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Motivation

Let (X ,g) be a Riemannian manifold.

Then coefficients of the curvature tensor R satisfy certain identities:

Rabcd + Racdb + Radbc = 0 , Bianchi identity

Rabcd ;e + Rabde;c + Rabec;d = 0 , Differential Bianchi identity
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Motivation

These identities have the following properties:

They are independent of chart choices.

They are satisfied on any Riemannian manifold, regardless of the
dimension.

This first property suggests that there is an intrinsic description of
them:

R ∧ I = 0 Bianchi identity

dR = 0 Differential Bianchi identity.
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These two identities (and those obtained from it using covariant
differentiation) can be proved to be, essentially, the only identities
satisfied by the curvature with those two properties.

Are there other identities that only occur on certain dimensions?
Yes. For example, if dim X = 2 the Einstein tensor vanishes. That is

Rij =
r
2

gij i.e. Ricc =
r
2

g

This specific relations are called dimensional curvature identities.

Setting the framework and computing them is what this work is all
about.
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Natural tensors in dimension n

Tensors which do not rely on chart choices for their definition are
called natural tensors.

More concretely, let X be a manifold of dim n. Let Metrics and
p-Tensors be the sheaves of smooth sections of the bundle of
Riemannian metrics and the bundle of p-contravariant tensors on X .

These two bundles are natural, in the sense that any diffeomorphism
τ : U → V between open sets of X acts, by push-forward τ∗, on both
metrics and p-tensors.
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Definition
A p-contravariant natural tensor associated to a metric in dimension
n is a regular morphism of sheaves:

T : Metrics −→ p-Tensors ,

such that, for any diffeomorphism τ : U → V between open sets of X , it
satisfies

T (τ∗g) = τ∗T (g) .

It is said homogeneous of weight w ∈ R+ if for every λ ∈ R we have
T (λg) = λwT (g).
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It can be proved that the local coefficients of a natural tensor are
certain "universal" (i.e., valid on any chart) smooth functions on the
coefficients of the metric, its inverse, the curvature and its covariant
derivatives.

As an example, if a natural tensor is polynomial, then it is obtained by
means of tensor products, contractions and covariant differentiation of
the following three tensors:

g , g−1 , R .
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Let (X ,g) be a Riemannian manifold of dimension n − 1. The manifold
X ⊥ R with metric g ⊗ dt2 is an Riemannian manifold of dimension of
dimension n.

Let Tw [n] be the natural tensors of dimension n. For any T ∈ Tw [n] we
may consider

rn(T ) : X → X ⊥ R T−→ R

which is a n − 1-natural tensor.
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Definition
We call rn : Tw [n]→ Tw [n − 1] the dimensional reduction map.

Definition
We have a sequence

· · · rn+1−−→ Tw [n] rn−→ Tw [n − 1]
rn−1−−→ · · ·

A universal tensor is an element of the inverse limit

Tw := lim←−Tw [n] .
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Example: The difference between universal tensor and natural tensors
is subtle

The metric g itself is a universal tensor, and for any fixed λ ∈ R the
tensor λg is also universal.
However, n · g where n = dim X is not a universal tensor. Nor
(−1)ng.
The Ricci tensor Ricc and the scalar curvature r are a universal
tensors.
The volume form dx is not a universal tensor.
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The theorem

Theorem
Let n be an even integer.
If w = −(n + p), the kernel of the restriction map

Tw
[
n +

p
2

]
−→ Tw

[
n +

p
2
− 1
]

has dimension 1
2p(p − 1)(p − 2) · . . . ·

(p
2 − 1

)
and we compute the

generators.
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Corolary (Gilkey)
Let n be an even integer.
The kernel of the dimensional reduction:

T−n−2 [n + 1] −→ T−n−2 [n]

has dimension one, and it is generated by the Lovelock tensor L n
2
.
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Corolary (Gilkey)
Let n = 2k be an even integer.
The kernel of the restriction map

T−n [n] −→ T−n [n − 1]

has dimension one and it is generated by the n-dimensional Pfaffian
Pfn.
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The Proof

Natural tensors can be computed

Theorem
Let x ∈ X be a point and gx be a pseudo-Riemannian metric at x.
There exists an R-linear isomorphism:

Tw [n] '
⊕
d∈D

HomOgx

(
Sd2N2 ⊗ · · · ⊗ Sdr Nr , ⊗pT ∗x X

)
where N is the space of normal tensor D is the set of sequences of
nonnegative integers d = {d2, . . . ,dr} such that:

2d2 + . . .+ r dr = −(p + w) . (1)

If such equation has no solutions the such vector space is zero.
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So computing natural tensor relies on computing On-invariant tensors
on a vector space. Just T ∗X .

Computing On-invariant tensors on a vector space is a classical
problem

Theorem (Weyl)
The vector space HomOp,q (E⊗ m. . . ⊗E ,R) of invariant linear forms is
zero if m odd; if m = 2k is even, it is generated by total contractions:

Tσ : e1 ⊗ . . .⊗ e2k 7→ g(eσ(1),eσ(2)) · . . . · g(eσ(2k−1),eσ(2k))

where σ ∈ S2k is a permutation.
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This description of the generators in terms of permutation gives an
explicit description of the dimensional reduction.

Tw [n] rn−→ Tw [n]
Tσ 7→ Tσ

With these explicit descriptions the result is an affordable computation.
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