u) are constant
on 0By, while the terms w and 0, have mean 0 on 0B7, and

—A(&qu + (N —1)0,uy) =0
on 0B;. This completes the proof of the proposition. O
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5. STUDY OF THE LINEARIZED OPERATOR

In view of Proposition 4.3, a bifurcation might appear only for values of A so that H)
becomes degenerate (H) was defined in (4.6)). We shall see that this is indeed the case
for some A\ > Ag. Let us define the first eigenvalue of the operator Hyas

al(HA):inf{/ vHy(v) : UGC‘éJ‘fn(ngl)7 / 02:1} € [—00, +0).
SN-1 ’ SN-1

The main result of this section is the following:

Proposition 5.1. There exists Ao > A* > Ay (Ag is given in (3.6)) such that:
(1) @fA > A2 then Jl(H)\) > 0,’
(2) Jl(HA*) =0;
(8) there exists a sequence of real numbers X\, increasing and converging to A*, such
that Ul(H,\n) < 0.

In order to prove Proposition 5.1, let us define the following bilinear forms: T :
HY(SV-1) x HY*(SM1) - R defined by

Oy,
Ty\(v1,v2) = /SN_1 01%7

and Ty : HY*(SM1) x HY*(S¥-1) = R defined by

- 0 vs
Ty (v1,v2) :/ V1 g —/ (N —1)vve.
SN-1 v S§N-1

Observe that Ty, Ty are symmetryc. Moreover, it is clear that:

o1(Hy) :inf{/ Th(v,v) : UEC?;’%(SN_l), / v =0, / v|2:1}.
SN-1 ’ sN—1 SN-1
We also define the bilinear form Qy : H}(BS) x HL(Bf) — R, by

(5.1) Qx(V1,Y2) = Qx(Y1,1P2) = A (N — 1) Y1,

0B1
where @) has been defined in (3.5). It is easy to verify that

T/\(U17U2) = %Q)\(vawvg) y T/\('Ul,’UQ) = %QA(vawvg)-

The following lemma relates o1 (H)) with the bilinear form Q.

Lemma 5.2. For any A > Ay we have

i) =it {3 Q) = veb, [ wi-1).
0B1
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where

(5.2) E={¢6H5<Bf>, =0, m:o}.
By

0By
Moreover this infimum is attained.

Proof. Fix A > Ag. First we prove that

(5.3) w=it{oaw) - ver [ w1}

0B1

is achieved. Take 1), € E such that Qx(¢¥n,¥n) — 71 € [—00,+00). We show that
1y, is bounded by contradiction; if |[1),|| — +oo, define ¢, = ||ty ||~ ¢, and we can
assume that up to a subsequence ¢, — ¢o. Observe that |, 0B, ¢2 — 0, which implies

that ¢g € H&G(Bf). We also point out that
-1 ~1
/ ul gbi — uff (bg.
By By

Now, let us consider two cases:
Case 1: ¢g = 0. In such case,

(Wt = [0nl? | (AV6aP o+ 62 = i1 62) = o

1

which is impossible.
Case 2: ¢g # 0. In this case,

.. T 2 2 2 . p—1,2
fmint Q) = Hmint ol [ (M9 + 6% - '61)

. 2
2 liminf {1y, |7Qx(¢o, ¢0),

but Qx (o, ¢o) > 0 since A > Ap. This is again a contradiction.
Therefore, 1, is bounded, so up to a subsequence we can pass to the weak limit ¢, — .
As before,

_ 2 2 p—1 2 p—1 2
= [ e [ [ g [t
0B, 0By ¢ Bf
Then v is a minimizer for v;, and in particular v; > —ooc.

Now we observe that under the constraints ¢ € E, and |, 9B, 1? =1 we have

(5:4) Qa(h, ) = (¥, ¥) = A(N - 1)
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and in particular, also
. 1 =
lnf{)\QA(l/%w) : ¢€E7 w2:1}
0B,

is achieved.

Let ¢» € E be the minimizer such that Q,(¢,1) = 1. By the Lagrange multiplier
rule, there exist ap, a1, a2 € R so that for any p € HL(BS),

J

Taking p = 1, we conclude that ay = 1. Moreover, taking p = z, and p = k) (recall
the definitions of z) and k) in (3.4) and (4.5)), we conclude that ag = 0 and ay = 0,
respectively. In other words, 1 is a (weak) solution of the equation:

(VT/} Vp+p—puf Mp — OZOPZ>\> = / plary) + ag).

e 0B1

“AAY ¢ —pub =0 in B,
(5.5) o0
=Ny on 0Bj.

By the regularity theory, ¢ € Cé’a(Bf).

Now recall that Ty (v, v) = Qx(¢y,1,). By Lemma 4.2 ¢, € C&*(B{) N E, and then

ol ginf{)\TA(v,v) : veCé’a(SN_l), / v =0, / ]v[2:1}
SN—I SN—l

Moreover, v, is achieved at a certain ¢ € Cé’a(Bf), which solves (5.5). In particular,
denoting v = ¥|sp,, we conclude that ATy (v,v) = 1. Then we have

(5.6) ~v1 = inf {)\T)\(v,v) TV E C’é’a(SNfl), /SNl v=0, /SN1 \v|2 = 1} )

Now we observe that under the constraints fSN71 v =0, and fSN71 |v]? = 1 we have
Th(v,v) = T\(v,v) — (N — 1)

and then the result follows at once from (5.3), (5.4) and (5.6). O

The previous lemma leads us to the study of the bilinear form Q5. The first key result
for our purposes is the following:

Proposition 5.3. There exists M > Ay such that for any X > M, Qx(1, 1) > 0 for any
¢ € E\ {0}, where E is the subspace defined in (5.2).



OVERDETERMINED ELLIPTIC PROBLEMS IN EXTERIOR DOMAINS 21

The proof of this proposition is somehow delicate and it is postponed to Section 7. We

point out that this is the only point where the assumption p < % (if N > 2) is needed.

Let us define now:
(5.7) A* = sup{\ > 0:Qx(1b,1) <0 for some ) € E}.

By Proposition 5.3, A* < 4oco. Moreover, since Qx(¥,v) = Qx(¥,v) for all ¢ €
H} o(BY), we have also that A* > Ag. The last main ingredient to prove Proposition 5.1
is the following:

Lemma 5.4. A* > Ay

Proof. It suffices to show that for A = Ay, Q)\(w, 1) < 0 for some ¢ € E. Reasoning by
contradiction, assume that Q) is semipositive definite in E. By definition of Ag, there
exists ¢o € HY o(BY), with Qx(¢0,10) = 0, and ¢y is a solution of (3.3). We have ¢y € E

and by our assumptions it is also a minimizer for Qy when defined in E. By the Lagrange
multiplier rule, there exist ap and a1 € R so that for any p € H}(BS),

/B (WJ Vp+bp — pul hp — aOPZA) = / P

0B1
Taking p = z) and p = k) (recall the definitions of z) and ky in (3.4) and (4.5)), we
conclude that ap = 0 and a; = 0, respectively. In other words, 1 is a (weak) solution of
the equation:

c
1

{ Mo + o — pul Mpp =0 in B,

G0 — (N = 1)t =0 on 0B;.
Since Yy = 0 on By, we have % = 0 on 0B;. By unique continuation we should have
1o = 0, but this is a contradiction. ([l

We are now able to give the proof of the main proposition of this section.

Proof. (Proposition 5.1.) Assertion (1) follows immediately from Proposition 5.3. State-
ments (2) and (3) follow by the definition of A* in (5.7) and Lemma 5.4. O

6. THE BIFURCATION ARGUMENT

In order to use a local bifurcation result we need to rewrite our problem in a more
convenient way. For that, the following lemma will be essential.

Lemma 6.1. There exists € > 0 such that for any A\ € (A* — ¢, +00), the operator
Hy+1d : CI5 (SN — Cgo (S¥h
v —  Hy(v)+wv

1s invertible.
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Proof. It suffices to prove that the operator
v— Hy(v)+ov

defined in Cé’o;n(SN ~1) is invertible for all ¢ > —o1(H)). Equivalently, we can prove that
the operator

Iy

ov 9B,

defined in Cé’o;n (SM=1) is invertible for all v > —~, where 7; is defined in (5.3). Then,
define the bilinear form Q) : E X E — R as

v — +yv

Qxqy(1,02) = Qx(Y1,92) + Ay P12,

0B,

and the bilinear form T ,, : H(l;/Z(SN_l) X Héﬂ(SN_l) — Roas

Ty~ (v1,v2) = Th(v1,v2) +7/N V1 V2.

Since v > 71, those bilinear forms are positive definite. We claim that they are indeed
coercive. Let us start with @) 5, and show that:

a:=inf{Qx,(¢,¢): ¢ € E,[[¢] =1} > 0.

Take o, € E, ||| = 1, Qxy(¥n, n) — o, and assume that 1, — 1)o. If the convergence
is strong, then the infimum « is attained, which implies that « > 0. Otherwise,

o= Iimsup/ NV, |? + 12 —Pugili/)i + e
Bf 0B,

n—-+oo
>/ NViol? + 48 —puy "3+~ [ wd >0
B 9B,

Hence @) is coercive. Now, observe that:

o a”‘/’v 2 _ 1 2 / 2
T/\,'y(vav) = /8B1 |:U o +yv :| = XQ,\,«/(%,%) > CHwUHHl(Bf) >c H,UHHl/Q(SN*l)’

where we have used the trace estimate in the last inequality. Therefore T) , is coercive.
By the Lax-Milgram Theorem, the operator

Iy

v —
ov

+yv

0B1

is invertible for all v > —~; in the spaces H(l;/2 (SN-1) — H51/2 (SN=1). By the regularity
theory and the fact that the mean property is preserved, it is invertible also in the spaces
CEo (SN = 4o (SN, O
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According to Proposition 5.1, we can take Ay € (Ag, A*) sufficiently close to A* so that
o1(Hp,) < 0. We define G : [A1, A2] x V — W by

(6.1) G\, v) =F(\v)+wo.

Here V C Cé’?n(SNfl) and W C Cé’c:n(SNfl) are open neighborhoods of the 0 function,
and As is given by Proposition 5.1. By Lemma 6.1, taking A; close enough to A* we
can assume that DvG|( A,0) 18 an isomorphism for all A € [Aq,As]. By using the Inverse

Function Theorem, we can further restrict ¥V and W so that G(J,-) is invertible for all
A€ [Al, AQ]

Define now R : [A1,A2] x W — W, R(A\,w) = w — W, where @ is such that G(\,w) =
w. We point out that R has the form of identity plus a compact operator. Clearly,

F(\v) =0« R(\v) =0. Hence Theorem 2.1 follows if we show local bifurcation of
solutions of the equation R(\,v) = 0.

We have
DyR] 5.0 (w) = w — Dy G|, (w).
Hence
I

By the proof of Lemma 6.1, p < 1if A > Ay. Therefore Dy R|, ) (w) has the same
number of negative eigenvalues as H .

In this framework we can use a local bifurcation result by Krasnoselskii.

Theorem 6.2. (see for instance [17], [I1.3.2]). Let F : [a,b] x Z — X be C! map
defined in Z C X a neighborhood of the origin in the Banach Space X. Assume that F' is
given by F(\,z) = x — K(\, x) where K(\,-) is a compact map. Assume moreover, that
DyF|(, o) and Dy F|y oy are isomorphisms of X. Denote by ip,p(a) and ip,r(b) their
indices, that is, the number of negative eigenvalues (counted with algebraic multiplicity).

Assume finally that ip,r(a) — ip,r(b) is an odd integer. Then every neighborhood of
[a,b] x {0} contains solutions of F(\,z) =0, with X\ € (a,b), v € X, x # 0.

Remark 6.3. The above version of the Krasnoselskii bifurcation result differs slightly
from the classical one; usually one imposes the existence of an unique value A € (a,b)
such that the derivative D,F ]( 2,0) is degenerate. Under this assumption, one concludes
bifurcation at the point (A,0). The version we give above follows immediately from the
proof of the classical Krasnoselskii bifurcation result, which is based on a change of the
Leray-Schauder degree of the 0 solution. A drawback of this version is that we cannot
identify exactly the bifurcation point.
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We now apply Theorem 6.2 to R(A\, w). For A\ = Ag, ip,r(A2) = 0 by Proposition 5.1.
Therefore we just need to show the validity of the following Lemma.

Lemma 6.4. ip, r(A1) is odd if Ay is chosen sufficiently close to A*.

Proof. In view of (6.2), it suffices to prove that Hx- has a kernel with odd multiplicity.
For any 1 € E, there exist functions 1o, ¢y ; defined in [1,+00) such that we can write

+oo MMy
Q;Z)(T + Z Z ¢k J Ck J
k=1 j=1
where r = |z|, 0 = ‘% and (; are the G-symmetric spherical harmonics (normalized

to 1 in the L?*-norm) with eigenvalue p;, of multiplicity my. Then the quadratic form
P — Qx(1, ) defined in E can be written as

+oo0 My

(6.3) Ox(¥, ) = Qno(vo) + > ) Qukl(thny)

k=1 j=0

where for a function ¢ : (1,4+00) — R we denote
~ +o00
Q@) = [ (Nl ) N ar— (V1) 000

+oo
i, / "N dr
1

choosing by convention that p;, = 0. Since ¢ € E we have that ¢9(1) = 0 and that g
is orthogonal to the function z) restricted to the radial variable. By Proposition 3.1 we
have Q 20(%0) > 0. For A = A*, the bilinear form Q) is positive semi-definite in F x F,
and then from (6.3) we have that all the quadratic forms Q Ak are positive semi-definite.
Moreover, it is clear that

Qi (0) < Qs ()

if 1 < ki < ky. We know also that there exists a ¢ € F such that Q A(¥, 1) = 0. Therefore
Q A1 is positive semi-definite, and Q Ak are positive definite for £ > 1. This implies that
the kernel of H A+ has dimension equal to my, which is odd by assumption (G). O

7. PROOF OF PROPOSITIONS 3.4 AND 5.3

Observe that the bilinear form Q) defined in (5.1), when restricted to functions in
H} o(BY), is nothing but Q, (recall (3.5)). Hence Proposition 3.4 follows immediately
from Proposition 5.3.
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In order to prove Proposition 5.3, we shall consider the problem in the form (3.1); that
is, we aim to prove that Qg : HL(B%) x H5(B%) — R,

N N -1
Qr(1,12) = /BC Vi1 - Vb + )1 g — puzj){lwl g — R/ Y1)

is positive definite if R > 0 is sufficiently small, when 1, 12 belong to the space:

Er = {TﬂGHcl;(Bzcz)’ =0, WR—O}-
dBR BS,

Here up and zg stand for
x

ur(x) = uy <E> , zr(z) = 2 (%) ., A=R72

The strategy of the proof is to make R = R, — 0 to and assume that Q R 1s not positive
definite in E'r to reach a contradiction. For that, the behavior of ug, zg as R — 0
is needed. This result might be known, but we have not been able to find a specific
reference.

Lemma 7.1. Let u, be the positive radial solution of (3.1) for R = R, | 0, and z, =
lzr, || 2R, . Let us consider those functions extended to RN by 0. Then, u, — U and
2, — Z in HY(RN), where U is the radial ground state solution of problem.:

(7.1) ~AU+U=UP, U>0, in RV,

and Z is the normalized positive eigenfunction corresponding to the negative eigenvalue
of the linearized problem, that is,

(7.2) ~AZ+Z—pUP Z =712, in RV,
with T < 0.

Proof. Let us define the energy functional associated to (3.1):

I(U):;</B

It is well known that,

I(uy,) = inf{max{I(tu) : t > 0}, u € H(%,T(Bf%n)} >0,

Vul? +u? | — —— |ufPTE,
p+1 B,

c
Rn,

see for instance [30]. Since H&T(Bf%n) C H&?T(Bf{nﬂ) (up to extension by 0), then I(u,)
is decreasing in n. In particular, I(uy) is bounded. Moreover, multiplying (3.1) by u,
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and integrating, we obtain that DI, (u,) = 0. What follows is standard (see for instance
[4]); first, observe that:
—1

(p+ DI(uwn) = (p+ V() = DIy, (un) = =,

frow which u,, is bounded. Passing to a subsequence, we can assume that u, — ug in H'
sense. Multiplying (3.1) by ¢ € C5°(RY \ {0}), we conclude that ug is a weak solution
of the problem:

(7.3) —Aug +up = uh in RV \ {0}.

Since ug is in the Sobolev class, the singularity is removable. Multiplying (3.1) by u,
and (7.3) by ug, we have:

ol = [ ol = [ ot

By [29], u, — wp strongly in LP*! so that ||u,| — |juol|. From this we conclude
that u, — wug strongly in H'(RY) and ug is a nontrivial positive solution of (7.1). By
uniqueness ([15]), up = U. Regarding z,, it is a radially symmetric function solving:

(7.4) —Azp+ 2p — pub 2, = Tz, in B |

’ zn =0 on 0Bg,,
with 7,, < 0. Since ||z,| = 1, 2, converges weakly to some zg. Multiplying the above
equation by z, we get:
(7.5) /RN (V2| 4 (1 = 7,)22 — pub~t22 = 0.
By compact embedding of radial functions ([29]), for instance, we conclude that:
(7.6) / ub™122 — Ur1:2

RN RN

This implies in particular that zg is not zero. Moreover, liminf,,_, fIRN 2721 > fRN 28.
In particular 7, is bounded, and we can assume 7, — 79 < 0. Then, zg is a weak solution
of

—Azy + 2 —pUp_lz() = Tpzg In RN \ {0}.
Since zg belongs to the Sobolev class, the singularity is removable, and it is an entire
solution; hence zy = Z. In particular,

/ Vzof* + (1 = 70)25 — pUP™" 25 = 0.
RN

This, together with (7.5) and (7.6), allows us to conclude that z, — 2o strongly, conclud-
ing the proof. ([l
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The following lemmas will be of use:

Lemma 7.2. For any f € C§°(R), the following inequality holds:

1 +oo +oo
PPy [ sk @ N [ R s

T

where N > 2, A >0 and r > 0.
Proof. Observe that:

+oo
PR == [T (6) (V- 25V (5 ds.

We now estimate the first term in the right hand side by using Cauchy-Schwartz inequal-
ity:

+oo too  N_s N-1
[ @l = [ 25 1)1 o) s

+00 1 +o00
< )\/ sNT3f(s)?ds + )\/ sV (s)2 ds .

This lemma follows at once. OJ

Lemma 7.3. Let G be a group of symmetries satisfying (G). Then,
1

2 1 2
= - P(x)*dsy < N/B}%\V@b(x)\ dx

for any ¢ € HY(BS) with faBR Y(x)ds, = 0.

Proof. By density arguments, we can assume that ¢ € C§°(B%,). We decompose it in
Fourier series:

B(r,0) = i(r)er(6),
i=0

where ¢y, are the eigenfunctions of Agnv-1 under G—symmetry. Observe that ¢p(0) = 1
and ho(f) = 0. Therefore it suffices to prove the inequality for the summands v (r) ¢z (6),
7 > 1. Observe that:

+o0
/ 1V (k) 64(0)) 2 dr dB = / (W)Y 4 b (>3 dr [ sp(0)? do.
Be, R 9B1
Moreover,

= [ )o@ dse = R 2Ry [ on(0)do.
OBr 0B1

By assumption (G), pi;, > pe = 2N. Now it suffices to take A = N in Lemma 7.2 to
conclude. O
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We are now able to prove Proposition 5.3.

Proof. (Proposition 5.3) Take R = R,, — 0, denote B,, = Bg,,, un, = ug, and z, = zR,,,
and define:

xnzinf{QRw,w): v € He(By), /aB % =0, /Bcwznzo, /B Wzl}.

Assume, by contradiction, that x, < 0. The proof will be divided in several steps:

Step 1: We show here that y,, is attained.
Take 13, a minimizing sequence for y,. If v is unbounded in the H' norm, define

¢ = ||¢k]| " k. Then,
N -1

0< [ Vo + -l —p Yol - T [ ek >0,
B, n 0B,

But ¢ — 0 in the L? norm, so that J5e uﬁ71|¢k|2 — 0 as k — +oco. Moreover, ¢, — 0

in H', so faBn |px|? — 0, yielding a contradiction. Hence 1)), is bounded in H'!, so that
we can assume that ¥, — . Then,

/ 7 l? = / P, / ol = / [,
Bg Be 9B, 9By,

Above we have used the fact that u,, decays to 0 at infinity and the fact that the embed-
ding H'(BS) — L?(0B,) is compact. We conclude that the convergence is strong and
that 1 is a minimizer for y,,.

Step 2: We pass now to the limit.
Let us denote by 1), the minimizer of x, renormalized with respect to the H' norm.
Observe that i, is a solution of the equation:

(7.7) — Aty + 1y — pub M) = xptp in By
Moreover,
2 2 p—1 2 N-—-1 2
(7'8) |v¢n’ + (1 - Xn)‘wn’ — Pup, ’wn‘ - R W}n‘ = 0.
B¢ n 0Bn

By a Cantor diagonal process, ¥, — g € HL(BE) for any 7 > 0, where ¢y € H'(RY)
(recall that HZ (RN \ {0}) = HY(RY)).

Step 3: We show here that

|t = [ ol
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Indeed, given any £ > 0, ¥, — v in H'(BE), which implies that 12 — ¢§ in L%
Moreover u, — U in H*(RY), hence:

/ @ i / UP o .
B¢ B¢

Apply now the Hélder inequality:

p—1

—1 2 1 +1
[t < (f an) (]
B:\Bnp B B

Recall that u,, — U in LPT! so that

/ |up [P g/ lu, — UPT! +/ Ut < cel,
B. RN Be

by choosing sufficiently large n. Since € is arbitrary, we conclude the proof of step 2.

2
[l

c
n

Step 4: We get now the desired contradiction.

By Lemma 7.3,
< v .
R, /aBn"”"’ - N /Bg’ o

This, together with Step 2 and (7.8), implies that ¥y # 0. In particular,

liminf/ Nk 2/ o] > 0.

Plugging this information in (7.8), and taking into account Lemma 7.3, we conclude that
Xn is bounded. Let us assume that x, — xo < 0. By (7.7), ¢ is a nontrivial weak
solution of the problem:

— Ao + o — pUP g = xotbo, in RV \ {0}.
Since g € H'(RY), the singularity is removable and 1 is a weak solution in the whole

RN, Since 1y is G-symmetric, the only possibility is 1o = kZ, k # 0 (see [15]). Observe
now that f e Ynzn = 0. By the same arguments as in Step 2, we conclude that

Ynzn — / Yo,
Bg RN

which yields the desired contradiction. O
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