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INTRODUCTION

«O>» «Fr» «=» «=>» ANV &4



Given aq,

defined by

<a1,...

an €N with 1 <ay < a9 < ... <a, and
ged(ay, ..., an) = 1, the numerical n—semigrup S = (ay, .

an) ={z101 + - + zp0n

CyQp) S

(xla ceey xn) € Nn}

«O>» «F)>r» «=)r» «E)» = Q>



Given aq,

defined by

<a1,...

an €N with 1 <ay < a9 < ... <a, and
ged(ay, ..., an) = 1, the numerical n—semigrup S = (ay, .

CyQp) S

Jan) = {z1a1 + - 4 wnan (21,0, 3,) € N}
2101+ -+ Tny = m

Given m € S, a vector (z1,...,2,) € N" is a factorization of m if

«O>» «F)>r» «=)r» «E)» = o>



Given aq,

Definitions and notation
Known results

defined by

an €N with 1 <ay < a9 < ... <a, and
ged(ay, ..., an) = 1, the numerical n—semigrup S = (ay, .
(a1, .

>an> = {xlal + -+ xpan

Ly ap) is
riay + -+ xpan =m
F(m, (a1, ...,an))

(x1,...,xn) € N'}.
Given m € S, a vector (z1,...,x,) € N" is a factorization of m if
9

{(z1,...,xp) € N"

ria; + -+ Tpap = m}7
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Definitions and notation.

Given aq,...,a, € N, with 1 < a1 < a9 < ... < a, and
ged(ay, ..., an) = 1, the numerical n—semigrup S = (ai,...,a,) is
defined by

(a1,...,an) ={x101 + -+ 2pa, : (z1,...,2,) € N'}.
Given m € S, a vector (z1,...,x,) € N" is a factorization of m if

xria1 + -+ Tpan = m.

]:(’I’)’L, <a17 "'aan>) = {(l‘l, ,l‘n) cN": ria1 + -+ xpan = m}’

d(m, (a1, ....,an)) = |F(m,{a1,...,an))|.

Denumerant of numer. 3—semigroups IMNS—-2014 11 Palazzone, Cortona



Given N € S = (ay, ..., a,), the Apéry set Ap(S, N) is

Ap(S,N)={seS: s— N ¢S}

«O>» «F)>r» «=)r» «E)» = Q>



Generating function of d(m, (ay,

¢(2) =

1

(1 —2m)(1—292)---(1—20n)

«O>» «Fr «=» «E)» A

,an)) (Sylvester, 1882):




Generating function of d(m, (ay,

¢(2) =

1

(1 —2m)(1—292)---(1—20n)

,an)) (Sylvester, 1882):

Assymptotic behaviour (Schur, 1926):

) d
lim sup

(m, (ay,...,an))

mn—1

=1
ai1az--an(n—1)!

«O>» «Fr» «=» «=>» ANV &4



Denumerant formula for n = 2 (Popoviciu, 1953)

_m+pf(m)+qg(m)
d(m7 <p7 q>) - lcm(p, q) 1
where f(m) = —mp~!(mod q) and g(m) = —mqg~(mod p).

«O>» «F)>r» «=)r» «E)» = Q>



Denumerant formula for n = 2 (Popoviciu, 1953)

_m+pf(m)+qg(m)
d(m7 <p7 q>) - lcm(p, q) 1
where f(m) = —mp~!(mod q) and g(m) = —mqg~(mod p).

Recursive denumerant formulae for n = 3,4 (Ehrhart, 1967).

«O>» «Fr «=» «E)» A
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Know results

Denumerant formula for n = 2 (Popoviciu, 1953)

m +pf(m) + qg(m)

1
lem(p, q)

d(m, (p,q)) =
where f(m) = —mp~!(mod ¢q) and g(m) = —mq (mod p).
Recursive denumerant formulae for n = 3,4 (Ehrhart, 1967).
For n = 3, an O(ab) algorithm for computing d(m, (a, b, c)) was

given by Lisonék 1995.
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DISTRIBUTION OF 3—FACTORIZATIONS

«O>» «Fr «=» «E)» A



Every numerical 3—semigroup S = (a, b, ¢) has related a plane
L-shape H that encodes the set Ap(S,c).

«O>» «F)>r» «=)r» «E)» = Q>



Every numerical 3—semigroup S = (a, b, ¢) has related a plane

L-shape #H that encodes the set Ap(S,c). An L-shape is denoted
by the lengths of her sides H = L(I, h, w, y).

«O>» «Fr «=» «E)» A
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Denumerants from S* sums

Plane distribution

Every numerical 3-semigroup S = (a, b, ¢) has related a plane
L-shape H that encodes the set Ap(S,c). An L-shape is denoted
by the lengths of her sides H = L(I, h, w, y).

Example: Ap((5,7,11),11) = {0,5,7,10,12, 14, 15,17, 19,20, 24}
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Denumerants from S* sums

Plane distribution

Every numerical 3-semigroup S = (a, b, ¢) has related a plane
L-shape H that encodes the set Ap(S,c). An L-shape is denoted
by the lengths of her sides H = L(I, h, w, y).

Example: Ap((5,7,11),11) = {0,5,7,10,12,14, 15,17, 19, 20, 24}
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Denumerants from S* sums

Plane distribution

Every numerical 3-semigroup S = (a, b, ¢) has related a plane
L-shape H that encodes the set Ap(S,c). An L-shape is denoted
by the lengths of her sides H = L(I, h, w, y).

Example: Ap((5,7,11),11) = {0,5,7,10,12,14, 15,17, 19, 20, 24}

H =L(53,2,2)
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L-shaped plane distribution.

Also 3—factorizations (x,y, z) € F(m, (a,b,c)) follow this

«O>» «Fr «=» «E)» A



Also 3—factorizations (x,y, z) € F(m, (a,b,c)) follow this
L-shaped plane distribution.

Given a related L-shape H, each m € (a, b, ¢) has a unique basic
factorization (o, yo, z0) with (zo,y0) € H.

«O>» «Fr «=» «E)» A



Also 3—factorizations (x,y, z) € F(m, (a,b,c)) follow this
L-shaped plane distribution.

Given a related L-shape H, each m € (a, b, ¢) has a unique basic
factorization (o, yo, z0) with (zo,y0) € H.

Example: F(87,(5,7,11))

«O>» «F)>r» «=)r» «E)»

DA
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Denumerants from S* sums

Plane distribution
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Denumerants from S* sums

Plane distribution
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Plane distribution
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Denumerants from S* sums

Plane distribution
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Plane distribution
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Theorem (A., Garcia-Sanchez 2010)

Given m € <a’b’ C> and H = L(l7 h,UJ,y), set § = la; ba
0 = %Jrhb and the basic factorization (z, 30, 20) of m in H

«O>» «Fr» «=» «=>» ANV &4
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Denumerant sums

Theorem (A., Garcia-Sanchez 2010)
Given m € (a,b,¢) and H = L(l, h,w,y), set § = 2=,

[

f = =w2thb and the basic factorization (z, o, 20) of m in H.
Define Sy and T}, as
M(h—y)J §=0,
L
_ 20—k (5+6
S, = _%J y =0,
min{ | W00 || 0k00) |3 gy o,
%U—W)J 6 =0,
T, — %*”J w=0,
min{ Lx0+kwl7w)J : \‘ZQ*ke(lere)J} Hw ?é 0,

Denumerant of numer. 3—semigroups IMNS—-2014 11 Palazzone, Cortona



then

d(m, (a,b,¢)) = 1+ {

T
Syt T,
5+9J+ kz( bt Tk)

«O>» «F)>r» «=)r» «E)» = Q>



St AND S suMs

«O>» «Fr» «=» «=>» ANV &4



We define the following discrete sums

N
S*(s,t,q,N) =Z
k=0
when 0 < s,t < q.

a
n}
v
a
v
a
it
B
a
(0
.
[

s—i—ktJ
q

N
and S7(s,t,q,N) = Z

k=0

q

DA

=]



Consider f(z) = L%J and set I, by v € I & f(z) =k

«O>» «Fr» «=» «=>» ANV &4



kq—s
— -

«O>» «Fr «=» «E)» A

Consider f(z) = L%J and set I, by v € I & f(z) =k
I, = [xk,$k+1) with x, =



kq—s
-

Consider f(z) = L%J and set I, by v € I & f(z) =k
I, = [xk,ka) with x; =

10

15

20

s=0,t=3,¢g=10, N =30

25
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Definition of

§i sums
Computing ST sums

kq—s

Consider f(z) = L%J and set I, by v € I & f(z) =k
I, = [xk,ka) with x; = T

10

15

20

s=0,t=3,¢g=10, N =30

Then, 1] < [I; NN| < [4] (except, possibly, the first and last

I}, is an hS-type interval if [I; N N| = [1].
Denumerant of numer. 3—semigroups

IMNS-2014

intervals).
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the cases

(1) tlg,

(2) t1qand ged(t,q) =1,

(3) t1qand ged(t,q) =g > 1.

«O>» «Fr «=» «E)» A

There are three different ways of computing ST, depending on



Theorem 1 (¢ | q)

«O>» «Fr» «=» «=>» ANV &4



Theorem 1 (¢ | q)

Set M = L%MJ ande:M

t

«O>» «Fr «=» «E)» ) o

q—

S



Theorem 1 (¢ | q)

Set M = L%MJ and x5 =

Mq—s

5o _ 9 M- )

t 2

«O>» «Fr «=» «E)» A

i, then

+ M(N = [zp] +1).



Assume £ 1 q.

«O>» «Fr «=» «E)» -




Assume t 1 q.

Set g=qt + ¢ and s =5t + § with 0 < ¢,5 < t.
Set § =g MM L AN — [0 + 1),

«O>» «Fr «=» «E)» A



Assume t 1 q.

Set g=qt + ¢ and s =5t + § with 0 < ¢,5 < t.
_(M—1)M
Set § =g MM L AN — [0 + 1),

A J C A set of hS indices is a set of indices in A corresponding
to hS-type intervals. Set Sy =3, k.

«O>» «F)>r» «=)r» «E)»

DA
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Computing ST sums

Assume ¢ 1 q.
Set g=qt+ G and s =5t + § with 0 < ¢,5 < t.
Set § = gEDM L NN — [apr] + 1),

A J C A set of hS indices is a set of indices in A corresponding
to hS-type intervals. Set Sy =3, k.

Lemma Assume t t ¢q. Then, Ij is an hS—type interval iff

(§ —kqg) (mod t) < q.
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Theorem 2 (¢t ¢ and ged(t,q) = 1)

«O>» «Fr «=» «E)» A



Theorem 2 (¢ 1 g and ged(t,q) = 1)

Consider mg = ¢~ 's(mod t) and u = M—Tg—lJ

«O>» «Fr «=» «E)» A
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Computing ST sums

Theorem 2 (¢ 1 q and ged(t,q) = 1)
Consider mg = ¢~ 's(mod t) and u = [ #=22=1 | Then,

(1)
(2)

3)

(4)

If mg=0and u <0, 0or mp=M,let K C{1,...,M — 1} be the
set of hS indices. Then St = S + Sk.

If mg = 0 and u > 0, take the sets of hS indices J C {0,...,t—1}
and K C {ut,...,M —1}. ThenS‘*‘:S—l—uS‘]—&—ntW—&—S;{.

If 0 < mo < M and mg +t > M, take the sets of hS indices
Ic{l,...,mpg—1} and K C {mo,...,M —1}. Then
ST =S+ 87+ Sk.

If 0 <mo < M and mg +t < M, take the sets of hS indices
Ic{l,....,mp—1}and J C {mg,mo +t—1}. Take

K C {mo+ut,...,M — 1} whenever v > 0 and K = () otherwise
(thus Sk = 0). Then St =S+ S;r+uSy —|—nt(” LY
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Theorem 3 (¢t ¢ and ged(t,q) =g > 1)

«O>» «Fr «=» «E)» A



Theorem 3 (¢t ¢ and ged(t,q) =g > 1)
Set t = t/g. Take the set of hS indices

J:{jl,-. ,jn} C {0,...,{—1}‘ Setuz [M—%l_lJ

«O>» «Fr «=» «E)» A



Theorem 3 (¢t ¢ and ged(t,q) =g > 1)
Set t = t/g. Take the set of hS indices

(1) If j, > M, then St = §.

J: {j].’-. ,jn} C {0,...,{— ]_} Set u = [M—%l_lJ
(2) If 0 < j1 < M, take the set of hS indices
KC {]1+’U;£,,M—1} Then,

St =8+ uS; +nt

(u—1)u

+ Sk.
2
«O>» «Fr <> «E>» DHa



Three similar results can be derived for computing S~ (s, ¢, ¢, N).

«O>» «F)>r» «=)r» «E)» = Q>



DENUMERANTS FROM ST SUMS

«O>» «Fr «=» «E)» A



Sums ST enable numerical computation of denumerants
d(m, (a,b, c)) with time cost O(m + logc), in the worst case.

«O>» «F)>r» «=)r» «E)» = Q>



denumerants.

These sums also enable the obtention of closed expressions for

it
a

«O» «F»r < > » ANV &4



«0O0>» «F)r «=»r 4 o>

denumerants.

These sums also enable the obtention of closed expressions for

There are eight different ways for reducing a denumerant into
S* sums.

(0
.
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Denumerants from S sums

Generic comments

These sums also enable the obtention of closed expressions for
denumerants.

There are eight different ways for reducing a denumerant into
S* sums. This reduction depends on the following eight
different cases of § = @ and 0 = hb;c“’a of a given L-shape

H=L(,h,w,y):

(1) {5=0,w=0},
2) {5=0,w+# 0},
3) {9=0,y =0},
1) {9=0,y#0},

){59#0,y:0,w:()},
6) {00 # 0,y = 0,w # 0},
(8) and {06 # 0,y # 0,w # 0}.

Denumerant of numer. 3—semigroups IMNS—-2014 11 Palazzone, Cortona

(
(
(
(5
(
(



Consider S = (121, 1111, 2323) with related L-shape
H = L(101,23,0,11). This is the case 6 = w = 0.

«O>» «Fr «=» «E)» A



Consider S = (121, 1111, 2323) with related L-shape
H = L(101,23,0,11). This is the case 6 = w = 0.

Given m € S, take his basic factorization (xo, yo, 20) with
respect to H.

«O>» «Fr «=Z)r «=)»
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Denumerants from S sums

Reduction example

Consider S = (121,1111,2323) with related L-shape
H = L(101,23,0,11). This is the case 6 = w = 0.

Given m € S, take his basic factorization (xg, yo, z9) with
respect to H. Then

'_
n

d(m,S)zlﬂ%h a Qywk;h—y)J . VogkaJ)

k=0

Denumerant of numer. 3—semigroups IMNS—-2014 11 Palazzone, Cortona



A= 13).

Set yo = Hoy + yo and h —y = ny + n with 0 < ¢, n < y. Set

«O>» «Fr «=» «E)» A



)

Then

0

and

Set yo = Toy + Yo and h — y = Ty + 7 with 0 < 4o, < y. Set
k=

_y)J = (14 \)( y0+

+k2;{y0+knJ
gf“ 0| .

A1+ N).
=0
«O>» «Fr «=» «E)» :E ;
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Putting y = 11, h = 23 1

d(m, $) = (1+ |2 +70+ |5+
byTheoreI;I

i
Pt 11
Ast|q (t=1and g = 11), this discrete sum can be computed
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0 20 _

2D+ 3] 4w+ M)
11 .
- MZO[? (Mzo + 1) - yO],

d(m, $) =(1+ |2

where M,

vo+ | T . ..
= i and the basic factorization
worst case.

(x0, Yo, 20)

«O>» «Fr «=» «E)» A

of m with respect to H are obtained at time cost O(log ¢), in the
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Denumerants from S sums

Reduction example

<0

d(m, $) =(1+ |2 )+ |2

11

11
2

J 70 + M,,)

- MZO[ (MZO + 1) - yb]a

_ j0+L%J . . .
where M, = | =7~ | and the basic factorization (o, yo, 20)

of m with respect to H are obtained at time cost O(logc), in the
worst case.

Corollary Assume m ~ (xq,yo, z0) and m’ ~ (x(, y(, z,) are the
basic factorizations with respect to 7. Then

vo =140, L20/11] = [20/11] = d(m,S)=d(m’,5)
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