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Atomic blocks for martingales

Setting: (Ω,Σ, µ) probability space, {Σk}k∈N filtration with
associated conditional expectations {Ek}k∈N.

Martingale H1 space: subspace of L1 with the norm

‖f ‖H1 :=

∥∥∥∥∥∥
(∑

k

|dfk |2
) 1

2

∥∥∥∥∥∥
1

.

Martingale BMO space: subspace of L2 with the norm

‖f ‖BMO = sup
k

∥∥∥Ek |f − Ek−1f |2
∥∥∥ 1

2

∞

(H1)∗ = BMO.
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Atomic blocks for martingales

Atoms

A function a is called a classical p-atom (1 < p ≤ ∞) if:
1 ∃k : Ek(a) = 0, supp(a) ⊆ A ∈ Σk .
2 ‖a‖p ≤ µ(A)−1/p′

.

hat
1 = {f =

∑
j λjaj : aj is an atom}, equipped with the norm

‖f ‖hat
1

= inf
f =

∑
j λjaj

∑
j

|λj |.

Theorem

h1 = hat
1 , where h1 is the subspace of L1 of functions f such that

‖f ‖h1 :=

∥∥∥∥∥∥
(∑

k

Ek−1|dfk |2
) 1

2
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1

<∞
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(h1)∗ = bmoc ,

where

‖f ‖bmoc = sup
k

∥∥∥Ek |f − Ek f |2
∥∥∥ 1

2

∞

In general h1 ( H1. In fact, we have

‖f ‖BMO ∼ max
{
‖f ‖bmoc , ‖f ‖bmod

}
where ‖f ‖bmod = supk ‖dfk‖∞.

Question: Is there an atomic description of H1?

Answer: No, if we only consider classical atoms.
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Atomic blocks

Definition

Let b be Σ-measurable. It is called a (p)-atomic block if:

1 ∃k : Ek(b) = 0, supp(b) ⊆ B ∈ Σk .

2 b =
∑

j λjaj , λj scalar.

3 Each subatom aj satisfies the following properties:

∃kj ≥ k : supp(aj) ⊆ Aj ⊆ B, Aj ∈ Σkj .

‖aj‖p ≤
1

µ(Aj)1/p′

1

kj − k + 1
.

Set also
|b|Hatb

1,p
= inf

b=
∑
λjaj

∑
j

|λj |.
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We define

Hatb
1,p =

{
f ∈ L1(Ω,Σ, µ) : f =

∑
i

bi , each bi is a p-atomic block

}
.

equipped with the norm

‖f ‖Hatb
1,p

:= inf
f =

∑
i bi ,

bi=
∑

j λijaij

∑
i

|bi |Hatb
1,p

= inf
f =

∑
i bi ,

bi=
∑

j λijaij

∑
i ,j

|λij |.
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Main result

Theorem (C., Parcet)

Hatb
1,p = H1

with equivalent norms.
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Sketch of proof

By duality, we show
(Hatb

1,p )∗ = BMO.

First inclusion: BMO ⊆ (Hatb
1,p )∗. Given f , define Lf (b) := E (bf ).∣∣∣∣∫ bfdµ

∣∣∣∣ =

∣∣∣∣∫ b(f − Ek f )dµ

∣∣∣∣
≤

∑
j

|λj |
∣∣∣∣∫ aj(f − Ek f )dµ

∣∣∣∣
=:

∑
j

|λj |Ij .
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Ij ≤ ‖aj‖p

(∫
Aj

|f − Ek f |p
′
dµ

) 1
p′

≤ 1

kj − k + 1

1

µ(Aj)1/p′

(∫
Aj

|f − Ek f |p
′
dµ

) 1
p′

≤

(
−
∫
Aj

|f − Ekj f |
p′dµ

) 1
p′

+
1

kj − k + 1

kj∑
l=k+1

‖El f − El−1f ‖∞

≤

(
−
∫
Aj

Ekj |f − Ekj f |
p′dµ

) 1
p′

+
1

kj − k + 1

kj∑
l=k+1

‖f ‖bmod

. ‖f ‖bmoc +
kj − k

kj − k + 1
‖f ‖bmod

≤ 2‖f ‖BMO.
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Second inclusion: (Hatb
1,p )

∗ ⊆ BMO

Need of an additional tool:

Definition

Let Σ1 ⊂ Σ2 be σ-algebras, and X a Σ2-measurable r.v. Y is a
conditional median of X w.r.t Σ1 if:

Y is Σ1-measurable.

∀A ∈ Σ1,

µ(A ∩ {X > Y }) ≤ 1

2
µ(A) ≥ µ(A ∩ {X < Y }).

Remark: Y is a conditional median of X iff

E (|X − Y |) = inf
G Σ1−measurable

E (|X − G |).
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Theorem (Tomkins, ’75)

Given a probability space (Ω,Σ, µ) and a r.v. X , there exists at
least one conditional median Y of X w.r.t. any σ-algebra Σ′ ⊂ Σ.

Given f , denote any conditional median of f w.r.t Σk by αk f .

Definition

‖f ‖◦ := max

{
sup
k
‖Ek |f − αk f |p

′‖
1
p′
∞, sup

k
‖αk f − αk−1f ‖∞

}
The norm ‖ · ‖◦ does not depend on the election of conditional
median.
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It is easy to check:
‖f ‖BMO . ‖f ‖◦.

Now use properties of αk to estimate

‖f ‖◦ . ‖Lf ‖Hatb
1,p
.

�
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Atomic blocks for martingales

Motivation (too late!)

It is classical that

H1(Rn, dx) =
n+1∑
j=1

H j
1(Rn, dx).

This is dual to

BMO(Rn, dx) =
n+1⋂
j=1

BMOj(Rn, dx).

(Garnett-Jones, Mei...).
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Question: Do the previous equalities hold if we exchange dx by
another measure µ?

Yes, if µ is doubling. Reason: H j
1 can be interpreted as a

martingale space and it coincides with hj1.

No, in general.
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If µ is of polynomial growth (i.e. µ(B(x ,R)) ≤ CµR
k , k ≤ n),

then one can define adapted spaces of BMO and H1 type (Tolsa):

f ∈ RBMO(Rn, µ) if

‖f ‖RBMO = max(‖f ‖RBMOc , ‖f ‖RBMOd ) <∞,

where

‖f ‖RBMOc = sup
Q doubling cube

(
−
∫
Q

∣∣∣∣f −−∫
Q
fdµ

∣∣∣∣2 dµ
) 1

2

,

‖f ‖RBMOd = sup
Q⊂R and Q,R doubling

∣∣∣∣−∫
Q
fdµ−−

∫
R
fdµ

∣∣∣∣
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Atomic blocks for martingales

Predual of RBMO: space of atomic blocks in Rn.

We can interpret
RBMOd and RBMOc as the intersection of martingale spaces:

Lemma (C., Parcet)

RBMO(Rn, µ) =
n+1⋂
j=1

RBMOj(Rn, µ).

(with RBMOj appropriately defined)
Remark: The result is true for measures which are not of
polynomial growth.
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Thank you!


