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ON A CONJECTURE BY WILF ABOUT THE FROBENIUS NUMBER
A. MOSCARIELLO AND A. SAMMARTANO

ABSTRACT. Given coprime positive integers a1y < --- < ag, the Frobenius number F is the
largest integer which is not representable as a non-negative integer combination of the a;’s. Let
n denote the number of integers less than F' admitting such a representation: Wilf conjectured
that F'+1 < nd. We prove that for every fixed value of [%] the conjecture holds for all values
of a; which are sufficiently large and are not divisible by a finite set of primes. We also propose
a generalization in the context of one-dimensional local rings and a question on the equality
F+1=nd

INTRODUCTION

The diophantine Frobenius problem or money-changing problem consists of finding the great-
est integer F', called the Frobenius number, that is not representable as a non-negative integer
combination of given d coprime positive integers a; < --- < ag. The problem has stimulated
much research over the past decades, due to the applications to several areas of pure and ap-
plied mathematics including coding theory, complexity theory, linear algebra, combinatorics
and commutative algebra. Since finding general explicit formulas is considerably hard (cf. [5]),
the attention is generally focused on solutions in special cases, algorithms or bounds. The
monograph [I1] explores several viewpoints about the problem.

In 1978 H. S. Wilf proposed a general upper bound for the Frobenius number:

(1) F+1<nd
where n is the the number of integers less than F' that are representable as a non-negative integer
combination of ay,...,aq. Although the problem has been considered by several authors (cf.

[, 131, [, [8], [9], [12], [13], [16]) only special cases have been solved and it remains wide open.
The approach we follow in this paper is to study the poset structure of the so-called Apéry set
once the value of the ratio p = [%] is fixed. The cases p =1 and p = 2 were solved in [7] and
[13] respectively; in this work we focus on the general case. Our main result is the following:

Theorem 1. For every value of p = [%] Wilf’s inequality (1) holds if a, is large enough and
the prime factors of ay are greater than or equal to p.

In the first section of the paper we recall some definitions and preliminary results, whereas
the second section is devoted to proving Theorem [Il We conclude the paper with a word about
the equality in (II) and a discussion of Wilf’s inequality in the context of commutative algebra.

1. PRELIMINARIES

We denote by N the non-negative integers. Let S = { Zle Aia; o N €N } be the numerical
semigroup generated by d relatively prime positive integers a; < --- < ay. For the rest of the
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paper we assume without loss of generality that aq,...,as are the minimal generators of S,
i.e. no proper subset generates S; this implies that d < a;. The condition ged(aq, ..., aq) =1
yields that N\ S is a finite set and the integer F' = maxZ \ S is called the Frobenius number
of §. The Apéry set of S is defined as
ApS)={weS: w—a ¢S}

and thus it consists of the smallest elements of S in each residue class modulo a;. It follows
that 0 € Ap(S), |Ap(S)| = a1 and that F' + a; is the largest element in Ap(S). We list the
elements of Ap(S) increasingly setting Ap(S) = {wp < w; < -++ < w1}, notice that we
have wy = 0,w; = ag,ws,—1 = F' 4+ a;. We establish a partial order on N by setting n; < ns
if there exists s € § such that n; + s = ny and we consider throughout the paper the poset
(Ap(S) \ {0}, =<). The minimal elements in (Ap(S) \ {0}, X) are exactly {as,...,aq} and if
7€ S, weAp(S), T Xwthen 7 € Ap(S). We refer to [12] for details on numerical semigroups.

Now we give further definitions in order to introduce an equivalent formulation of Wilf’s
inequality. For each k € N let [, = [l{:al, ka, — 1} and n;, = ‘S N [O, F] N Ik‘. We write

F+1:Qa1+R

with Q,R € N and 2 < R < a;. Note that R # 1 as F' ¢ S and that I is the interval
containing the Frobenius number. We define the numbers

nj:‘{keN;}[kmS}:j} and ej:‘{keN:}IkﬂS‘:j,OSkSQ—l}’

for each j € {1, 2,...,a1 — 1}. In other words, n; counts the intervals I; containing exactly j
elements of S, while €; only counts such intervals among the first (). The two definitions differ
slightly, and the numbers 7); can be expressed in terms of Ap(S):

Lemma 2 ([13], Lemma 12, Proposition 13). The following properties hold:
(1) ej=m;—1ifj = ‘IQ QS‘ and €; =1, otherwise;
(2) =2 = 7] foralll1 < j<a—1.

The numbers €; give rise to an expression for the difference of the two sides of (II):

Proposition 3 ([13], Proposition 10, Remark 11). We have the equation
ay1—1
nd — (F+1) =Y ¢(jd— a) + (ngd — R) = A,

j=1

2. PROOF OF THE MAIN THEOREM
In this section we prove Theorem [Il using Proposition Bl We need a series of lemmas first.
Lemma 4. If v € N\ {0} is smaller than every prime factor of ay then |2=] < x|2|+z —1.
Proof. The assumption on x implies that iw; Z jw; (mod ay) for any 0 < ¢ < j < z: in fact
iw; = jwy (mod ay) yields the contradiction (j —i)w; =0 (mod a1) as ged(j — i,a1) = 1 and
wy; Z 0 (mod ay). Thus the subset {wq,2ws,..., 2w} C S covers x different residue classes
modulo aq, hence there are elements of at least x different classes less than or equal to xzw; in
S. By definition of Apéry set we deduce that w, < zw; and [£=| < [7] <z[2|4+2—-1. O
Lemma 5. Ify € N satisfiesy > 2 and a; —d > (g) + 1 then wq,—1 > wy +wi. In particular,
Lw%;lj > [+ [ and F > wy,.
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Proof. Since the minimal elements in (Ap(S)\{0}, <) are exactly {ao, ..., as} and |Ap(S)| = a4,
there are at least (%)+1 non-minimal elements in (Ap(S)\{0}, X). Theset Y = {w;+w; |1 < i <
j < y—1} contains at most (¥) distinct elements, so there exists T € Ap(S)\ ({0, a, . .., ag}UY).
In particular 7 is not minimal, thus 7 = wy, + wy, for some 1 < h <k, and 7 ¢ ) yields k > y.
Finally we have w,,—1 > 7 = wp, + wi, > w; + wy. The inequality with the floor function follows
immediately, and from w; > a; we obtain w,,—; = F +a; > wy, +w; > w,+a; and F > w,. 0

Lemma 6. Ify,z € N satisfy y > 2,y >z, a; —d > (J) + 1, and Lw‘” S| =]+ [ then
ng>y—z+3.

Proof. Fix z <1 <y, by Lemma [5] we have that F' + a; > w; + w, > wy + w; and

el Al Il R ol o B vl el

ai ai ai ai ai ay ai ay

and this leads to |2 | = [ 2| = |22 |. From F +1 = Qa; + R we obtain (Q + 1)a; + (R —1) >
wy + w;. Dividing by a; we get wy; = qra; + 1, and w; = ¢;a1 +r; with 0 < 7r; < a; — 1 and it
follows that Q +1 = |®2= | = [22] 4 | ] =[] 4 9| = ¢ 4 ¢;. From wy, 1 > w; + w; we
obtain (Q +1)a; + (R — 1) (i +q)ar+ (ri+r1) = (Q+1)ar + (r;+71), thus R—1 > r; +11.
In particular, r1,7; < R: we conclude that the elements Qaq,w; + l1a; and w; + [;a; belong to
SNignN [O,F} for suitable /3, l; € N for each z < i <y so that ng > 3+y —z. O

Lemma 7. If y € N satisfies y > 2 and ay — d>()+1 then ng—1 > y+2 —ng.

Proof. By Lemma [0l we have a; < w, < F, whence ) > 0 and {wo, e ,wy} C [O,F]. At most
ng — 1 of these elements belong to S N Ig N [0, F}, because Qa; ¢ Ap(S). Hence there are at
least y + 2 — ng elements w; smaller than Qa,, that is, wy < -+ < Wy—ngt1 < Qa,: we conclude
that w; + l;a; € 1o for suitable [; € Nforeach 0 <i:<y—ng+1song_1 >y+2—ng. U

We are now ready to prove the main result.

Proof of Theorem[l. Let p = [%]. Since the cases p = 1,2 have been solved, we assume p > 3.
Consider the integers
_3p2—p—4 and Z_p2+p—2
B 2 B 2
notice that y > z > p+ 2. We are going to make the assumption that a; > prz (g), so that the
condition appearing in lemmas Bl [6, [7 is satisfied:
_9 y

Our task is to prove () by showing that the quantity A of Proposition [3] is non-negative; we
will actually show that A > 0. We are going to break the summation in two parts, at the index
J = p. For the first part we use both properties of Lemma [2] and obtain:

2;% jd —ar) > Z:;m(jd—al)—(pd—al) =§p: Q%J — V;—TJ) (jd — ar) — (pd — ay)

i=1

—d>(p—1)d+1—d=(p—2)d+1>"

-1

_ B_SJ (pd_al)_dfﬁ—ﬂ SGRIOERDY LLIJ

Jj=1 J
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where we used that wy = 0 and w, > w; > a;. By the assumption on the factors of a; we can
use Lemma [ for each j < p, yielding

> VUJ = > ( {MJ - 1) N (p) {WIJ - (p_ 1)

Z ar| Z J ay J 2 a1 2
Jj=1 Jj=1

and therefore

P 2 2
dﬂ — pP w d{) —3{)4—2
§ :6] ]d al ( 9 ) \‘ 11J ( 9 )

J=1
2

Moreover, since 1d(p? — p) < 2d(p* — p) + pd — a1 = 2d(p* + p) — a1 = (2 + 1)d — a; then

Zej(jd— ar) > —((z+1)d—ay) {%J _d(p —23,0+2)'

j=1
For the second part of the summation in A, as z 4+ 1 > p + 3 we can write

a1—1 a1—1 a1—1 a1—1

Z e;(jd — ay) > Z e;(jd — ay) > Z 6((z+1D)d—ar) = ((z+1)d — ar) Z €; >

j=p+1 j=z+1 j=z+1 j=z+1

> ((z+1)d—a <m;11m—1> Z“)d_al)qu_IJ_{%Jq)

where we used again both properties of Lemma ] in the last inequality. Combining the two
parts gives

a1—1

A= Zej(jd—a1)+(nQd—R) >

QMJ - V_J _ {ﬂJ _ 1) ((+ 1) — ay) — 2 _23“ 2 | (nod — R) =

aq aq aq
Since z < y, by Lemma [i we have the inequality |““- =] > [#22] 4 [ 21]. If the equality holds,
we can use the bound for ng in Lemma [6] obtaining
d(p* —3p+2)

A>TI> —((z4+1)d - ay) — ;

+((y—2+3)d-R) =

2-3 2
:d<y—22—%+2)+(CL1—R):d+(CL1—R)>O

by the definitions of y and z and the fact that a; > R. Suppose now we have the strict

inequality Lw%’lj > L‘;—jj + U:—llj In this case the first piece in II is non-negative because

(z+1)d — a; > pd — a; > 0, thus we can ignore it:

d(p* —3p +2)
2

If nQ (PP —p+4),then A>Tl > pd— R+d > pd —a; +d > 0. Suppose finally that

ng < 1(p? — p+2). By Lemma [l we know that ng_; >y + 2 — ng, i.e. SN Ig_; contains at
least y + 2 — ng elements, and in this case from p > 3 it follows

II>-

+ (nQd — R)

y+2—ng>

2 2 2 3 2 -9
e L AT R )

2
—p—14
R R SRV L S S
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But in the estimation of the second part of the summation in A we only used that SN g4
contains at least z+1 elements, so we can refine the estimation by adding ((y+2—ng)—(2+1))d,
obtaining

a1—1

A:Zej(jd—a1)+(nQd—R)2H+(y+2—nQ—z—1)d2
j=1

d(p? — 2 d(p? -2 d -2 1
_d 23p+ ) Ra(y—zinya= P2 +2p ) _p>dBrt3-2) +23 ) _Rr> (pd—R)+5 >0
where we used that p > 3 and pd > a; > R.

We have shown that A > 0 in each case and the theorem is thus proved. O]

3. TWO FURTHER PROBLEMS

We focus now on the equality in Wilf’s conjecture. In his original paper [15], Wilf also asked
whether the equality in () is attained if and only if d = a; and a; = a1+ (i—1) fori =2, ..., a;.
While this is easily seen not to be the case, we believe that it can only occur in two cases.

Question 8. Is it true that the equality F' + 1 = nd holds if and only if either d =2 ord = ay
and there ezists K € N such that a; = Kay + (i — 1) fori=2,...,a1?

Note that in the latter case the numerical semigroup has the form
S =1{0,a1,2a1,...,(K —1)a1, Kay, Ka; + 1, Ka; + 2, ...}

and the equality follows from Proposition [3] while in the former case the equality was already
known to Sylvester (cf. [14]). We observe that, in order to show that these are the only two
cases, it suffices to prove that either d = 2 or d = a4. In fact, if d = a; and F' 4+ 1 = nd then
Proposition B implies the equation

a1—1

A = ZGj(j—l)a1+(nQa1—R):O

J=1

and since ng > 1,a; > R we conclude that €; = 0 for every j > 2, ng = 1, R = ay; it follows
that a; = (Q+1)a; + (i — 1) for i = 2,...,a;. Further evidence in support of a positive answer
to Question Qlis given by the proof of Theorem [ as in all the cases investigated therein (where
p > 3, hence d < ay) the strict inequality was actually seen to hold.

Finally, we remark that the conjecture has also an interpretation in commutative algebra in
terms of length inequalities. Let R = Kk[[t™,...,t%]] be the local ring of a monomial curve,
R = k[[t]] be the integral closure of R in its field of fractions @ = k((¢)) and € = (R :o R)
be the conductor of R in R, that is the largest common ideal of R and R. Denoting by
¢(-) the length of an R-module, the values of /(R/R) and /(R /€) are both measures of the
singularity of R and they are related by ¢(R/€) < ¢(R/R), with equality holding if and only
if R is Gorenstein. Under the notation of this paper, the embedding dimension of the ring is
v(R) = d, whereas /(R/R) = F+1—mn and {(R/€) = n (cf [2, Section I1.1]). Wilf’s inequality
is therefore equivalent to

(2) (R/R) < (1(R) = DUR/T).



6 A. MOSCARIELLO AND A. SAMMARTANO

A similar well-known inequality holds in a much more general context: if R is a one-dimensional
Cohen-Macaulay local ring which is excellent, reduced and has an infinite residue field then

((R/R) < t(R)((R/)€)

where ¢(-) denotes the Cohen-Macaulay type and R is the integral closure of R in its total
ring of fractions (cf. [], [6], [10]). In particular () is satisfied whenever ¢(R) < v(R), but
the two invariants are unrelated in general: J. Backelin exhibited a family of rings with d = 4
and arbitrarily large type (cf. [§]). It would be interesting to explore the form (2)) of Wilf’s
inequality in this larger class of rings:

Question 9. Let R be a one-dimensional Cohen-Macaulay local ring which is excellent, reduced
and has an infinite residue field, is it true that ((R/R) < (v(R) — 1){(R/€)?
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