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Examples

@ Singular integral operators

TH(x) = f K(x.y)f(y)dy

Hilbert Transform

Hi(x) = fR %dy
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@ Singular integral operators

Ti(x) = [ K(xp)f(y)dy

@ Square functions

Sf(x) = ( fo ) ‘ f Wi(x, y)f(y)dy
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Examples

@ Singular integral operators

Ti(x) = [ K(xp)f(y)dy

@ Square functions

_ ( fo | [t

where we note 6;f(x) = [ W(x, y)f(y)dy

2 1/2
dt/t)
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@ Kato problem (AHLM.T)

| VLAll2 = [[VHll2
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Examples
@ Kato problem (AHLM.T)

| VLAll2 = [[VHll2

We reduce ourselves to prove the L2 boundedness problem
for the Square function

6 = —(1 + t2L) 'tdiv A
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Examples
@ Kato problem (AHLM.T)

| VLAll2 = [[VHll2

We reduce ourselves to prove the L2 boundedness problem
for the Square function

6 = —(1 + t2L) 'tdiv A

@ Single layer potential (GH,R)

= 1(61)?S
where Sif(x) = [ E(x,t,y, )f(y)dy.

Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



@ We have set a problem

University of Helsinki Il Congreso de Jévenes Investigadores



@ We have set a problem
@ We have some operators as motivation

Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



@ We have set a problem
@ We have some operators as motivation
@ How do we solve the problem?

Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



@ We have set a problem
@ We have some operators as motivation
@ How do we solve the problem?

Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



@ We have set a problem
@ We have some operators as motivation
@ How do we solve the problem?

@ To solve the problem for p = 2.

Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



@ We have set a problem
@ We have some operators as motivation

@ How do we solve the problem?

@ To solve the problem for p = 2.
© Tool = To test how the operator behave locally.

Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



@ We have set a problem
@ We have some operators as motivation

@ How do we solve the problem?

@ To solve the problem for p = 2.
© Tool = To test how the operator behave locally.
e Constant function 1.

Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



@ We have set a problem
@ We have some operators as motivation

@ How do we solve the problem?

@ To solve the problem for p = 2.
© Tool = To test how the operator behave locally.

@ Constant function 1.
@ An accretive function b.
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@ We have set a problem
@ We have some operators as motivation

@ How do we solve the problem?

@ To solve the problem for p = 2.
© Tool = To test how the operator behave locally.

e Constant function 1.
@ An accretive function b.
o Locally adapted functions.
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T1 Theorem for Square functions [Christ-Journé]

Let 6:f(x) = [, vi(x. y)f(y)dy, and assume that y; is a LP family.
Suppose that we have the Carleson measure estimate

Q) dxdt
sup@ f 161 (x)P——

Then we have that the square function is bounded in L2.

Remark.-
The converse direction is essentially due to Fefferman and Stein
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Tb Theorem for Square functions [Semmes]

Let 6:f(x) = [, vi(x. y)f(y)dy, assume that y is a LP family and b
an accretlve function
Suppose that we have the Carleson measure estimate

1 C) dxat
sup — f f |0tb(x)|2X— <C
a 1QlJo Q t

Then we have the L2 boundedness of the square function.

Remark.-
An accretive function b is an L* function that satisfies
Re(b)>c>0
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Local Tb Theorem for Square functions [HMc, HLMc,AHLMCT]

Assume that 6; is a Calderon Zygmund operator and 1 < p < oo.

Suppose also that there exist 6 > 0, Cy < oo such that for any
dyadic cube Q, there exists a function bg satisfying:

(i) fon Il < ColQI
(i) fo (' 0xba x)|2°”) dx < ColQl

(i) < |fo bQ|

Then we have L? boundedness of the square function.
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Formal definition of the operators
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Formal definition of the operators

Definition (escalar-valued kernel)

Given a function V; : R” x R" — C we define the Square function
associated to the function W;:

st = [

where f : R" — C.

2 dt)1/2

f W%, y)f(y)dy
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Formal definition of the operators

Definition (escalar-valued kernel)

Given a function V; : R” x R" — C we define the Square function
associated to the function W;:

st = [

where f : R" — C.

2 dt)1/2

f W%, y)f(y)dy

Our goal is,

( fR n |S(f)(x)|2dx)1/2 < CIIfl,
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Definition (vector-valued kernel)
Given a function W; = (V],.., W) : R" X R" — C™ we define the
Square function associated to the function W;:

S(f)(x) := (f ‘f t(x,y) - f(y)
:[fo ZfR Wi(x, y)fi(y)dy

j=1
where f : R" — C" (f = (fy, ..., fm))-

t

2
at
t

dt)1/2

1/2
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Definition (vector-valued kernel)

Given a function W; = (V],.., W) : R" X R" — C™ we define the
Square function associated to the function W;:

S(f)(x) :== (f ‘f t(x.y) -
:[fo ZfR Wh(x, y)fi(y)dy

j=1
where f : R" — C" (f = (fy, ..., fm))-

2 gt 1/2
t

2
at
t

1/2

Our goal is,
1/2
( |S(f)(x)|2dx)) < ClIfll2
RH
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Definition (multilinear square function)

Given a function W; : R(M+1)" — C we define the Square function
associated to the function V;:

AT f Wi, Vs oo V) (V) O o)

Rnxm
2 dt)”2

S(fr, o ) (x) = (fom [Suh, . )00 S

where fq, ..., fm : R" — C.
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Definition (multilinear square function)

Given a function W; : R(M+1)" — C we define the Square function
associated to the function V;:

AT f Wi, Vs oo V) (V) O o)
Rﬂxm

S(fr, o ) (x) = (j:o|8t(f1,...,fm)(x)2 %)1/2

where fq, ..., fm : R" — C.

Our goal is,

1/2
( RnlS(ﬁ,..., ) (x |2dx) < c]_[ufup,, 1/2*2_
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Definition (multi-parameter square function)
Given a function ¥; : R™" — C we define the Square function
associated to the function W;:

Si(f1, ... fm)(x) ::f VX, Y1y oo Ym) Ft (V1) AY1 o fmn(Ym) AYm
Rn

00 1/2
S(f1, v ) (X) := (fo |St(Frs s o) () %)

where fi : R" — Cfori=1,..,mandn= YT n,.
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Definition (multi-parameter square function)

Given a function ¥; : R™" — C we define the Square function
associated to the function W;:

St(f1, ..., fm)(X) :zf Ve (X, Y1, oo Ym) 1 (y1) Ay - T (Ym) dYm
Rn

00 1/2
S(f1, v ) (X) := (fo |St(Frs s o) () %)

where fi : R" — Cfori=1,..,mandn= YT n,.

Our goal is,

m

(Ln 1S(f1, ..es fm)(X)Izdx)”Q < C’l:[ IFilo.
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Multilinear standard Calderon-Zygmund kernel

We say that W; : R(M1)xn _, C is a multilinear standard
Calderon-Zygmund kernel if for all x, y1, ..., Ym, X', y{, ... Yy € R"
satisfies:

t—mn

o Nlt(X, Yi, .y Ym)| < CHI{T;1(1+t71|X_yi|)n+a

, (/1)
e |wt(X’ Y1, e Ym) - wf(x’ y1a eeey yj’ b ym)l < CH}”:1(1+t‘1|x—y[|)”+"

t—mn ( t—1 |X—X' |)a

e |wt(X7 Y1,---, Ym) - WT(X,’ y17---9 Ym)| S C 1(7;1(1+t—1|x_y’.|)n+a
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Comparison Standard C-Z kernel with Multilinear C-Z

kernel

@ (Size condition)

ta
Vix, )| < Cor——ri—
We(x, y)l (t+ |x — y)rte

Vs
tam

M (t+Ix = yl)n+e

|wt(x> Y1’ (A3} Ym)| S C

Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



Comparison Standard C-Z kernel with Multilinear C-Z

kernel

@ (Hélder condition on y)

’ |y_y,|a
Vi(x,y) — Vi(x, <C——M
Wi(x,y) = Wi(x, y')l T+ x=y)me
Vs
lyi — yil*

v =X, Y1y s Vi s <C
| t(X,Yh J’m) t(X Y1 y[ Ym)| ’(11(t+|x—y,-|)”+a
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Comparison Standard C-Z kernel with Multilinear C-Z

kernel

© (Holder condition on x)

Ix — x|
Vix,y) - VX, y)| < Cooru-—-—"——
| t(x y) t(X Y)l (t+|x_y|)n+a
)
Ix — x|

V(X Y1500 Ym) = Vi(X S y1, s <C
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(Multilinear Tb Theorem)

Let S be a multilinear square function associated to V; a
multilinear standar C-Z kernel. Suppose that there exists g;, g > 1
for i =1, ..., m with é =yr, 4 3 and functions b, indexed by
dyadic cubes Q c R" for i = 1, ..., m such that for every dyadic
cube there exists C > 0 such that

Q j;{ Ibglq" < B4|Q|
Q 2 <|d& Jo I, by (x)ax|

Q | R T b (x)ax| < Bs 1, |k 5 bl(x)cix| for all dyadic
subcubes R c Q

ﬂ
o fo( “@5,(b2, ...,bg)(x)|2$)2 dx < BlQ

Then
(for 1S e ) (X)ROX) " < CTIZ Wfllp 1/2 = 277, 1
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Remark 1.- We say that {bqg} is a pseudo-accretive system if it
satisfies the first two conditions.

Remark 2.- We say that {bqg} is a m-compatible collection of
pseudo-accretive system if it satisfies the first three conditions.
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Examples
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Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



Remark 1.- We say that {bqg} is a pseudo-accretive system if it
satisfies the first two conditions.

Remark 2.- We say that {bqg} is a m-compatible collection of
pseudo-accretive system if it satisfies the first three conditions.

Examples
@ m-compatible system
Q c<b(x) <€

Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



Remark 1.- We say that {bqg} is a pseudo-accretive system if it
satisfies the first two conditions.

Remark 2.- We say that {bqg} is a m-compatible collection of
pseudo-accretive system if it satisfies the first three conditions.

Examples
@ m-compatible system
Q c<b(x) <€
@ Characteristic functions bg(x) = xa(X)

Ana Grau de la Herran — University of Helsinki Il Congreso de Jovenes Investigadores



Remark 1.- We say that {bqg} is a pseudo-accretive system if it
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Examples
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© Gaussian functions bg(x) = e @7
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Remark 1.- We say that {bqg} is a pseudo-accretive system if it
satisfies the first two conditions.

Remark 2.- We say that {bqg} is a m-compatible collection of
pseudo-accretive system if it satisfies the first three conditions.

Examples

@ m-compatible system
Q c<b(x) <€
@ Characteristic functions bg(x) = xa(X)

Ix-xgl?

© Gaussian functions bg(x) = e @7

. 0(Q n+1
© Poisson kernels bg(x) = W
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Remark 1.- We say that {bqg} is a pseudo-accretive system if it
satisfies the first two conditions.

Remark 2.- We say that {bqg} is a m-compatible collection of
pseudo-accretive system if it satisfies the first three conditions.

Examples
@ m-compatible system
Q c<b(x) <€
@ Characteristic functions bg(x) = xa(X)

_ x-xgi?
© Gaussian functions bg(x) = e @2
. - g(o)n+1
o Poisson kernels bQ(X) = W

@ non m-compatible system

ba(x) = by (x) = b3(x) = (x - 1/2)x10,2)(x)
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Multilinear T1 Theorem (GLMY, GO and H)
Let R be a Square function whose kernel satisfies the multilinear

size condition and the multilinear Hélder condition on the y
variables. If Ri(1,...,1) = 0 for t > 0 then

m
IR(fr, o f)lls < C [ | fllLo
i=1

Remark.-

The condition R;(1, ..., 1) = 0 is a sufficient but not necessary
condition. We also have a version on the T1 theorem where the
requirement is that we have the Carleson measure

Q
supg 1Y 181, ... 1)R2 < C
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Proposition

For every dyadic cube Q there exists a family of subcubes {Qx},
C > 0andn € (0,1) such that

® Sl < (1-n)iCl
q/2
o fo(LD) 81, nPL)™ < cial

6(Qx) x € Qx
0 xeE

where E = Q \ Ui Qk and 7q(x) = {
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Lemma
There exists N > 0 and 8 € (0, o) such that for every dyadic cube
Q

l{x e Q:gq >N}l <(1-5)Q

where

ao() = [ “is.... 1)(x>2?)1/2
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Muchas gracias!!!
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