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Example
Letay,...,a, € N withgcd(ay,...,an) =1, and let

S = (a1,...,ap) = ayN+---+a,N.

Then S is a numerical semigroup.

Proposition
Every numerical semigroup S C N arises this way.

Proof.
Take as generators the set P of primitive elements in S, i.e.

* * *
P = S*\(S§"+5),
*
where S* = S\ {0}.
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m/2 [Sammartano 2012]
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4 [Dobbs and Matthews 2006]

@ for |L]|
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Standard graded algebras

Definition
e A standard graded algebra is a commutative algebra R = ©;>oR; over
the field K = Ry, with R;R; C Rjy; for all i,j, finitely generated by Ry .
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Macaulay’s theorem

Definition

If a=Y 1 (%) witha;> a4 >--->a €N, letal) =y, (75:1)

4

Theorem (Macaulay, 1927)
The function i — h; is the Hilbert function of a standard graded algebra
ifand only if ip =1 and hiy < h" foralli > 0.
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4

Theorem (Macaulay, 1927)
The function i — h; is the Hilbert function of a standard graded algebra
ifand only if ip =1 and hiy < h" foralli > 0.

Corollary (E., a condensed version)
Let R be a standard graded algebra. Leti > 1. Let x > i —1 be the

X
unique real number such that h; = (/) .
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Notation
Forx,y € NU{eo}, let[x,y[={neN|x<n<y}. J

For simplicity, we now assume ¢ = 3m.
We have P C [m,4m][. We slice this interval as follows:

h = [mz2m[, b = [2m,3m[, kb = [3m,4m].

Definition
Let Pp= PNl and p;= |P;| for1 <i<3. The profile of S is

2
(p1,p2) € N-
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@ X =S8\ (m+S), the set of Apery elements in S.

Shalom Eliahou (ULCO)

Some progress towards Wilf’s conjecture



Apery elements
Notation

@ X =S8\ (m+S), the set of Apery elements in S.
@ X;=XnNIforj<3.

Shalom Eliahou (ULCO)

Some progress towards Wilf’s conjecture



Apery elements

Notation
@ X =S8\ (m+S), the set of Apery elements in S.
@ X;=XnNIforj<3.
@ O = |X0| =1, a4 = |X1

, O = |Xo

3
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Apery elements

Notation
@ X =S8\ (m+S), the set of Apery elements in S.
@ X;=XnNIforj<3.
@ O = |X0| =1, a4 = |X1

, O = |Xo

, 0g=|X3\P|.
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Apery elements

Notation
@ X =S8\ (m+S), the set of Apery elements in S.
@ X;=XnNIforj<3.

Proposition
We have
‘l_’ = :3 —F'EE(X1 _F'(XE
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Apery elements

Notation
@ X =S8\ (m+S), the set of Apery elements in S.
@ X;=XnNIforj<3.

Proposition
We have
Pl = 14+ai+p2+p3
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Apery elements

Notation
@ X =S8\ (m+S), the set of Apery elements in S.
@ X;=XnNIforj<3.

Proposition
We have
Pl = 14+ai+p2+p3

m = 1404+ 02+ 03+ ps.
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Apery elements

Notation
@ X =S\ (m+S), the set of Apery elements in S.
@ X;=XnNIforj<3.

Proposition
We have

‘LJ = 3 —F'2(X1 _F'CXQ

Pl = 14+04+p2+ps

m = 1404+ 02+ 03+ p3. )
Proof.

Straightforward from the definitions, including m = | X|.

O
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Since W(S) = |P||L|— ¢ and ¢=3m, we have
W(S) = (1+0ou+p2+ps)(3+20+02)—3(1+ 0+ 02+ 05+ ps)
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Since W(S) = |P||L|— ¢ and ¢=3m, we have

W(S) = (1+0u+p2+ps)(3+200 +0z) —3(1+ 00 + 02 + 05 + s)
= p3(204 + o)+ (1404 +p2)(3+204 +0p)
—3(1+ 0ty + 0+ 03).
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Sketch of proof of W(S) > 0 for ¢ = 3m.
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Since W(S) = |P||L| —c and ¢=3m, we have
W(S) = (1+a1+p2+p3)(3+2014 +02)—3(1+ 0 + 02+ 03+ p3)
= ps(204 +02) + (1 + 0 +p2)(3+ 201 +0t2)
=3(1+ 04 + 0 + 03).

Sketch of proof of W(S) > 0 for ¢ = 3m.

@ Reduction from profile (py,p2) to profile (pi,0).

@ For profile (p;,0), use condensed Macaulay on a suitable standard
graded algebra to show:
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Since W(S) = |P||L| —c and ¢=3m, we have
W(S) = (1+0q+p2+p3)(3+204 +0p)—3(1+0a +0p+ 03+ p3)
= p3(204 + o)+ (1404 +p2)(3+204 +0p)
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@ Reduction from profile (py,p2) to profile (pi,0).

@ For profile (p;,0), use condensed Macaulay on a suitable standard
graded algebra to show:

X 1
|2X1ﬂX2| = (2> — ’3X1ﬂX3’ < (X;— )

Hence, if 03 is large, then o, must be large as well, yielding
W(S) > 0 after some calculation on the above formula.

O
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Thank you for your attention
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