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The Hardy-Littlewood maximal function
1
My =sup - [ 170
0>x |Q‘ 0]
CLASSICAL ESTIMATES
M:IP(R") - LP(R"), 1 <p<oo,

and
M : L' (R") — LY=(R™).
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Origin of modern theory of weights

When u = v, Muckenhoupt also proved that the strong estimate
| rwyvwax<c [ @, fer),
R" R"

holds if and only if v satisfies the A, condition
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Origin of modern theory of weights

In 1982, Sawyer characterized the two weight inequality

IM(FO) @) < ClIfllr (o), f€LF(0)

if and only if

S, SAWYER’S CONDITION

JoM(xoo) udx
o(0)

1/p
)" <

[u,V]s, = sup (
0

1

where ¢ = v! ' and 1 < p < co.
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Finding sharp bounds

GOAL: Determining the sharp dependence of the L” (w) norm of M in term

of the relevant constant involving the weights.

BUCKLEY, 1993
1

M|y siroy < Cab' WA 1 <p <eo.

v

MOEN, 2009

HMHU’(\/)HU’(IA) & [M,V]s,,-
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Finding sharp bounds

In 2013, Hyt6nen and Pérez proved:

B, THEOREM

Let p > 1 and let w and © be any weights. Then

IM(F0)|p(w) < CP' (Bp[w: 61) " If |l (o)

where

sty )l ) o (3 )
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Finding sharp bounds

1 P 1 .
mieel=se(ig1 ) (1 o) = (i1 foe")

[Wla, < Bp[w,0] < [wla,[O]4.

HRUSCEV A., CONSTANT
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Finding sharp bounds

Hytonen and Pérez also improved Buckley’s result.

Ap-Ac MIXED BOUND

Let p > 1 and let w and © be any weights. Then

1M 0)|r ) < CP'(Wla, [014) 7 IIf 1

where

1
Wl = sup s /Q M(wyo).

QW
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Finding sharp bounds

Hytonen and Pérez also improved Buckley’s result.

Ap-Asw MIXED BOUND

Letp > 1 and let w and be any weight and o = w!=?' . Then

1M 0)|1pwy < CP' (W4, [014) P 1If 1)

v

IMPROVEMENT OF BUCKLEY’S THEOREM

Since 1

then

\
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What about Calderén—Zygmund operators

HILBERT TRANSFORM

v
DEFINITION

A linear operator 7 is a Calderén—Zygmund operator if:

Q@ T:L*(R") — L*(R").

© There exists a function K defined off the diagonal such that

1)) = [ Kol O)dy, x&supp(f). f € CT.

@ K satisfies size and regularity conditions.

A\
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What about Calderén—Zygmund operators

CONTROL BY HARDY-LITTLEWOOD MAXIMAL FUNCTION

Let 0 < 0 < 1 and let T be a Calder6n—Zygmund operator. Then for every

feR") i
M(T(f))(x) < CM(f)(x), x€R™

In 2012, Hytonen found the sharp bound for a Calderén—Zygmund operator.

SHARP BOUND FOR CZO

e L
||T||U’(w) SCT,n,p[W]Ap 7= , 1< p<oo.

Later on, Lerner gave another different proof of the above result showing the
relationship between the singular integral 7 and some special dyadic sparse

type operators.
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The multilinear maximal function

In [LOPTR] is defined the following maximal operator

MULTILINEAR MAXIMAL FUNCTION

Givenf = (fi,....fn), we define the maximal operator .# by

'% _SupH|Q|/lﬁ yl |d)’z7

03x =1

@ ./ is sublinear in each entry.

o ./ verifies weak and strong classical estimates.
M LN RY) % .. x LY (RY) — LY™=(R")
M PV(RY) x L ox PR — LP(RTY)

where

1 1
— .+ —.
P1 Pm

T |-
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The multilinear maximal function

In [LOPTR] is defined the following maximal operator

MULTILINEAR MAXIMAL FUNCTION

Given f = (fi,....fn), we define the maximal operator .# by

%wwﬂwﬁééwmw,

03x =]

@ ./ is sublinear in each entry.
o ./ verifies weak and strong classical estimates.

@ If T is a multilinear CZO, for0 < § < 1/m

ME(T(F))(x) < Ctt (F)(x).
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Two-weight-weak estimate for .#

THEOREM (LOPTR, 2009)

Letl<pj<oo,j:1,...,mandll;:pil—k---—i—p]—m.Letvandwjbeweights.

Then the inequality
2 —q1
|- F) | ey = /PHMHLP, )

holds for anyf‘ if and only if

[V, W]a, == stép (|é|/Qv>ﬁ(|;|/QW;R;>p/pj o

Jj=1
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Let 1 <pi,...,pm <oco. Given w = (wy,...,wp), set Vy = jmzlwf/pj.
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ATJ condition

LetP = (p1,-- ,pm) andletpbeanumbersuchthat]l’=i+--~+—.

P1 Pm
DEFINITION
] - o p/p,
Let 1 <pi,...,pm <oco. Given w = (wy,...,wp), set Vy = 1W

Az CONDITION

|
\

We say that  satisfies the Az condition if

[W]a,, := sup(|Q|/ _ml (@/QW;P})P@} -

1—p\ P/P}
When p; =1, (6 Jow; pj) is understood as (irQlfwj)_”
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One-weight strong estimate for .#

THEOREM (LOPTR, 2009)

Let 1 <pj<eoo,j= 1""7mand%:;%1+“.+$' Then the inequality

2 (F )l (v < CTTIWN 2o
j=1

holds for everyf if and only if W satisfies the A3 condition.
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Sharp estimates for .#

GOALS: Find full analogues of the mentioned results in the multilinear
setting and find the sharp bounds for .# and CZOs.

THEOREM (D., LERNER & PEREZ, 2012)

Letl<pi<<><>,i:1,...,mand%:pil—|—...+$.Thentheinequality

. 1 m 1om
1 Pl vy < Comp P14, [1(oi]a.)7 H Wfill 27 ()

i=1

Il
iy

e 1-p) .
holds if w € Az, where o; = w; & ', i=1,...,m. Furthermore the exponents

are sharp in the sense that they cannot be replaced by smaller ones.
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Sharp estimates for .#

In the case of generalizing Buckley’s result we could get partial results:

THEOREM (DLP, 2012)

L eaf= 1_ 1 1
Let 1 < p; < oo,i 1,...,mandp p1+...+pm.Denoteby

o =o(py,...,pm) the best possible power in

|2 (F)llep(vy) < Crmp (W4, H Wfill i o) -




RESULTS RELATED TO ./

Sharp estimates for .#

In the case of generalizing Buckley’s result we could get partial results:

THEOREM (DLP, 2012)

L eaf= 1_ 1 1
Let 1 < p; < oo,i 1,...,mandp p1+...+pm.Denoteby

o =o(py,...,pm) the best possible power in

12 F)lr(vg) < Crmp | A«HllflllLPl ()

Then we have the following results:

°F0r3.111<p1,---3pm<°o’m— < 117

1+Zz 1p,—1>
Q@ Ifpy=py=---=pn=r>1, then o0 = 7.
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Sharp estimates for .#

Later on, Li, Moen and Sun proved the full analogue of Buckley’s result.

THEOREM (L1, MOEN & SUN, 2012)

Supposel<p1,...,pm<oo,ll,:I}I+...+#,andVv€A7,. Then

max{ pm}

1 )l vg) < Cpp W1

H|Vl||Lpl (wi)

Moreover, the exponents are sharp in the sense that they cannot be replaced

by smaller ones.
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Finding multilinear analogues

MULTILINEAR SAWYER’S CONDITION

We say that (v, 71?) satisfies the S condition if

1

v, Wls., = sup ( /Q .///(m)l'vdx) ’ (ﬁo,-(@m)_l < o,
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Finding multilinear analogues

MULTILINEAR SAWYER’S CONDITION

We say that (v, W) satisfies the S+ condition if

1

[V,W]S? = sgp (4%(%)”1@%) ’ (ﬁc[(Q)Pi)l < oo,

REVERSE HOLDER CONDITION

We say that W satisfies the RH condition if there exists a positive constant

C such that m P m 2
de) S C/ o’ dx,
g </Q l Qg ’

where 0; = w; “Pifori=1,...,m. We denote by [W]RH? the smallest

constant C.
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Finding multilinear analogues

SAWYER’S THEOREM (Chen & D., 2013)

Letl<p,-<oo,i:1,...,mandll):pilJr...qLIi.Letvandwibeweights.

If we suppose that W e RH then there exists a positive constant C such that

— Ul )
12 (Fo) ) < CTTIfillri (o), i € L7 (00, )
i=1

where o; = w; i if and only if (v, W) € S—. Moreover, if we denote the
smallest constant C in (1) by ||.#||, we obtain

[, Ws; SIS v, Wls, [WIkih,-
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Finding multilinear analogues

REMARKS ON SAWYER’S THEOREM

When v = vy, the following are equivalent:

("] WGA?.
1-p! .
Qo =w p‘EAmp4,f0r1:1,...,mandVW € App.

Q (sz,W) €53.

@ There exists a positive constant C such that

— i )
2 (f ) vy < CTTWill2ri ooy i € L7 (wi).
i=1

w
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Finding multilinear analogues

REMARKS ON SAWYER’S THEOREM

When v = vy, the following are equivalent:

Q We A3,
o Gi:w}7p§€Amp/,f0rz_l ymand Vi € Ay
Q@ (v, W)e S5
@ There exists a positive constant C such that
m
| (F)lepy < Cullﬁllm(w,»),ﬁ € L7 (wi).
Additionally, RH condition is not nec;ssary and

W2 S b sy S 1141 S P2 o

W
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Finding multilinear analogues

Bi’ CONSTANT

m p

i=1
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Finding multilinear analogues

W(Q) [ wi(0)
o (175

P

)P 1 ) ﬁ i g
exp (—/ og| |w; x).
|Q| 0 =1 '

bWl =sup

By THEOREM (CHEN & D., 2013)

| A\

Letl<pl-<oo,i:1,...,mandll):piqu...Jrli.Letvandwibeweights.
Then

— e :
-4 (FS) ) S v, B 155 [T WAill oy fi € L2 (00),
i=1

1-p —
where 6; = w, p’,?z (01,...,0m) and fo = (fi0y,....finOn)-




RESULTS RELATED TO .

Finding multilinear analogues

W;j’ CONSTANT
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Finding multilinear analogues

W;j’ CONSTANT
m P m g —1
[W]W§ =sup (/QHM(WiXQ)p’ dx) (/Q,Hw"p dx) :

Ap — Wli‘j THEOREM (CHEN & D., 2013)

Letl<pl~<oo,i:1,...,mand1l):pil—|—...+li.Letvandwibeweights.
Then

- F) iy S ([ Wla [?m;;)'/f’ﬁmm(q), fi € 17 (a),

1-p! —
where 6; = w, p’,?: (01,...,0m) and fo = (fi01, ..., finOn)-
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Multilinear Calderén—Zygmund operators

DEFINITION
We say that T is an m-linear Calderén-Zygmund operator if, for some

1 < gj < oo, it extends to a bounded multilinear operator from L7 x --- x LI

to L9, where
11 1
9 q qm’
and if there exists a function K, defined off the diagonal x =y; =--- =y,, in

(R™m+1 satisfying

T(f1,.- - fm)(x) = /K(x,yl,...,ym)l(yl)...fm(ym)dyl...dym

(Retym

for all x & N suppf;.
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Multilinear Calderén—Zygmund operators

DEFINITION

The kernel K must also satisfy these two conditions:

A
|K(y07y17"'aym)| < m T
( X |yk_YI|)
k=0

and

Alyj -yl

m mn+¢€?
( Y —yz|>
k=0

|K(y0a"'7yj7"'aym)_K(y()v"'ayj/‘a"'vym” S

for some € > 0 and all 0 < j < m, whenever |y; — i < %maXongm [vj — Yil-
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Sparse families and dyadic operators

DEFINITION

We say that .7 = {QJ"} is a sparse family of cubes if:

Q Qj’»‘ are disjoint in j, with & fixed.
Q IfQ; = UjQJ’F, then Q1 C Q.
Q [ 1NQf|< %|ij|
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Sparse families and dyadic operators

DEFINITION

We say that .7 = {QJ"} is a sparse family of cubes if:
Q Qj’»‘ are disjoint in j, with & fixed.
Q IfQ; = u,-Qf, then Q1 C Q.
Q@ (11N < 30f|

DEFINITION

Given a sparse family . of a dyadic grid &, the multilinear dyadic sparse
operator &7 o is defined as follows

42{@5’(][ Z(H(fz Qk)%Qk )

Jk i=l1

where f = (fi,.ofn) and [f| = ([fil,. fu])-
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CZO0 and dyadic operators

THEOREM (D., LERNER & PEREZ, 2012)

Let T be a m — CZO and let X be a Banach space over R” equipped with

Lebesgue measure. Then, for anyf,

ITG)x < ermn sup || Fg.7 (IF])||x-
2,




RESULTS RELATED TO MULTILINEAR CZO

CZO0 and dyadic operators

THEOREM (D., LERNER & PEREZ, 2012)

Let T be a m — CZO and let X be a Banach space over R” equipped with

Lebesgue measure. Then, for anyf,

ITG)lx < crmn sup .7 (IF) |-

| @
A\

REMARKS

@ 1/m < p < oo and LP(Vy) is not a Banach space when 1/m < p < 1.
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CZO0 and dyadic operators

THEOREM (D., LERNER & PEREZ, 2012)

Let T be a m — CZO and let X be a Banach space over R” equipped with

Lebesgue measure. Then, for anyf,

ITG)lx < crmn sup .7 (IF) |-

| @
A\

REMARKS

@ 1/m < p < oo and LP(Vy) is not a Banach space when 1/m < p < 1.

o Can be X a quasi-Banach space instead of a Banach space in the above

theorem?
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A, multilinear theorem

THEOREM (D., LERNER & PEREZ, 2012)
Let T be am— CZO. Assume that py =py =--- =p,, =m+ 1. Then

ITF) |p(vg) < CT,m,n[VV]A;,H|lﬁ||m(w,~)~
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A, multilinear theorem

THEOREM (D., LERNER & PEREZ, 2012)

Let T be am— CZO. Assume that py =py =--- =p,, =m+ 1. Then
m
N ) ler(vi) < Croman[Wag TTWillers oo
i=1

v
QUESTION

Is it possible to obtain a sharp version of the extrapolation theorem of Rubio

de Francia in the multilinear setting?




RESULTS RELATED TO MULTILINEAR CZO

Sharp bound and open problems

THEOREM (L1, MOEN & SUN, 2012)

Letheam—CZOandletl<p1,...,pm<oosuchthat[%zpil—k...—ki.

Pm
/
Then max {1 2

- L max (1,20t
HT(f)”Lp(V?v) = CP,T,m,n[W]AT, ! ! q “fl”l/’l(w,)
=
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Sharp bound and open problems

THEOREM (L1, MOEN & SUN, 2012)

Letheam—CZOandletl<p1,...,pm<oosuchthat117:%+...+i.
Then

_, max{l !

Ay m
ITE v < Cogma@lag, 77" TTIillpi -
i=1

The problem is still open when 1/m < p < 1.
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