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n-complemented algebras are defined as those algebras (not necessarily associative or
unital) such that each annihilator ideal is complemented by other annihilator ideal.
Let A be a semiprime algebra. We prove that A is n-complemented if, and only if,
every idempotent in the extended centroid of A lies in the centroid of A. We also
show the existence of a llest mt-compl ted subalgebra of the central closure of
A containing A. In the case that A is a C*-algebra, this subalgebra turns out to be
a norm dense %-subalgebra of the bounded central closure of A. It follows that a C*-
algebra is boundedly centrally closed if, and only if, it is n-complemented.

Key Words: Complemented algebra; Central closure; Extended centroid; Multiplication algebra;
Semiprime algebra.
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INTRODUCTION

Throughout the article we assume that all algebras considered (associative or
nonassociative) are algebras over a field IK. This convention will be used without
further mention.

Let A be an arbitrary (not necessarily associative or unital) algebra. As usual,
for each ideal I of A, the annihilator of I in A, denoted here by Ann, (/) (or simply
Ann(]) when no confusion can arise), is defined as the largest ideal J of A such that
1J = JI = 0. The n-closure of I is defined by

I := Ann(Ann(])).

The ideal 1 is said to be n-closed whenever I = I. The set .77 of all n-closed ideals
of A is a complete lattice for the meet and join operations given by

AL=N1 and \IL=X1.

Recall that A is said to be n-complemented if for any n-closed ideal I of A there exists
a n-closed ideal J of A such that A =1@ J. It is clear that every n-complemented
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algebra is semiprime (that is, I> # 0 whenever I is a nonzero ideal of A). Moreover,
the basic examples of n-complemented algebras are the prime algebras. Recall that
A is said to be prime if, for ideals I and J of A, the condition IJ = 0 implies either
I =0 or J =0. A structure theory for n-complemented algebras has been recently
developed in [5].

It has long been known that, for a semiprime unital associative and
commutative ring R, there exits an isomorphism from the Boolean algebra of all =-
closed ideals of R onto the Boolean algebra of all idempotents of the complete ring
of quotient of R [10, Section 2.4, Corollary 2]. The main goal of this article is to
get an appropriate version of this result in nonassociative and free-unit context. We
note that, for a semiprime unital associative ring R, the centre of the complete ring
of quotients is nothing other than the extended centroid of R, and that the extended
centroid has been considered for (possibly nonassociative and nonunital) algebras.

Different approaches to the concepts of extended centroid and central closure
for a semiprime algebra appear in the literature (see [2, 11], and [15]). However, in
order to avoid any type of construction, we prefer to take advantage of Razmyslov’s
characterization given in [12, Proposition 3.1], to introduce these concepts in an
axiomatic way (see Definition 1.4 below). The reader is referred to the papers
[2, 6, 8, 11, 15], and the books [14], [12, §.3], [3, §.9.2], [16, §.32], and [9, §.13 and 14]
for a more detailed account on these concepts.

In the associative setting, the extended centroid C, and the central closure Q,
of a semiprime associative algebra A can be viewed inside the more familiar rings
of quotients for A. We remark that for our purposes it is enough to work with the
symmetric Martindale algebra of quotients Q (A). It is well-known that C, is the
centre of Q,(A), and Q, is the C,-subalgebra of Q,(A) generated by A.

Let A be a semiprime algebra. In Section 1, we prove that there exists a natural
lattice isomorphism from 9, (the lattice of all idempotents in C,) onto .7;. As a
consequence, it is shown that A is n-complemented if, and only if, %, C I',, where
I'y stand for the centroid of A. In particular, A is n-complemented whenever A
is centrally closed, which implies, as a by-product, that Q, is n-complemented. In
Section 2 we discuss the n-complementation of the subalgebras of Q, containing
A. For such a subalgebra B, we prove that C;, =C, and Q= Q,, and as a
consequence there is a smallest 7-complemented subalgebra of Q, containing B.

As an application of the theory of quotient rings for C*-algebras [1], we prove
in Section 3 that, for any C*-algebra A, the smallest n-complemented subalgebra of
Q, containing A can be seen as a norm dense *-subalgebra of the bounded central
closure of A. As a consequence, a C*-algebra is n-complemented if, and only if, it is
boundedly centrally closed.

1. n-CLOSED IDEALS IN A SEMIPRIME ALGEBRA

Let A be an algebra, and let £(A) stand for the algebra of all linear operators
on A. For a € A, we will denote by L* and R? (or simply, by L, and R, if no
confusion can arise) the operators of left and right multiplication by a on A. The
multiplication algebra JM(A) of A is defined as the subalgebra of £(A) generated
by the identity operator Id, and the set {L,, R, : a € A}. It is clear that A is a left
M(A)-module for the evaluation action. If Q is an algebra extension of A, then A is
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said to be a dense subalgebra of Q whenever the condition 7(A) = 0, for T € 4(Q),
implies T = 0.

Given a subalgebra A of an algebra Q, it is easy to show that the following
assertions are equivalent:

(i) A is a dense subalgebra of Q;
(if) For each F € Jl(A), there exists a unique F’ € #(Q) such that F'(a) = F(a) for
every a € A,

(see [7, Corollary 3.2] or Proposition 2.1 below for a generalization). In this case,
the map F — F’ becomes a canonical algebra embedding #(A) — M(Q). As a
consequence, Q has a natural structure of left /(A)-module given by

F.q:=F'(q) forall FeJl(A)and g€ Q.

By abuse of notation, we will sometimes write F(q) instead of F.g, and #((A)(q)
instead of M(A).q

Proposition 1.1. Ler A be a dense subalgebra of an algebra Q. We have the following
statements:

(1) If M is a subspace of Q, then M is an JM(A)-submodule of Q if, and only if,
AM 4+ MA C M.

(2) If M is an M(A)-submodule of Q and f: M — Q is a linear map, then f is an
M(A)-homomorphism if, and only if, f is an A-centralizer, that is, flaq) = af(q)
and f(qa) = f(q)a forall a € A and q € M.

Proof. (1) Let M be a 4l(A)-submodule of Q. For all a € A and g € M, we have
ag=1L2(q)=1Lj(g)eM and qa=RZ(q)=R}(q) € M.

Therefore, AM + MA C M. In order to prove the converse, suppose that M is a
subspace of Q satisfying AM + MA € M, and consider the set & consisting of all
F € JM(A) such that F(M) € M. It is clear that & is a subalgebra of #(A) containing
Id,, L, R* (a € A). Therefore, ¥ = JM(A), as required.

(2) Let M be an J((A)-submodule of Q and f: M — Q be a linear map. If f
is an M (A)-homomorphism, then, for all a € A and ¢ € M, we have

flaq) = f(LL(9) = f(L7(q)) = Lif(q) = af(q),

and

f(qa) = f(RY(q)) = f(R;(9)) = Ry f(q) = f(q)a.

and consequently, f is an A-centralizer. In order to prove the converse, suppose
that f is an A-centralizer, and consider the set I consisting of all F € #(A) such
that f(F(q)) = F(f(q)) for all ¢ € M. It is clear that I is a subalgebra of /(A)
containing Id,, L?, R (a € A). Therefore, & = J/(A), and consequently, f is an

a’

M (A)-homomorphism. O
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Let A be an algebra. Recall that an ideal D of A is said to be essential if
DN 1 #0 for any nonzero ideal I of A. If A is a dense subalgebra of an algebra
0, then an /((A)-submodule M of Q is said to be large in Q if M NN # 0 for any
nonzero Jl(A)-submodule N of Q.

Corollary 1.2. Let A be a dense subalgebra of an algebra Q. Then we have the
following statements:

(1) The ideals of A are precisely the M(A)-submodules of Q contained in A,
(2) If M is a (large) M(A)-submodule of Q, then M N A is an (essential) ideal of A.

Now we point out a context in which dense subalgebras appear, and that will
be fundamental in what follows. Given a unital commutative associative algebra C,
by a C-algebra we mean an algebra Q endowed with a bilinear map (4, g) — Ag
from C x Q to Q satisfying the properties

Mpq) = (Ap)g=p(lq), (AwWg=A(ug), and lg=gq
for all 2, ue€ C and p,q € Q.

Proposition 1.3. Let C be a unital commutative associative algebra, and let Q be a
C-algebra. Then T(Aq) = AT(q) for all T € M(Q), A € C, and q € Q. As a consequence,
if A is a subalgebra of Q such that Q is generated by A as a C-algebra, then A is a
dense subalgebra of Q.

Proof. Consider the set & consisting of all T € /(Q) satisfying T(1q) = AT(q) for
all 2 € Cand g € Q. It is clear that ¥ is a subalgebra de /(Q) containing Id,, LZ,
Rg (q € Q). Therefore, ¥ = M(Q), as required. Now, assume that A is a subalgebra
of Q such that Q is generated by A as a C-algebra. If T € /(Q) satisfies T(A) = 0,
then we have T(3__, A,a;) = >y 4;T(a;) =0foralln e N, 4; € C, a; € A, and hence
T = 0. Thus A is a dense subalgebra of Q. O

The following definition is in accordance with the characterization given by
Razmyslov in [12, Proposition 3.1].

Definition 1.4. Let A be a semiprime algebra. The extended centroid C, and the
central closure Q, of A are determined by the following properties:

(P1) C, is a unital semiprime commutative associative algebra, Q, is a semiprime
algebra extension of A, and Q, is generated by A as a C,-algebra (hence A is
a dense subalgebra of Q, because of Proposition 1.3).

(P2) A is alarge #((A)-submodule of Q,.

(P3) For any J/#((A)-homomorphism f of an J/((A)-submodule M of Q, into Q,,
there exists an element A € C, such that f(g) = Aq for every ¢ € M. Moreover,
if M is a large /#((A)-submodule in Q,, then 4 is uniquely determined by f.

We start by collecting some well-known facts which become a part of the
classical construction of the extended centroid and the central closure.
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Proposition 1.5. Let A be a semiprime algebra. Then

(1) Foreveryideal I of A, C,I is an ideal of Q4 and C,Ann(I) N A = Ann(C,I N A) =
Ann(J).

(2) For every ideal I of A, we have CJINA=C,INA=1.

(3) The essential ideals of A are precisely the large M(A)-submodules of Q, contained
in A. As a consequence, C,D is an essential ideal of Q,, whenever D is an essential
ideal of A.

(4) If U is an essential ideal of Q,, then U N A is an essential ideal of A and U is a
large M(A)-submodule of Q.

(5) If A € C, satisfies 2D = 0 for some essential ideal D of A, then 1. = 0.

(6) For each A € C,, the set D, :== {a € A: Ja € A} is an essential ideal of A.

(7) T(Aq) = AT(q) for all T € M(Q,), 4 € Cy4, and q € Q.

Proof. (1) For a given ideal I of A, it is clear that C,/ is an ideal of Q, and that
C,IN A and C,Ann(]) N A are ideals of A satisfying

(C,I N A)(C,Ann(l) N A) = (C,Ann(l) N A)(C,I N A) = 0,

and consequently C,Ann(/)N A € Ann(C,I N A). Now, the desired equalities
follow from the following chain of inclusions

Ann(l) € C,Ann(/) N A € Ann(C,I N A) € Ann(]).

(2) This assertion is a consequence of (1). Indeed, by replacing / with Ann(/)
in the equality C,Ann(/) N A = Ann(l), we obtain C,/NA =1, and by taking
annihilators in the equality Ann(C,/ N A) = Ann([), we obtain C,IN A = 1.

(3) Since, by property (P2), A is a large #(A)-submodule of Q,, it follows
immediately that the essential ideals of A are precisely the large /(A)-submodules
of O, contained in A. As a consequence, if D is an essential ideal of A, then C,D is
a large M (A)-submodule of Q,, and hence an essential ideal of Q,.

(4) Let U be an essential ideal of Q,. If I is an ideal of A such that
UNANI=0, then UNA € Ann(/), and so UNA C Ann(C,I N A) because of
assertion (1). Therefore (U N A) N (C,I N A) =0. Keeping in mind property (P2),
we deduce that U N C,I = 0, hence C,I = 0, and in particular / = 0. Thus UN A is
an essential ideal of A. Finally, it follows from (3) that U is a large /((A)-submodule

of Q,.

(5) Let A€ C, satistying AD = 0 for some essential ideal D of A. Then g =0
for every g € C,D. Since, by assertion (3), C,D is a large #((A)-submodule of Q,,
we deduce that 4 = 0 because of property (P3).

(6) Let 2€ C,. If we define D, := {a € A: la € A}, then it is clear that D,
is an ideal of A and AAnn(D;) N A = 0. Therefore, by property (P2), we have
AAnn(D;) = 0, hence Ann(D,) € D,, and so Ann(D,) = 0. Thus D, is an essential
ideal of A.

(7) Tt follows from Proposition 1.3, taking into account that, by property
(P1), A is a dense subalgebra of Q,. 0
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Now, our goal is to prove a nonassociative and nonunital version of some
previously known results about rings of quotients of semiprime rings [3, Sect. 2.3].
Given a semiprime algebra A, for each nonempty subset S of Q,, the annihilator of
S in C, is defined by

Anng (S) := {1 € C,: 1S = 0}.

The next result can be deduced from the the theory of polyform modules (see [16,
§.32.3]). For the sake of completeness, we are going to include a proof, which is
similar in spirit to that of [3, Theorem 2.3.9].

Proposition 1.6. Let A be a semiprime algebra and let S be a nonempty subset of Q4.

(1) There exists a unique idempotent E(S) in C, such that
Anng, (S) = (1 — E(5))Cy;
moreover, if U denotes the ideal of Q, generated by S, then
Ann, (U) = (1 — E(S))Q4 and  E(S)p = p for every p € U.
(2) For any idempotent e € C,, E(eS) = eE(S).

Proof. (1) Since Q, is a semiprime algebra, D := U @ Ann,, (V) is an essential
ideal of Q,, and hence D is a large #(A)-submodule of Q, because of
Proposition 1.5.(4). Consider the map f: D — Q, defined by

flp+¢q) :=p forall peUandqe Ann, (V).

Clearly, f is an J((A)-homomorphism. Hence, by property (P3), there exists a
unique e € C, satisfying e(p + ¢q) = p for all p € U and g € Ann,,, (U). Moreover,
since e’z = ez for every z € D, by Proposition 1.5.(5), we see that e =e. Also
note that, by Proposition 1.5.(7), Ann., (S) = Ann., (U). We claim that Ann. (U) =
(1 —e)C,. Indeed, let 1 € C, be such that AU = 0. Then Ae(p + q) = Ap = 0 for all
p € U and g € Ann,, (U). Since D is an essential ideal of Q,, by Proposition 1.5.(5),
we see that le = 0, and so 4 = A(1 — ¢) € (1 — ¢)C,. On the other hand, the equality
(1 —e)U = 0 implies that (1 — e)C, € Annc, (U). Therefore, Ann¢, (U) = (1 — e)C,,
and consequently, ep = p for every p € U. Being an identity element of the algebra
(1 —e)C,, the element 1 — ¢ (and so e) is uniquely determined. Clearly, (1 — e¢)Q, <
Ann,, (U). Conversely, since U = eD, we see that Ann, (U)eD = 0, and we deduce
that Ann, (U)e = 0 because D is an essential ideal of Q,. Therefore, Ann, (U)

(1—e)Q0,.
(2) Let /4 € Anng, (eS). Then 0 = /eS = 1eE(S)S, and hence

JeE(S) € Anng (S) = (1 — E(S))C,.
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Therefore, leE(S) = AeE(S)(1 — E(S)) = 0, and consequently,
A= (1 =eE(S))A € (1 — eE(S))C,.
Thus
Anng, (eS) € (1 —eE(S))C,.
The converse inclusion follows from the fact that
(1 —eE(S))eS = (e — eE(S))S = e(1 — E(S))S = 0.

Therefore, Annc, (eS) = (1 — eE(S))C, and, by (1), we conclude that E(eS) = eE(S).
O

Now we can state a variant of [3, Lemma 2.3.10].

Corollary 1.7. Let A be a semiprime algebra, and let I, J be ideals of A. Then the
following conditions are equivalent:

() 1J = 0;
(i) E()J = 0;
(iii) E(D)E(J) = 0.

Proof. (i) = (ii). Since Q, is semiprime and (C,I)(C,J) =0, it follows
that C,J € Ann, (C4I) = (1 — E(1))Q,; Hence E(I)C,J =0, and in particular
E(I)J=0.

(ii) = (ii)). 0= E(E)J]) = E()E(J).
(iii) = (). 17 = (EDD(EW)) = (EDEJ))(1I) = 0. 0

The centroid I'y of an algebra A is defined as the subalgebra of £(A) consisting
of all J[(A)-endomorphisms of A. For a semiprime algebra A, from properties (P2)
and (P3), we can see I'y contained in C,. More precisely, for each f € I',, there exists
a unique 4 € C, such that f(a) = la for every a € A. Thus we can regard I, as the
subalgebra of C, consisting of all elements A € C, such that AA C A. Also recall that
the set %, of all idempotents in C, has a partial orden given by e < f if ¢ = ef.
Moreover, %, is a Boolean algebra for the operations

en f=ef, eVf=e+f—ef, and e =1-e.
Now, we are ready to formulate and prove our main result.
Theorem 1.8. Let A be a semiprime algebra. Then the map e — eAN A is a lattice

isomorphism from B, onto F%, and its inverse is the map 1 — E(I). As consequences,
we have the following statements:

(1) T= E(I)AN A for every ideal I of A,
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(2) B, is a complete Boolean algebra,
(3) A is m-complemented if, and only if, B, C T'y. In this case,

Fr={eA:ec B,}.

Proof. 1t is clear that, for e, f € B, such that e < f, the sets eANA and
fANA are ideals of A such that eANAC fANA. Given e € 9%,, consider
D,={a € A:ea e A}, and note that

eAnn(eA N A)D, = Ann(eA N A)(eD,) € Ann(eAN A)(eANA) =0,
hence (C,eAnn(eA N A))(C,D,) =0, and so
(C,eAnn(eA N A)) N (C,D,) = 0.

Since, by Proposition 1.5.(6) and (3), C,D, is an essential ideal of Q,, it
follows that C,eAnn(eA N A) =0, hence eAnn(eA N A) =0, and so Ann(eA N A)
C (1 —e)ANA. Since the converse inclusion is clear, we conclude that Ann
(eANA)=(1 —e)ANA. It follows, by interchanging the roles of ¢ and 1 —e,
that Ann((1 —e)AN A) =eAN A. Thus, eAN A € .7;. Note also that (1 —e)C, C
Anng, (eAN A) and eAnnc, (eAN A)D, = 0. Keeping in mind Proposition 1.5.(5),
from this last equality we derive that eAnn. (eANA) =0, and hence Annc,
(eANA)=(1—-¢)C,. So e=E(eAN A). Moreover, for each ideal I of A, by
Corollary 1.7, we see that E(I)Ann(/) =0, and hence Ann(J) C (1 — E(I))A N A.
Since the converse inclusion is an obvious consequence of Proposition 1.6.(1), we
conclude that Ann(/) = (1 — E(I))A N A, and consequently, I = E(I)A N A whenever
I is m-closed. Thus the map e — eA N A is a lattice isomorphism from %, onto .7
with inverse map I — E(I).
Now, let us show the consequences in the statement.

(1) Let I an ideal of A. If ee 9B, satisfies I CeANA, then I =el.
Therefore, by Proposition 1.6.(2), E(I) = eE(I), that is, E(I) <e, and hence
E(DANACeANA. Hence I = E(I)AN A.

(2) This assertion follows from the fact that .¥; is a complete Boolean
algebra (with the operation I — Ann(/) as complementation) [5, Corollary 1.4].

(3) If A is nm-complemented, then for each e € 98, we have
A=(eANA)@® Ann(eANA) =(eANA) D ((1 —e)AN A),

hence eA = eA N A, and in particular eA € A. Thus %, C I',. Conversely, if %, T,
then from the first conclusion in the statement, we see that .77 = {eA : ¢ € 9,} and
A=eA® (1 —e)A for every e € %B,. Thus A is n-complemented. U

Recall that a semiprime algebra A is said to be centrally closed whenever
0,=A, that is to say whenever C, =T',.

Corollary 1.9. Every centrally closed semiprime algebra A is m-complemented and
Fi={eA:ec B}
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2. n-COMPLEMENTATION IN SUBALGEBRAS OF Q, CONTAINING A

For a given semiprime algebra A, we will study the m-complementation for
subalgebras of Q, containing A. We begin by showing that the inclusions for such
subalgebras transfer to the corresponding multiplication algebras.

Proposition 2.1. Let Q be an algebra, and let A be a dense subalgebra of Q. Assume
that B and B’ are subalgebras of Q containing A such that B C B'. Then, for each
F € JM(B), there exists a unique F' € M(B') such that F'(a) = F(a) for every a € A,
and the map F + F' becomes an algebra monomorphism from M (B) into J(B').

Proof. Consider the set & consisting of all F € #((B) for which there exists
T € JM(B') such that T(a) = F(a) for every a € A. It is immediate to verify that & is
a subspace of .#(B) and that U := {G € M(B) : G¥ € &} is a subalgebra of ./(B).
Moreover, if F € & and T € M(B') satisty T(a) = F(a) for every a € A, then

Id;F(a) =1dyT(a), LEF(a) =L8T(a), and REF(a)=RET(a)

for all a € A and b € B. Therefore, Id,, L2, R? € U for every b € B, hence U =
M(B), and so & is a left ideal of 4((B). Since clearly Id; € &, it follows that & =
M(B). Thus, for each F € M(B), there exists T € M(B") such that T(a) = F(a) for
every a € A.

Now, assume that for F € #((B) there exist T,, T, € M(B’) such that T,(a) =
T,(a) = F(a) for every a € A. By the above part in the proof, with the chain of
subalgebras A € B C B’ C Q replaced by B € B’ € Q C Q, we can assert that there
exists T € J(Q) such that T(J') = (T, — T,)(b') for every b’ € B'. Since T(A) =
(T, —T,)(A) =0 and A is a dense subalgebra of Q, it follows that 7 =0, and
consequently, 7, = T,. Thus, for each F € /((B), there exists a unique F’' € M(B’)
such that F’'(a) = F(a) for every a € A. It is immediate to check that F +— F’ is a
linear map from #(B) into ./ (B"). Next we will prove the following claim:

F'(b) = F(b) for all F € M((B) and b € B.

Indeed, given F € J4((B), by the above part in the proof, with the chain of
algebras A € B C B’ C Q replaced by BC B C Q C Q, we can assert the existence
of T, € M(Q) such that F(b) = T,(b) for every b € B. Analogously, by considering
the chain BC B’ C Q C Q, we can confirm the existence of T, € M(Q) such that
F'(b) = T,(b) for every b e B. Since, for each a € A, we have T,(a) = F(a) =
F’'(a) = T,(a), the denseness of A in Q yields to T, = T,, and hence F(b) = T,(b) =
T,(b) = F'(b) for every b € B, and the claim is proved.

Now, it is clear that the equality F| = F;, for F|, F, € {((B), implies F; = F,.
Moreover, for all F|, F, € M((B), we can assert that F|F; € M((B') satisfies F|F,(b) =
F\F,(b) for every b e B, and in particular F|Fj(a) = F\F,(a) for every a € A.
Therefore F|F;, = (F\F,)’. As a result, the map F — F’ is an algebra monomorphism
from J((B) into A(B'). |
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Corollary 2.2. If A is a semiprime algebra and if B, B’ are subalgebras of Q,
such that A C BC B C Q,, then the evaluation at elements of A determines the
corresponding inclusions for the multiplication algebras:

M(A) S M(B) S M(B") S M(Qy).
We can now formulate the main result in this section.

Theorem 2.3. Let A be a semiprime algebra, and let B be a subalgebra of Q,
containing A. Then B is semiprime, Cy = C,, and Qp = Q,4.

Proof. If I is an ideal of B such that I> =0, then 1N A is an ideal of A such
that (I N A)?> =0, and hence I N A = 0. Since I is an J((A)-submodule of Q, and
A is a large J(A)-submodule of Q,, we conclude that / = 0. Thus B is semiprime.
According to Definition 1.4, we need to prove that the algebras C, and Q, satisty
properties (P1)-(P3) with respect to the algebra B.

(P1) We know that C, is a semiprime commutative associative algebra with
a unit, Q, is a semiprime algebra extension of B, and Q, is a C,-algebra generated
by A, and hence by B.

(P2) By Corollary 2.2, every J((B)-submodule of Q, is an /[(A)-submodule.
Since A is a large #((A)-submodule of Q,, it follows that B is also a large ./ (B)-
submodule of Q,.

(P3) Let M be an J((B)-submodule of Q,, and let f be an Jl(B)-
homomorphism from M to Q,. Taking into account Corollary 2.2, we can assert
that M is an #((A)-submodule of Q, and f is an #((A)-homomorphism. Therefore,
there exists an element 4 € C, such that f(g) = Ag for every ¢ € M. Now, assume
that in addition M is a large /((B)-submodule in Q,. Let N be an /((A)-submodule
of Q, such that M NN =0. Fix g e MNC,N, write ¢ = Y i, A,q; for some n € N,
4; € Cy, q; € N, and consider the essential ideal of A given by D:=N.D,
(Proposition 1.5.(6)). Keeping in mind Proposition 1.5.(7), for each x € D and
F € JM(A) we see that

xF(q) = xF (Z )Liq,) =Y AxF(q) = ZLfiXF(q,-) €EMNN.
i=1 i=1

i=1

Therefore, D#(A)(g) =0, and hence ¢ = 0 because of Proposition 1.5.(8). Thus
M N C,N = 0. Note that C,N is an ideal of Q,, and so an /((B)-submodule of Q,.
Therefore, C,N = 0, and in particular N = 0. Thus M is a large #(A)-submodule
in Q,, and consequently, A is uniquely determined by f. 0

On account of Corollary 1.9, as a direct consequence of Theorem 2.3, we have
the following result.

Corollary 2.4. If A is a semiprime algebra, then Q, is a n-complemented algebra and
Tp, =1{eQq e € Byl
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Another consequence of Theorems 1.8 and 2.3 is the following result.

Corollary 2.5. Let A be a semiprime algebra.

(1) If {B,} is a family of n-complemented subalgebras of Q, containing A, then NB, is
a m-complemented algebra.

(2) For each subalgebra B of Q, containing A, there is a smallest n-complemented
subalgebra of Q, containing B.

(3) A" :=3 ey, €A is the smallest T-complemented subalgebra of Q, containing A.

Proof. (1) Let {B,} be a family of n-complemented subalgebras of Q, containing
A. By Theorem 2.3, Cy = C, for every o, and C.p = C,. Given e € %,, by
Theorem 1.8.(3), we have eB, C B, for every o, and consequently ¢(NB,) € NB,.
Therefore, again by Theorem 1.8.(3), NB, is n-complemented.

(2) Let B be a subalgebra of Q, containing A. By Corollary 2.4, the family
of all n-complemented subalgebras of Q, containing B is nonempty. Now, by part
(1) above, the intersection of this family is a n-complemented algebra. Clearly, this
algebra is the smallest 7-complemented subalgebra of Q, containing B.

(3) It is clear that A™:=3} ;5 eA is a subalgebra of Q, containing A.
By Theorem 2.3, C,. = C,. Moreover, for each e € %,, we see that eA™ C A™,
and hence A™ is a m-complemented algebra because of Theorem 1.8.(3). Finally,
given a m-complemented subalgebra B of Q, containing A, again keeping in
mind Theorems 2.3 and 1.8.(3), we see that ¢eA C eB C B for every e € %,, and
consequently, A™ € B. Thus A" is the smallest z-complemented subalgebra of Q,
containing A.

The algebra A™ associated to each semiprime algebra A in the above corollary
appears in the literature with the name of idempotent closure of A [16, §.32.5].

Corollary 2.6. A semiprime algebra A is m-complemented if, and only if, A = A".

3. THE IDEMPOTENT CLOSURE OF A C*-ALGEBRA

Let A be an algebra. Given elements a, b, ¢ in A, we put [a, b] := ab — ba
for the commutator and [a, b, c] := (ab)c — a(bc) for the associator. Recall that the
centre of A is defined as the set

Z,:={z€A:[z,al=]z,a,bl=]a,z,b] =[a,b,z] =0 for all a, b € A}.

Z, 1s a commutative associative subalgebra of A. If A has zero annihilator, then
the map z+ L, allows us to regard Z, as a subalgebra of I';. Also recall that
the symmetric Martindale algebra of quotients of a semiprime associative algebra A,
denoted here by Q,(A), can be introduced as the associative algebra which is the
maximal extension Q of A satisfying the following conditions:

(Q1) For each g € Q there exists an essential ideal D of A such that
gD + Dq C A;

(Q2) If ¢ € Q satisfies gD = 0 for some essential ideal D of A, then ¢ = 0.
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It is well-known that, if A is a semiprime associative algebra, then C, is the centre
of O.(A), and Q, is the C,-subalgebra of Q ,(A) generated by A.

For any C*-algebra A, Q,(A) becomes a unital algebra with positive-definite
involution *, so that it is possible to consider the x-subalgebra Q,(A) of Q,(A)
consisting of all order-bounded elements. Q,(A) is called the bounded symmetric
algebra of quotients of A, and its centre C,(A) is called the bounded extended centroid
of A. Moreover, Q,(A) is a pre-C*-algebra, whose completion is the algebra of local
multipliers of A, which will be denoted here by Mult,.(A). The C*-subalgebra A
of Mult,,.(A) generated by C,(A)A is called the bounded central closure of A. For a
comprehensive treatment and for references to the extensive literature on the subject,
we refer to the book [1] by P. Ara and M. Mathieu. Now, some results in [I,
Chapter 3] allow us to realize that the idempotent closure of a C*-algebra is within
the bounded central closure.

Proposition 3.1. Let A be a C*-algebra. Then A™ is a norm dense x-subalgebra of ¢ A.

Proof. For convenience in the following, we shall abbreviate Zy;,, 1) by Z. By [1,
Remark 2.2.9.1 and Lemma 3.1.2], 9, is the set of all projections in Z. Since, by
[1, Proposition 3.1.5], Z is an AW*-algebra, Proposition 8.1 of [4] applies, so that
Z is the norm closed linear span of 9%3,. On the other hand, by the local Dauns—
Hofmann theorem [1, Theorem 3.1.1], ‘A equals the norm closure of ZA. Keeping
in mind that A™ = %,A (by Corollary 2.5.(3)), it follows that A™ becomes a norm
dense x-subalgebra of “A. a

A C*-algebra A is said to be boundedly centrally closed if ‘A = A. Since ‘A is a
C*-algebra containing A as a C*-subalgebra, we derive the following corollary.

Corollary 3.2. A C*-algebra is m-complemented if, and only if, it is boundedly
centrally closed.

Relevant examples of boundedly centrally closed C*-algebras are the AW*-
algebras, and in particular the W*-algebras [1, Example 3.3.1.2]. As shown in [13,
Corollary 2.9] (see also [1, Corollary 6.3.5]), boundedly centrally closed C*-algebras
become the better C*-algebras concerning the behaviour of surjective Jordan-
homomorphisms.
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