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Origin of modern theory of weights

The Hardy–Littlewood maximal function

Mf (x) = sup
Q3x

1
|Q|

∫
Q
|f (y)|dy.

CLASSICAL ESTIMATES

M : Lp(Rn)→ Lp(Rn), 1 < p < ∞,

and

M : L1(Rn)→ L1,∞(Rn).



MOTIVATING RESULTS RESULTS RELATED TO M RESULTS RELATED TO MULTILINEAR CZO

Origin of modern theory of weights

The Hardy–Littlewood maximal function

Mf (x) = sup
Q3x

1
|Q|

∫
Q
|f (y)|dy.

CLASSICAL ESTIMATES

M : Lp(Rn)→ Lp(Rn), 1 < p < ∞,

and

M : L1(Rn)→ L1,∞(Rn).



MOTIVATING RESULTS RESULTS RELATED TO M RESULTS RELATED TO MULTILINEAR CZO

Origin of modern theory of weights

In 1972, Muckenhoupt characterized the class of weights (u,v) for which the

following weak inequality holds

sup
λ>0

λ
p
∫
{Mf>λ}

u(x)dx≤ C
∫
Rn
|f (x)|pv(x)dx, f ∈ Lp(v).

Ap CONDITION

[u,v]Ap := sup
Q

(
1
|Q|

∫
Q

u(x)dx
)(

1
|Q|

∫
Q

v(x)−
1

p−1

)p−1

< ∞, p > 1
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Origin of modern theory of weights

When u = v, Muckenhoupt also proved that the strong estimate

∫
Rn
(Mf (x))pv(x)dx≤ C

∫
Rn
|f (x)|pv(x)dx, f ∈ Lp(v),

holds if and only if v satisfies the Ap condition

Ap CONDITION

[v]Ap := sup
Q

(
1
|Q|

∫
Q

v(x)dx
)(

1
|Q|

∫
Q

v(x)−
1

p−1

)p−1

< ∞, p > 1.
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Origin of modern theory of weights

In 1982, Sawyer characterized the two weight inequality

||M(f )||Lp(u) ≤ C||f ||Lp(v), f ∈ Lp(v)
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Origin of modern theory of weights

In 1982, Sawyer characterized the two weight inequality

||M(f σ)||Lp(u) ≤ C||f ||Lp(σ), f ∈ Lp(σ)

if and only if

Sp SAWYER’S CONDITION

[u,v]Sp = sup
Q

(∫
Q M(χQσ)pudx

σ(Q)

)1/p

< ∞,

where σ = v1−p′ and 1 < p < ∞.
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Finding sharp bounds

GOAL: Determining the sharp dependence of the Lp(w) norm of M in term

of the relevant constant involving the weights.

BUCKLEY, 1993

||M||Lp(w)→Lp(w) ≤ Cn p′ [w]
1

p−1
Ap

, 1 < p < ∞.

MOEN, 2009

||M||Lp(v)−→Lp(u) ≈ [u,v]Sp .
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Finding sharp bounds

In 2013, Hytönen and Pérez proved:

Bp THEOREM

Let p > 1 and let w and σ be any weights. Then

||M(f σ)||Lp(w) ≤ Cp′(Bp[w,σ ])1/p||f ||Lp(σ),

where

Bp[w,σ ] := sup
Q

(
1
|Q|

∫
Q

w
)(

1
|Q|

∫
Q

σ

)p

exp
(

1
|Q|

∫
Q

logσ
−1
)
.
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Finding sharp bounds

Bp CONSTANT

Bp[w,σ ] := sup
Q

(
1
|Q|

∫
Q

w
)(

1
|Q|

∫
Q

σ

)p

exp
(

1
|Q|

∫
Q

logσ
−1
)

[w]Ap ≤ Bp[w,σ ]

HRUSČĚV A∞ CONSTANT

[σ ]HA∞
= sup

Q

(
1
|Q|

∫
Q

σ

)
exp
(

1
|Q|

∫
Q

logσ
−1
)
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Finding sharp bounds

Hytönen and Pérez also improved Buckley’s result.

Ap-A∞ MIXED BOUND

Let p > 1 and let w and σ be any weights. Then

||M(f σ)||Lp(w) ≤ Cp′([w]Ap [σ ]A∞
)1/p||f ||Lp(σ),

where

[w]A∞
:= sup

Q

1
w(Q)

∫
Q

M(wχQ).
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Finding sharp bounds

Hytönen and Pérez also improved Buckley’s result.

Ap-A∞ MIXED BOUND

Let p > 1 and let w and be any weight and σ = w1−p′ . Then

||M(f σ)||Lp(w) ≤ Cp′([w]Ap [σ ]A∞
)1/p||f ||Lp(σ)
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Finding sharp bounds

Hytönen and Pérez also improved Buckley’s result.

Ap-A∞ MIXED BOUND

Let p > 1 and let w and be any weight and σ = w1−p′ . Then

||M(f σ)||Lp(w) ≤ Cp′([w]Ap [σ ]A∞
)1/p||f ||Lp(σ)

IMPROVEMENT OF BUCKLEY’S THEOREM

Since
[σ ]A∞

≤ [σ ]Ap′ ≤ [w]
1

p−1
Ap

.

then
([w]Ap [σ ]A∞

)1/p ≤ ([w]Ap [w]
1

p−1
Ap

)1/p ≤ [w]
1

p−1
Ap

.
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What about Calderón–Zygmund operators

HILBERT TRANSFORM

Hf (x) =
1
π

pv
∫
R

1
x− y

f (y)dy, x ∈ R.

DEFINITION

A linear operator T is a Calderón–Zygmund operator if:

1 T : L2(Rn)−→ L2(Rn).

2 There exists a function K defined off the diagonal such that

T(f )(x) =
∫
Rn

K(x,y)f (y)dy, x 6∈ supp(f ), f ∈ C∞
c .

3 K satisfies size and regularity conditions.
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What about Calderón–Zygmund operators

CONTROL BY HARDY–LITTLEWOOD MAXIMAL FUNCTION

Let 0 < δ < 1 and let T be a Calderón–Zygmund operator. Then for every

f ∈ Lp(Rn)
M]

δ
(T(f ))(x)≤ CM(f )(x), x ∈ Rn.

In 2012, Hytönen found the sharp bound for a Calderón–Zygmund operator.

SHARP BOUND FOR CZO

||T||Lp(w) ≤ CT,n,p[w]
max{1, 1

p−1 }
Ap

, 1 < p < ∞.

Later on, Lerner gave another different proof of the above result showing the

relationship between the singular integral T and some special dyadic sparse

type operators.
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The multilinear maximal function

In [LOPTR] is defined the following maximal operator

MULTILINEAR MAXIMAL FUNCTION

Given~f = (f1, . . . , fm), we define the maximal operator M by

M (~f )(x) = sup
Q3x

m

∏
i=1

1
|Q|

∫
Q
|fi(yi)|dyi,

M is sublinear in each entry.

M verifies weak and strong classical estimates.

If T is a multilinear CZO, for 0 < δ < 1/m

M]
δ
(T(~f ))(x)≤ CM (~f )(x).
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1
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+ . . .+
1

pm
.

If T is a multilinear CZO, for 0 < δ < 1/m

M]
δ
(T(~f ))(x)≤ CM (~f )(x).



MOTIVATING RESULTS RESULTS RELATED TO M RESULTS RELATED TO MULTILINEAR CZO

The multilinear maximal function

In [LOPTR] is defined the following maximal operator

MULTILINEAR MAXIMAL FUNCTION

Given~f = (f1, . . . , fm), we define the maximal operator M by

M (~f )(x) = sup
Q3x

m

∏
i=1

1
|Q|

∫
Q
|fi(yi)|dyi,

M is sublinear in each entry.

M verifies weak and strong classical estimates.

If T is a multilinear CZO, for 0 < δ < 1/m

M]
δ
(T(~f ))(x)≤ CM (~f )(x).



MOTIVATING RESULTS RESULTS RELATED TO M RESULTS RELATED TO MULTILINEAR CZO

Two-weight-weak estimate for M

THEOREM (LOPTR, 2009)

Let 1 < pj < ∞, j = 1, . . . ,m and 1
p = 1

p1
+ · · ·+ 1

pm
. Let ν and wj be weights.

Then the inequality

‖M (~f )‖Lp,∞(ν) ' [ν ,~w]1/p
A~P

m

∏
j=1
‖fj‖Lpj (wj)

holds for any~f if and only if

[ν ,~w]A~P := sup
Q

( 1
|Q|

∫
Q

ν

) m

∏
j=1

( 1
|Q|

∫
Q

w
1−p′j
j

)p/p′j
< ∞.
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A~P condition

Let~P = (p1, · · · ,pm) and let p be a number such that 1
p = 1

p1
+ · · ·+ 1

pm
.

DEFINITION

Let 1≤ p1, . . . ,pm < ∞. Given ~w = (w1, . . . ,wm), set ν~w = ∏
m
j=1 w

p/pj
j .

A~P CONDITION

We say that ~w satisfies the A~P condition if

[~w]A~P := sup
Q

( 1
|Q|

∫
Q

ν~w

) m

∏
j=1

( 1
|Q|

∫
Q

w
1−p′j
j

)p/p′j
< ∞.

When pj = 1,
(

1
|Q|
∫

Q w
1−p′j
j

)p/p′j
is understood as (inf

Q
wj)
−p.
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One-weight strong estimate for M

THEOREM (LOPTR, 2009)

Let 1 < pj < ∞, j = 1, . . . ,m and 1
p = 1

p1
+ · · ·+ 1

pm
. Then the inequality

‖M (~f )‖Lp(ν~w)
≤ C

m

∏
j=1
‖fj‖Lpj (wj)

holds for every~f if and only if ~w satisfies the A~P condition.
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Sharp estimates for M

GOALS: Find full analogues of the mentioned results in the multilinear

setting and find the sharp bounds for M and CZOs.

THEOREM (D., LERNER & PÉREZ, 2012)

Let 1 < pi < ∞, i = 1, . . . ,m and 1
p = 1

p1
+ . . .+ 1

pm
. Then the inequality

‖M (~f )‖Lp(ν~w)
≤ Cn,m,~P [~w]

1
p
A~P

m

∏
i=1

([σi]A∞
)

1
pi

m

∏
i=1
‖fi‖Lpi (wi)

holds if ~w ∈ A~P, where σi = w1−p′i
i , i = 1, . . . ,m. Furthermore the exponents

are sharp in the sense that they cannot be replaced by smaller ones.
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Sharp estimates for M

In the case of generalizing Buckley’s result we could get partial results:

THEOREM (DLP, 2012)

Let 1 < pi < ∞, i = 1, . . . ,m and 1
p = 1

p1
+ . . .+ 1

pm
. Denote by

α = α(p1, . . . ,pm) the best possible power in

‖M (~f )‖Lp(ν~w)
≤ Cn,m,p [~w]αA~P

m

∏
i=1
‖fi‖Lpi (wi).

Then we have the following results:

1 For all 1 < p1, . . . ,pm < ∞, m
mp−1 ≤ α ≤ 1

p

(
1+∑

m
i=1

1
pi−1

)
;

2 If p1 = p2 = · · ·= pm = r > 1, then α = m
r−1 .
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Sharp estimates for M

Later on, Li, Moen and Sun proved the full analogue of Buckley’s result.

THEOREM (LI, MOEN & SUN, 2012)

Suppose 1 < p1, . . . ,pm < ∞, 1
p = 1

p1
+ . . .+ 1

pm
, and ~w ∈ A~P. Then

‖M (~f )‖Lp(ν~w)
≤ Cn,m,~P [~w]

max{
p′1
p ,...,

p′m
p }

A~P

m

∏
i=1
‖fi‖Lpi (wi).

Moreover, the exponents are sharp in the sense that they cannot be replaced

by smaller ones.
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Finding multilinear analogues

MULTILINEAR SAWYER’S CONDITION

We say that (v,−→w ) satisfies the S−→P condition if

[v,−→w ]S−→
P
= sup

Q

(∫
Q

M (−−→σ χQ)
pvdx

) 1
p
( m

∏
i=1

σi(Q)
1
pi

)−1
< ∞,

REVERSE HÖLDER CONDITION

We say that −→w satisfies the RH−→P condition if there exists a positive constant

C such that m

∏
i=1

(∫
Q

σidx
) p

pi ≤ C
∫

Q

m

∏
i=1

σ

p
pi

i dx,

where σi = w1−p′i
i for i = 1, . . . ,m. We denote by [−→w ]RH−→

P
the smallest

constant C.
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Finding multilinear analogues

SAWYER’S THEOREM (Chen & D., 2013)

Let 1 < pi < ∞, i = 1, . . . ,m and 1
p = 1

p1
+ . . .+ 1

pm
. Let v and wi be weights.

If we suppose that −→w ∈ RH−→P then there exists a positive constant C such that

||M (
−→
f σ)||Lp(v) ≤ C

m

∏
i=1
||fi||Lpi (σi), fi ∈ Lpi(σi), (1)

where σi = w1−p′i
i , if and only if (v,−→w ) ∈ S−→P . Moreover, if we denote the

smallest constant C in (1) by ||M ||, we obtain

[v,−→w ]S−→
P
. ||M ||. [v,−→w ]S−→

P
[−→w ]

1/p
RH−→

P
.
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Finding multilinear analogues

REMARKS ON SAWYER’S THEOREM

When v = ν~w, the following are equivalent:

1 −→w ∈ A−→P .

2 σi = w1−p′i
i ∈ Amp′i

, for i = 1, . . . ,m and ν−→w ∈ Amp.

3 (ν−→w ,
−→w ) ∈ S−→P .

4 There exists a positive constant C such that

||M (
−→
f )||Lp(ν−→w ) ≤ C

m

∏
i=1
||fi||Lpi (wi), fi ∈ Lpi(wi).

Additionally, RH~P condition is not necessary and

[−→w ]
1/p
A−→

P
. [v−→w ,

−→w ]S−→
P
. ||M ||. [−→w ]

1/p
A−→

P

m

∏
i=1

[σi]
1
pi
∞ .
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Finding multilinear analogues

B~P CONSTANT

[v,−→w ]B−→
P
= sup

Q

v(Q)

|Q|

( m

∏
i=1

wi(Q)

|Q|

)p
exp
( 1
|Q|

∫
Q

log
m

∏
i=1

w
− p

pi
i dx

)
.

B~P THEOREM (CHEN & D., 2013)

Let 1 < pi < ∞, i = 1, . . . ,m and 1
p = 1

p1
+ . . .+ 1

pm
. Let v and wi be weights.

Then

||M (
−→
f σ)||Lp(v) . [v,−→σ ]

1/p
B−→

P

m

∏
i=1
||fi||Lpi (σi), fi ∈ Lpi(σi),

where σi = w1−p′i
i , −→σ = (σ1, . . . ,σm) and

−→
f σ = (f1σ1, . . . , fmσm).
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Finding multilinear analogues

W∞

~P
CONSTANT

[−→w ]W∞−→
P
= sup

Q

(∫
Q

m

∏
i=1

M(wiχQ)
p
pi dx

)(∫
Q

m

∏
i=1

w
p
pi
i dx

)−1
.

A~P−W∞

~P
THEOREM (CHEN & D., 2013)

Let 1 < pi < ∞, i = 1, . . . ,m and 1
p = 1

p1
+ . . .+ 1

pm
. Let v and wi be weights.
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||M (
−→
f σ)||Lp(v) . ([v,−→w ]A−→

P
[−→σ ]W∞−→

P
)1/p
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||fi||Lpi (σi), fi ∈ Lpi(σi),
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i , −→σ = (σ1, . . . ,σm) and

−→
f σ = (f1σ1, . . . , fmσm).



MOTIVATING RESULTS RESULTS RELATED TO M RESULTS RELATED TO MULTILINEAR CZO

Finding multilinear analogues

W∞

~P
CONSTANT

[−→w ]W∞−→
P
= sup

Q

(∫
Q

m

∏
i=1

M(wiχQ)
p
pi dx

)(∫
Q

m

∏
i=1

w
p
pi
i dx

)−1
.

A~P−W∞

~P
THEOREM (CHEN & D., 2013)

Let 1 < pi < ∞, i = 1, . . . ,m and 1
p = 1

p1
+ . . .+ 1

pm
. Let v and wi be weights.

Then

||M (
−→
f σ)||Lp(v) . ([v,−→w ]A−→

P
[−→σ ]W∞−→

P
)1/p

m

∏
i=1
||fi||Lpi (σi), fi ∈ Lpi(σi),

where σi = w1−p′i
i , −→σ = (σ1, . . . ,σm) and

−→
f σ = (f1σ1, . . . , fmσm).



MOTIVATING RESULTS RESULTS RELATED TO M RESULTS RELATED TO MULTILINEAR CZO

Multilinear Calderón–Zygmund operators

DEFINITION

We say that T is an m-linear Calderón-Zygmund operator if, for some

1≤ qj < ∞, it extends to a bounded multilinear operator from Lq1 ×·· ·×Lqm

to Lq, where
1
q
=

1
q1

+ · · ·+ 1
qm

,

and if there exists a function K, defined off the diagonal x = y1 = · · ·= ym in

(Rn)m+1, satisfying

T(f1, . . . , fm)(x) =
∫

(Rn)m

K(x,y1, . . . ,ym)f1(y1) . . . fm(ym)dy1 . . .dym

for all x /∈ ∩m
j=1suppfj.
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Multilinear Calderón–Zygmund operators

DEFINITION

The kernel K must also satisfy these two conditions:

|K(y0,y1, . . . ,ym)| ≤
A( m

∑
k,l=0
|yk− yl|

)mn

and

|K(y0, . . . ,yj, . . . ,ym)−K(y0, . . . ,y′j, . . . ,ym)| ≤
A|yj− y′j|ε( m

∑
k,l=0
|yk− yl|

)mn+ε
,

for some ε > 0 and all 0≤ j≤ m, whenever |yj− y′j| ≤ 1
2 max0≤k≤m |yj− yk|.
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Sparse families and dyadic operators

DEFINITION

We say that S = {Qk
j } is a sparse family of cubes if:

1 Qk
j are disjoint in j, with k fixed.

2 If Ωk = ∪jQk
j , then Ωk+1 ⊂Ωk.

3 |Ωk+1∩Qk
j | ≤

1
2 |Q

k
j |.

DEFINITION

Given a sparse family S of a dyadic grid D , the multilinear dyadic sparse

operator AD,S is defined as follows

AD,S (~f )(x) = ∑
j,k

( m

∏
i=1

(fi)Qk
j

)
χQk

j
(x).

where~f = (f1, . . . , fm) and ~|f |= (|f1|, . . . , |fm|).
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CZO and dyadic operators

THEOREM (D., LERNER & PÉREZ, 2012)

Let T be a m−CZO and let X be a Banach space over Rn equipped with

Lebesgue measure. Then, for any~f ,

‖T(~f )‖X ≤ cT,m,n sup
D,S
‖AD,S (~|f |)‖X.

REMARKS

1/m < p < ∞ and Lp(ν~w) is not a Banach space when 1/m < p < 1.

Can be X a quasi-Banach space instead of a Banach space in the above

theorem?
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A2 multilinear theorem

THEOREM (D., LERNER & PÉREZ, 2012)

Let T be a m−CZO. Assume that p1 = p2 = · · ·= pm = m+1. Then

‖T(~f )‖Lp(ν~w)
≤ CT,m,n[~w]A~P

m

∏
i=1
‖fi‖Lpi (wi).

QUESTION

Is it possible to obtain a sharp version of the extrapolation theorem of Rubio

de Francia in the multilinear setting?
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Sharp bound and open problems

THEOREM (LI, MOEN & SUN, 2012)

Let T be a m−CZO and let 1 < p1, . . . ,pm < ∞ such that 1
p = 1

p1
+ . . .+ 1

pm
.

Then
‖T(~f )‖Lp(ν~w)

≤ C~P,T,m,n[~w]
max{1,

p′1
p ,...,

p′m
p }

A~P

m

∏
i=1
‖fi‖Lpi (wi).

REMARK

The problem is still open when 1/m < p < 1.
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Hrusčěv, S.: A description of weights satisfying the A∞ condition of

Muckenhoupt. Proc. Amer. Math. Soc. 90(2), 253–257 (1984).
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