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Helmholtz equation Electromagnetic case Main results

The Helmholtz equation: main questions

∆u(x) + k2u(x) = f (x), x ∈ Rd .

The forward problem for the Helmholtz equation:

1. Existence and uniqueness of solution?

2. Existence of the far field pattern/scattering cross-section?

3. Spectral representation of ∆?

Key: Resolvent estimates

R(k2) = (∆ + k2)−1
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Existence and uniqueness of solution

Existence: Limiting absorption principle

(∆ + k2 ± iε)u±ε = f , ε 6= 0

u± = lim
ε→±0

u±ε = (∆ + k2 ± i0)−1f

Uniqueness result:

∆u± + k2u± = 0 + (S.R.C)︸ ︷︷ ︸
↓

=⇒ u± = 0

Sommerfeld radiation conditions:

lim
|x |→+∞

|x |
d−1
2

(
∂u±
∂|x |

∓ iku±

)
= 0.

Outgoing solution: u+ := u = R(k2)f , R(k2) := (∆ + k2 + i0)−1

resolvent operator.



Helmholtz equation Electromagnetic case Main results

Existence and uniqueness of solution

Existence: Limiting absorption principle

(∆ + k2 ± iε)u±ε = f , ε 6= 0

u± = lim
ε→±0

u±ε = (∆ + k2 ± i0)−1f

Uniqueness result:

∆u± + k2u± = 0 + (S.R.C)︸ ︷︷ ︸
↓

=⇒ u± = 0

Sommerfeld radiation conditions:

lim
|x |→+∞

|x |
d−1
2

(
∂u±
∂|x |

∓ iku±

)
= 0.

Outgoing solution: u+ := u = R(k2)f , R(k2) := (∆ + k2 + i0)−1

resolvent operator.



Helmholtz equation Electromagnetic case Main results

Existence and uniqueness of solution

Existence: Limiting absorption principle

(∆ + k2 ± iε)u±ε = f , ε 6= 0

u± = lim
ε→±0

u±ε = (∆ + k2 ± i0)−1f

Uniqueness result:

∆u± + k2u± = 0 + (S.R.C)︸ ︷︷ ︸
↓

=⇒ u± = 0

Sommerfeld radiation conditions:

lim
|x |→+∞

|x |
d−1
2

(
∂u±
∂|x |

∓ iku±

)
= 0.

Outgoing solution: u+ := u = R(k2)f , R(k2) := (∆ + k2 + i0)−1

resolvent operator.



Helmholtz equation Electromagnetic case Main results

Existence and uniqueness of solution

Existence: Limiting absorption principle

(∆ + k2 ± iε)u±ε = f , ε 6= 0

u± = lim
ε→±0

u±ε = (∆ + k2 ± i0)−1f

Uniqueness result:

∆u± + k2u± = 0 + (S.R.C)︸ ︷︷ ︸
↓

=⇒ u± = 0

Sommerfeld radiation conditions:

lim
|x |→+∞

|x |
d−1
2

(
∂u±
∂|x |

∓ iku±

)
= 0.

Outgoing solution: u+ := u = R(k2)f , R(k2) := (∆ + k2 + i0)−1

resolvent operator.



Helmholtz equation Electromagnetic case Main results

Far field pattern and cross-section

Agmon-Hörmander (’76): Limiting absorption principle and
asymptotic properties of the outgoing solution.

u(x) = cdk
d−1
2

e ik|x |

|x |
d−1
2

u∞

(
k ,

x

|x |

)
+ o(|x |−

(d−1)
2 ), |x | → ∞.

- u∞ is the far field pattern or scattering amplitude of u:

u∞(k, ω) := gk2(ω) := lim
|x |→∞

cd ,k |x |
d−1
2 e−ik|x |u(ω|x |),

in L2(Sd−1), ω = x
|x | .

- Scattering cross-sections: absolute values of the far field pattern.

Gk2(ω) = c2d ,k lim
|x |→∞

|x |d−1|u(ω|x |)|2 ω ∈ Sd−1 in L1(Sd−1).
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Agmon-Hörmander (’76): Limiting absorption principle and
asymptotic properties of the outgoing solution.

u(x) = cdk
d−1
2

e ik|x |

|x |
d−1
2

u∞

(
k ,

x

|x |

)
+ o(|x |−

(d−1)
2 ), |x | → ∞.

- u∞ is the far field pattern or scattering amplitude of u:

u∞(k, ω) := gk2(ω) := lim
|x |→∞

cd ,k |x |
d−1
2 e−ik|x |u(ω|x |),

in L2(Sd−1), ω = x
|x | .

- Scattering cross-sections: absolute values of the far field pattern.

Gk2(ω) = c2d ,k lim
|x |→∞

|x |d−1|u(ω|x |)|2 ω ∈ Sd−1 in L1(Sd−1).



Helmholtz equation Electromagnetic case Main results

Resolvent estimates

Agmon-Hörmander (’76): |||R(k2)f |||1 ≤ C |k |−1N1(f ).

|||u|||1 := sup
R>1

(
1

R

∫
|x|≤R

|u(x)|2dx

) 1
2

N1(f ) :=
∑
j>0

(
2j+1

∫
C(j)

|f (x)|2dx

) 1
2

+

(∫
|x|≤1

|f (x)|2dx

) 1
2

,

where C (j) = {x ∈ Rd : 2j−1 ≤ |x | ≤ 2j}.

∫
uf ≤ |||u|||1N1(f )
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The magnetic Schrödinger operator

HA = (∇+ iA)2 +V −→ HA = ∇2
A +V , ∇A := ∇+ iA.

A : Rd → Rd the magnetic vector potential.

V : Rd → R the electric scalar potential.

- The magnetic field: a d × d anti-symmetric matrix defined by

B = (DA)− (DA)t , Bkj =

(
∂Ak

∂xj
−
∂Aj

∂xk

)
k , j = 1, . . . , d .

- In dimension d = 3, B is identified by the vector field curl A via
the vector product

Bv = curl A× v , ∀v ∈ R3.
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The electromagnetic Helmholtz equation

We are interested in the study of the equation

(HA + λ)u = (∇+ iA)2u + Vu + λu = f , λ ∈ R.

Self-adjointness of HA in L2(Rd)

Aj ∈ L2loc ,

∫
|V ||u|2 ≤ ν

∫
|∇Au|2 + Cν

∫
|u|2 0 < ν < 1

D(HA) =: H1
A(Rd) = {φ ∈ L2(Rd) :

∫
|∇Aφ|2 <∞}.
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Literature

- When A = 0: the electric case. Well studied topic (Agmon,
Ikebe, Isozaki, Kato, Mourre, Perthame-Vega, . . . )

- If A 6= 0, results for regular potentials, decay at infinity, local
singularities.

The forward problem for HA: Agmon-Hörmander (’76)
(Perturbative techniques)

Limiting absorption principle: Ikebe-Saito (’72), Saito
(’87), . . . (Multiplier techniques)

Far field pattern (Aj ∈ C 2(Rd)): Iwatsuka (’82)

Resolvent estimates: Fanelli (’09), Mochizuki (’11),
Barceló-Fanelli-Ruiz-Vilela (’11) . . .



Helmholtz equation Electromagnetic case Main results

Literature

- When A = 0: the electric case. Well studied topic (Agmon,
Ikebe, Isozaki, Kato, Mourre, Perthame-Vega, . . . )

- If A 6= 0, results for regular potentials, decay at infinity, local
singularities.

The forward problem for HA: Agmon-Hörmander (’76)
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Multiplier techniques based on integration by parts

Main tool: Morawetz (’68), Ikebe-Saito (’72) Perthame-Vega
(’99), Fanelli (’09) . . .

(∇+ iA)2u + Vu + λu + iεu = f , λ ∈ R, ε > 0.

Symmetric multiplier: ϕū, ϕ : Rd → R.

Anti-symmetric multiplier: ∇ψ · ∇Au + 1
2∆ψū, ψ : Rd → R.

We use the Leibnitz formula ∇A(fg) = (∇Af )g + f (∇g).

Regular solution:

u ∈ H1
A(Rd) = {u ∈ L2(Rd) : ∇Au ∈ L2(Rd)}.

Singular magnetic and electric potentials.
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The forward problem

(∇+ iA)2u + Vu + λu = f , (λ ∈ R)

with critical singularities on the potentials:

V =
ν1
|x |2

, |B| ≤ ν2
|x |2

, ν1, ν2 > 0 small (sharp).

- λA(λx) = A(x) and x · A(x) = 0.

Main ingredients: Uniform resolvent estimates, Sommerfeld
radiation condition for solutions u ∈ H1

A(Rd) of the equation

∇2
Au + Vu + λu + iεu = f .
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Key resolvent estimates

Theorem

For d ≥ 2 and for any λ ∈ R,∫
|∇A(e−iλ

1/2|x |u)|2 ≤ C

∫
|x |2|f |2, 0 < ε < λ

∫
|∇Au|2 ≤ C

∫
|x |2|f |2, λ ≤ ε.

As a consequence, by the magnetic Hardy inequality and the
diamagnetic inequality ,

∫
|u|2

|x |2
≤ C

∫
|x |2|f |2.
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Applications

Limiting absorption principle with critical singularities for
d ≥ 2 and all λ ∈ R.

Existence of the cross section? → there exists a function
Gλ ∈ L1(Sd−1) such that

lim
r→∞

∫
|x |=1

∣∣∣r d−1
2 e−iλ

1/2ru(rω)dσ(ω)
∣∣∣2 =

∫
|x |=1

Gλ(ω)dσ(ω)?

ω = x
|x | , r = |x |
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Key SRC + AH estimate

Theorem

For d ≥ 3 and for any λ ≥ λ0 > 0,

sup
R≥1

R

∫
|x |≥R

|∇A(e−i
√
λ|x |u)|2 ≤ C

[∫
|x |3|f |2 + (N1(f ))2

]
,

where C = C (λ0) > 0.

λ|||u|||21 + |||∇Au|||21 ≤ C (N1(f ))2

|B|+ |V | ≤


C

|x |2−α if |x | ≤ 1, d = 3
c
|x |2 if |x | ≤ 1, d > 3

C
|x |3+α if |x | ≥ 1
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sup
R≥1

R

∫
|x |≥R

|∇A(e−i
√
λ|x |u)|2 ≤ C

[∫
|x |3|f |2 + (N1(f ))2

]
,

where C = C (λ0) > 0.

λ|||u|||21 + |||∇Au|||21 ≤ C (N1(f ))2

|B|+ |V | ≤


C

|x |2−α if |x | ≤ 1, d = 3
c
|x |2 if |x | ≤ 1, d > 3

C
|x |3+α if |x | ≥ 1
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Conclusions

Existence and uniqueness of the cross section:

Gλ(ω) = lim
r→∞

∣∣∣r d−1
2 e−iλ

1/2ru(rω)
∣∣∣2 in L1(Sd−1), ω =

x

|x |
.

(
Gλ(ω) = |gλ(ω)|2, gλ far field pattern

)

Spectral properties of HA = ∇2
A + V :

Let E (0,∞) be the projection onto the positive part of the
spectrum of −HA. Then

(E (0,∞)f , f ) =
1

π

∫ ∞
0

λ−1/2‖Gλ(ω)‖L1(Sd−1) dλ.
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The end

Thank you!

Eskerrikasko!!


