
MINIMAL SURFACES IN S2 × S2
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Abstract. A general study of minimal surfaces of the Riemannian prod-
uct of two spheres S2× S2 is tackled. We stablish a local correspondence
between (non-complex) minimal surfaces of S2 × S2 and certain pair of
minimal surfaces of the sphere S3. This correspondence also allows us
to link minimal surfaces in S3 and in the Riemannian product S2 ×R.
Some rigidity results for compact minimal surfaces are also obtained.

1. Introduction

The theory of minimal surfaces in 4-dimensional Riemannian manifolds
and more particularly in Einstein-Kähler surfaces is an interesting topic in
submanifold theory which has been treated from different points of view
(see [B, CU, EGT, MW, MU, W]). Besides the complex projective plane,
there is only one more Hermitian symmetric space of compact type and
complex dimension 2: the Einstein-Kähler surface S2 × S2. In [CU] its
minimal Lagrangian surfaces and in [TU1] its surfaces with parallel mean
curvature vector were studied in depth. Also, in [TU2] was proved that
the stable minimal compact surfaces of S2 × S2 are the complex ones.

In this paper the authors broach the general study of minimal surfaces
of S2 × S2, including those which are not full in S2 × S2, i.e., minimal
surfaces of S2 × S1 (or minimal surfaces of its universal covering S2 ×R).
Perhaps, the most interesting result in the paper is that, roughly speaking,
there is a local correspondence between (non-complex) minimal surfaces
of S2× S2 and certain pair of minimal surfaces of the 3-dimensional sphere
S3. This correspondence is made through the Gauss map of the pair of
minimal surfaces of the 3-sphere.

The paper is organized as follows. Section 2 describes the most im-
portant geometric properties of the ambient manifold S2 × S2, including
its two structures of Einstein-Kähler manifold, as well as its identification
with the Grasmannian manifold of oriented 2-planes of R4. This identifi-
cation will be crucial to understand the aforementioned correspondence.
The two complex structures of S2 × S2 allow to define on any minimal
surface Σ of S2 × S2 two Kähler functions C1, C2 : Σ → [−1, 1] which will
play an important role along the paper. We finish Section 2 by exposing
in detail the most regular examples of minimal surfaces of S2 × S2: slices,
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the diagonal D, the Clifford torus T and certain complex tori constructed
with the Weierstrass ℘-function.

In Section 3 we study the Frenet equations and the compatibility equa-
tions of a minimal surface Σ of S2 × S2. We also define the holomorphic
Hopf differential associated to such Σ and we show that complex surfaces
are just those with vanishing Hopf differential. In Lemma 1 we obtain
certain differential equations that must be satisfied by the Kähler func-
tions of Σ which allow to compute, when Σ is compact, the number of
complex points of Σ in terms of the degrees of the two components of the
immersion into S2× S2 and the Euler numbers of Σ and its normal bundle.

In Section 4 we obtain certain local results which are important to un-
derstand the rest of the paper. So, in Proposition 3, slices, the diagonal
D and the Clifford torus T are locally characterized respectively as the
only minimal surfaces of S2× S2 which are totally geodesic, with constant
Kähler functions, or with constant Gauss and normal curvatures. Also, in
Proposition 4, we characterize the non-full minimal surfaces of S2 × S2 as
the only ones with C2

1 = C2
2 . We finish this section associating to any min-

imal surface of S2 × S2 without complex points a pair of smooth functions
which satisfy a sinh-Gordon equation (cf. Proposition 5). This fact has a
converse, because any two solutions of the sinh-Gordon equation have as-
sociated a 1-parameter family of isometric minimal immersions in S2 × S2

(cf. Theorem 1).
In Section 5 we study the local correspondence mentioned before. So,

in Theorem 2 we give a method to construct minimal surfaces of S2 × S2.
In fact, given two minimal immersions of an oriented surface Σ into the
sphere S3 with conformal induced metrics and the same Hopf differentials,
we construct, using their Gauss maps, a minimal immersion of Σ into S2×
S2 whose induced metric is conformal to the above ones. In Theorem 3 we
prove a local converse of this fact, by stablishing that any simply connected
minimal surface of S2 × S2 without complex points comes from a pair of
minimal surfaces of S3 in the above way. It is interesting to remark that,
as a consequence, minimal surfaces of S2 ×R locally come from minimal
surfaces of S3 through the Gauss map (see Corollary 1).

Finally, Section 6 is devoted to the study of compact minimal surfaces
of S2 × S2. In Proposition 7 we study some interesting properties of its
compact complex surfaces related with their areas. As the area of any
compact complex surface of S2× S2 is a integer multiple of 4π, we classify
those with area less than 16π and with area 16π under the assumptions
of embedeness. Among surfaces that appear in the last case, there are the
Weierstrass tori mentioned before. The last two theorems of the paper are
global rigidity results involving the Gauss and normal curvatures and can
be summarized as follows:

(1) The slices and the diagonal D are the only compact mini-
mal surfaces of S2 × S2 either with positive constant Gauss
curvature or whose Gauss curvature satisfies K ≥ 1/2.
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(2) The Clifford torus T is the only flat compact minimal sur-
face of S2 × S2 and T and D are the only compact minimal
surfaces satisfying 0 ≤ K ≤ 1/2.

(3) Any minimal torus of S2 × S2 with normal curvature K⊥ =
0 lies in a totally geodesic hypersurface of S2 × S2.

(4) For any orientable compact minimal surface of S2 × S2, the
functions K ± K⊥ cannot be everywhere negative and K ±
K⊥ ≥ 0 if and only if the surface is either complex or La-
grangian.

2. Preliminaries

Let S2 be the 2-dimensional sphere, 〈 , 〉 its standard metric, J its com-
plex structure and ω its Kähler 2-form, i.e. ω( , ) = 〈J , 〉.

We endow S2× S2 with the product metric (also denote by 〈 , 〉) and the
complex structures

J1 = (J, J) and J2 = (J,−J),

which define two structures of Kähler surface on S2 × S2. It is clear that if
Id : S2 → S2 is the identity map and F : S2 → S2 is any anti-holomorphic
isometry, then (Id, F) : S2 × S2 → S2 × S2 is a holomorphic isometry from
(S2 × S2, 〈, 〉, J1) onto (S2 × S2, 〈, 〉, J2). Also, it is clear that any isometry of
S2 × S2 is holomorphic or antiholomorphic with respect to J1 or J2.

The Kähler 2-form ωj of Jj, j = 1, 2, are given by ω1 = π∗1 ω + π∗2 ω and
ω2 = π∗1 ω− π∗2 ω and hence

ω1 ∧ω1 = −ω2 ∧ω2 = 2(π∗1 ω ∧ π∗2 ω),

where πj, j = 1, 2, are the projections onto each factors. Along the paper,
π∗1 ω ∧ π∗2 ω will be the orientation on S2 × S2.

On the other hand, using that S2 × S2 is a product manifold, the curva-
ture tensor R̄ of S2 × S2 is given by

R̄(x, y, z, w) =
1
2
(
〈x, w〉 〈y, z〉 − 〈x, z〉 〈y, w〉+

+ 〈J1x, J2w〉 〈J1y, J2z〉 − 〈J1x, J2z〉 〈J1y, J2w〉
)
,

(2.1)

and hence S2 × S2 is an Einstein manifold with scalar curvature 4.
To unsderstand the construction of minimal surfaces of S2 × S2 made

in Section 5, we need to identify S2 × S2 with the Grassmann manifold
G+(2, 4) of oriented 2-planes in the Euclidean space R4. In fact, let Λ2R4 =
{v∧w | v, w ∈ R4} ≡ R6 be the space of 2-vectors in R4 endowed with the
Euclidean metric 〈〈 , 〉〉 given by

〈〈v ∧ w, v′ ∧ w′〉〉 = 〈v, v′〉〈w, w′〉 − 〈v, w′〉〈w, v′〉.

Then the star operator ∗ : Λ2R4 → Λ2R4 is an isometry and Λ2R4 =
Λ2

+R4⊕Λ2
−R4 where Λ2

±R4 are the eigenspaces of ∗ with eigenvalues ±1.
It is clear that, if {e1, e2, e3, e4} is an oriented orthonormal frame of R4, then
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the frame {E±j : j = 1, 2, 3} given by:

E±1 =
1√
2
(e1 ∧ e2 ± e3 ∧ e4) =

1√
2
(e1 ∧ e2 ± ∗(e1 ∧ e2)),

E±2 =
1√
2
(e1 ∧ e3 ± e4 ∧ e2) =

1√
2
(e1 ∧ e3 ± ∗(e1 ∧ e3)),

E±3 =
1√
2
(e1 ∧ e4 ± e2 ∧ e3) =

1√
2
(e1 ∧ e4 ± ∗(e1 ∧ e4)),

is a orthonormal oriented reference of Λ2
±R4. We denote by S2

± the unit
spheres in the 3-spaces Λ2

±R4. We will denoted by I : Λ2
+R4 → Λ2

−R4

the isometry defined by I(E+
i ) = E−i . Also, if A ∈ O(4) is an orthogonal

matrix, then Â : Λ2R4 → Λ2R4 defined by Â(v ∧ w) = Av ∧ Aw is an
isometry satisfying ∗Â = (det A)Â∗. Hence if det A = 1, then Â(S2

±) = S2
±

and if det A = −1, then Â(S2
±) = S2

∓.
Finally, if {v, w} is an oriented orthonormal frame of a plane P ∈

G+(2, 4), then the map G+(2, 4)→ S2
+ × S2

− given by

P 7→ 1√
2

(v ∧ w + ∗(v ∧ w), v ∧ w− ∗(v ∧ w)) ,

is a diffeomorphism.
Let Φ : Σ → S2 × S2 be an immersion of an oriented surface Σ. Associ-

ated to the two Kähler structures of S2× S2 there exist two Kähler functions
C1, C2 : Σ→ R, defined by

Φ∗ωj = CjωΣ, j = 1, 2,

where ωΣ is the area 2-form of Σ. The immersion Φ is called complex if it
is complex with respect to J1 or J2, i.e., either C2

1 = 1 or C2
2 = 1. Also, the

immersion Φ is called Lagrangian if it is Lagrangian with respect to J1 or
J2, i.e., either C1 = 0 or C2 = 0. It is clear that C2

j ≤ 1 and the points where
C2

j = 1 are the complex points of Φ with respect to the complex structure
Jj. It is interesting to remark that C2

j is well defined even when the surface
is not orientable.

If Φ = (Φ1, Φ2), then it is easy to check that the Jacobians of Φ1, Φ2 :
Σ→ S2 are given by

Jac (Φ1) =
C1 + C2

2
, Jac (Φ2) =

C1 − C2

2
.

Moreover, if Σ is compact, denoting by dj the degree of the map Φj : Σ →
S2, i.e.,

∫
Σ Jac Φj dA = 4πdj, we obtain that

(2.2)
∫

Σ
C1 dA = 4π(d1 + d2),

∫
Σ

C2 dA = 4π(d1 − d2).

In particular, if Φ is a complex immersion, then its area A = 4πm,
m ∈N, and if Φ is Lagrangian then |d1| = |d2|.

Using (2.1), the Gauss equation of the immersion Φ is given by

K =
1
2
(C2

1 + C2
2) + 2|H|2 − |σ|

2

2
,
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where K is the Gauss curvature of Σ, σ is the second fundamental form
of Φ and H is the mean curvature vector. Using again (2.1), the Codazzi
equation is given by:

(∇σ)(x, y, z)− (∇σ)(y, x, z) =
1
2
(
〈J1x, J2z〉 (J2 J1y)⊥ − 〈J1y, J2z〉 (J2 J1x)⊥

)
,

where ( )⊥ denotes the normal component to the immersion.
Finally, if {e1, e2, e3, e4} is an oriented orthonormal local frame on Φ∗T(S2×

S2) such that {e1, e2} is an oriented frame on TΣ, the normal curvature K⊥

of the immersion Φ is defined by

K⊥ = R⊥(e1, e2, e4, e3),

where R⊥ is the curvature tensor of the normal connection. Hence, using
again (2.1), we get the Ricci equation

K⊥ =
1
2
(C2

1 − C2
2) + 〈[Ae4 , Ae3 ]e1, e2〉 ,

where Aη stands for the Weingarten endomorphism associated to the nor-
mal vector η.

In what follows Φ = (Φ1, Φ2) : Σ → S2 × S2 will be a minimal immersion,
that is, H = 0.

Now, we are going to describe the most regular examples of minimal
surfaces of S2 × S2, that will be characterize along the paper.

2.1. Complex surfaces. The simplest examples of minimal surfaces of S2×
S2 are the complex ones, because it is well known that a complex subman-
ifold of a Kähler manifold is always minimal. These surfaces are char-
acterized by the fact that each component Φj of Φ is a conformal map
(holomorphic or antiholomorphic) whose branch points are disjoint. More
precisely, if C1 = 1 (resp. C1 = −1) then Φ1 and Φ2 are holomorphic
(resp. antiholomorphic) maps and if C2 = 1 (resp. C2 = −1) then Φ1
is holomorphic (resp. antiholomorphic) map and Φ2 is antiholomorphic
(resp. holomorphic) map.

Moreover, because (S2×S2, J1) and (S2×S2, J2) are biholomorphic, com-
plex surfaces with respect to J1 and J2 are congruent. Among complex
surfaces we mention three important examples:

Slices: For any point p ∈ S2, the associate slices are given by

S2 × {p} = {(x, p) ∈ S2 × S2 | x ∈ S2},
{p} × S2 = {(p, x) ∈ S2 × S2 | x ∈ S2}.

These slices are totally geodesic surfaces with constant Gauss cur-
vature K = 1, normal curvature K⊥ = 0 and area A = 4π. S2×{p}
has C1 = C2 = 1 and {p} × S2 has C1 = −C2 = 1. Moreover,
the slices are the only minimal surfaces of S2 × S2 which are com-
plex with respect to both complex structures J1 and J2 (see Propo-
sition 3).
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Diagonal: Let D = {(x, x) ∈ S2 × S2 | x ∈ S2} be the diagonal of
S2 × S2. It is clear that D is a totally geodesic surface with con-
stant Gauss curvature K = 1/2, normal curvature K⊥ = 1/2 and
area A = 8π (see [CU, Proposition 2.3]). Moreover C1 = 1 and
C2 = 0 and so D is a complex surface with respect to J1 and La-
grangian with respect to J2 (it is also characterized by this property,
cf. Proposition 3).

Weierstrass tori: Let Σ = C/Λ be the torus generated by the lattice
Λ = {m + nτ : m, n ∈ Z}, with τ a complex number with Im τ > 0.
Let ℘ : Σ → S2 be the Weierstrass ℘-function with a double pole
at the origin. Then its branch points are exactly the 4 half periods
of Λ. Now, consider a point p0 in Σ which is not a branch point of
℘ and let F be the automorphism of Σ that maps p0 to the origin.
Then ℘ ◦ F : Σ → S2 is the Weierstrass ℘-function with a double
pole in p0 and which branch points are disjoint with that of ℘.
Therefore,

Φ = (℘, ℘ ◦ F) : Σ → (S2 × S2, J1) is a holomorphic embed-
ding with area 16π.

In fact, since the degree of each component of Φ is 2, equation (2.2)
ensures that its area is 16π. Hence, the only property that remain to
prove is that Φ is an embedding. Let p, q ∈ Σ two different points
with Φ(p) = Φ(q). Then, ℘(p) = ℘(q) and ℘(F(p)) = ℘(F(q)) and
so p and q are not branch points neither of ℘ nor ℘ ◦ F. Since ℘
is an even function it follows easily that p0 is a branch point of ℘,
which is a contradiction.

2.2. Lagrangian minimal surfaces. Another important family of minimal
surfaces of S2 × S2 are the Lagrangian ones. As in the complex case, La-
grangian surfaces with respect to J1 are congruent to Lagrangian surfaces
with respect to J2.

We have seen that the diagonal D is a Lagrangian surface with respect
to C2. Another important example is the following:

Clifford torus: Let T = {(x, y) ∈ S2 × S2 | x1 = y1 = 0} be the prod-
uct S1 × S1 embedded in S2 × S2 as the product of two equators.
Then T is a totally geodesic surface, flat and with normal curva-
ture K⊥ = 0. Moreover C1 = C2 = 0 and T is the only minimal
surface of S2 × S2 which is Lagrangian with respect to both com-
plex structures J1 and J2 (cf. Proposition 3).

3. Structure equations of minimal surfaces

In this section we are going to study the Frenet equations of a minimal
immersion in S2 × S2 in order to obtain the compatibility equations. We
will follow the arguments and notation developed in [TU1, Section 3].

Let Φ = (Φ1, Φ2) : Σ → S2 × S2 be a minimal immersion of an oriented
surface Σ. We consider a local isothermal parameter z = x + iy on Σ such
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that

〈Φz, Φz〉 = 〈(Φ1)z, (Φ1)z〉+ 〈(Φ2)z, (Φ2)z〉 = 0,

|Φz|2 = |(Φ1)z|2 + |(Φ2)z|2 =
e2u

2
,

where the derivatives with respect to z and z̄ are given by ∂z = 1
2

(
∂

∂x − i ∂
∂y

)
and ∂z̄ = 1

2

(
∂

∂x + i ∂
∂y

)
.

Let {N, Ñ} be an orthonormal reference in the normal bundle such that
{Φx, Φy, Ñ, N} is an oriented reference in Φ∗T(S2 × S2) and consider

ξ =
1√
2
(N − iÑ).

Then we have that |ξ|2 = 1, 〈ξ, ξ〉 = 0 and {ξ, ξ̄} is an orthonormal local
reference of the complexified normal bundle. Following the same reasoning
of [TU1, Section 3] it can be proved that

J1Φz = iC1Φz + γ1ξ, J1ξ = −2e−2uγ̄1Φz − iC1ξ,(3.1)

J2Φz = iC2Φz + γ2ξ̄, J2ξ = −2e−2uγ2Φz̄ + iC2ξ,(3.2)

for certain local complex functions γj, j = 1, 2, which satisfy |γj|2 =
e2u(1− C2

j )/2. Notice that if we choose another orthonormal oriented ref-
erence in the normal bundle then the functions γj change but the property
that 〈J1Φz, ξ〉 =

〈
J2Φz, ξ̄

〉
= 0 remains true (see Remark 1 for more de-

tails).
If Φ̂ := (Φ1,−Φ2), then {Φ, Φ̂} is an orthogonal reference along Φ of

the normal bundle of S2 × S2 in R6. Also, from (3.1) and (3.2), it follows

Φ̂z = −J1 J2Φz = C1C2Φz + 2e−2uγ1γ2Φz̄ − iC2γ1ξ − iC1γ2ξ̄.

Using the above information we easily get that the Frenet equations of
the minimal immersion Φ are given by

Φzz = 2uzΦz + f1ξ + f2ξ̄ − γ1γ2

2
Φ̂,

Φzz̄ = − e2u

4
Φ− e2u

4
C1C2Φ̂,

ξz = −2e−2u f2Φz̄ + Aξ +
iC1γ2

2
Φ̂,

ξ z̄ = −2e−2u f̄1Φz − Āξ − iC2γ̄1

2
Φ̂,

for certain local complex functions A and f j, j = 1, 2.
We will call the fundamental data of the pair (Φ, ξ) to the tuple

(u, A, Cj, γj, f j : j = 1, 2).

Remark 1. Notice that if {η, η̄} is another orthonormal oriented reference
in the complexify normal bundle then η = eiθξ for certain funcion θ. In
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such case the fundamental data (u, A∗, Cj, γ∗j , f ∗j : j = 1, 2) of the pair
(Φ, η) are related with the initial ones by

(3.3) γ∗1 = e−iθγ1, γ∗2 = eiθγ2, f ∗1 = e−iθ f1, f ∗2 = eiθ f2 and A∗ = iθz + A.

Proposition 1. Let Φ : Σ → S2 × S2 be a minimal immersion of an orientable
surface Σ and (u, A, Cj, γj, f j : j = 1, 2) its fundamental data for a given or-
thonormal reference. Then:

(3.4)


(Cj)z = 2ie−2u f jγ̄j, ( f j)z̄ = i

e2u

4
Cjγj + (−1)j+1Ā f j,

(γj)z̄ = (−1)j+1Āγj, |γj|2 =
e2u(1− C2

j )

2
,

j = 1, 2.

Moreover, if Φ is a complex immersion with respect to J1 (resp. J2) then C2
1 = 1

and γ1 = f1 = 0 (resp. C2
2 = 1 and γ2 = f2 = 0).

Proof. Firstly, the forth equation of (3.4) comes from the definition of γj
(see equations (3.1) and (3.2)). Secondly, derivating with respect to z and z̄
in (3.1) and (3.2) and taking into account the Frenet equations we easily get
the first and third equations of (3.4). Finally, from the ξ and ξ̄ components
of Φzzz̄ = Φzz̄z we obtain the equation for ( f j)z̄, j = 1, 2.

Now, let suppose that Φ is a complex immersion with respect to J1 (the
case for J2 is analogous). Then, the tangent and the normal bundle are
invariant by J1 and so C2

1 = 1 and γ1 = 0 from (3.1). It is well known that
in this case σ(J1−,−) = J1σ(−,−), where σ is the second fundamental
form of Φ, and so f1 =

〈
Φzz, ξ̄

〉
= 0 since ξ = 1√

2
(N + iC1 J1N). �

Conversely, we get the following result.

Proposition 2. Let Σ be a simply connected surface, u, Cj : Σ→ R with C2
j ≤ 1,

C2
j not constant 1, and γj, f j, A : Σ → C, j = 1, 2, functions satisfying (3.4).

Then there exists, up to congruences, a unique non-complex minimal immersion
Φ : Σ→ S2× S2 and an orthonormal reference of the complexified normal bundle
{ξ, ξ̄} whose fundamental data are (u, A, Cj, γj, f j : j = 1, 2).

Proof. First, the equation for (γj)z̄ in (3.4) ensures that γj can be written
as the product of a positive function and a holomorphic one and so γj has
isolated zeroes since we have suppose that C2

j 6≡ 1, j = 1, 2. Therefore, the
set Σ̂ = {p ∈ Σ : γ1 6= 0, γ2 6= 0} is dense in Σ.

Now, deriving with respect to z in the last equation of (3.4) we get

γ̄j
[
(γj)z − (2uz + (−1)j A)γj + 2iCj f j

]
= 0, j = 1, 2.

As we have noticed, we can simplify γ̄j and obtain an equation for (γj)z
that holds in Σ. Using this new equation joint with (3.4) in the equality
(γj)z̄z = (γj)zz̄ we get that

(3.5) γj

(
2uzz̄ − 4e−2u| f j|2 +

e2u

2
C2

j + (−1)j(Āz + Az̄)
)

= 0, j = 1, 2.
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Finally, from the equations (3.5), once we simplified the term γj, and (3.4)
we can easily check that Φzzz̄ = Φzz̄z and ξzz̄ = ξ z̄z, which are the integra-
bility conditions of the Frenet system. �

Definition 1. Let Φ = (Φ1, Φ2) : Σ → S2 × S2 be a minimal immersion of
an oriented surface Σ. We define the Hopf 2-differential Θ associated to Φ
by

(3.6) Θ(z) =
1
2
〈J1Φz, J2Φz〉dz⊗ dz

where z is a conformal parameter in Σ.

Observe that Θ = Θ1 = −Θ2, where Θj =
〈
(Φj)z, (Φj)z

〉
dz⊗ dz is the

Hopf 2-differential associated to the harmonic map Φj, j = 1, 2, and so it
is holomorphic. Locally, taking into account the fundamental data of the
immersion, we can write 〈J1Φz, J2Φz〉 = γ1γ2 and so

(3.7) |〈J1Φz, J2Φz〉|2 = |γ1|2|γ2|2 =
e4u

4
(1− C2

1)(1− C2
2).

Since (γj)z̄ = (−1)j+1Āγj, either γj is identically zero or its zeroes are
isolated (see the proof of Proposition 2). Hence, either C2

j = 1 in Σ or the
points where C2

j = 1 are isolated, j = 1, 2.
In the following lemma we are going to get some equations that will be

usefull in the sequel.

Lemma 1. Let Φ : Σ→ S2× S2 be a minimal immersion of an orientable surface
Σ with fundamental data (u, A, Cj, γj, f j : j = 1, 2) for a given orthonormal
reference. Then:

(i)
∣∣ f j
∣∣2 = e4u

8 (C2
j −K + (−1)jK⊥). In particular, if Φ is a complex immersion

with respect to Jj then K + (−1)j+1K⊥ = 1.
(ii) The Laplacian and the gradient of Cj are given by

∆Cj = 2Cj(K + (−1)j+1K⊥)− Cj(1 + C2
j ),∣∣∇Cj

∣∣2 = (1− C2
j )(C2

j − K + (−1)jK⊥).

(iii) ∆ log(1± Cj) = ∓Cj + K + (−1)j+1K⊥, whenever the function 1± Cj 6≡
0.

(iv) If Σ is compact and Φ is non-complex then:

−N+
1 = 2(d1 + d2) + χ + χ⊥, −N−1 = −2(d1 + d2) + χ + χ⊥

−N+
2 = 2(d1 − d2) + χ− χ⊥, −N−2 = −2(d1 − d2) + χ− χ⊥

where N±i are the sum of the orders for all the zeroes of the functions 1∓ Ci

and χ, χ⊥ are the Euler numbers of Σ and the normal bundle of Φ. When
Φ is a complex immersion with respect to Ji but not with respect to Jj, i 6= j,
only the equations for N±j hold.

Proof. If Φ is a complex immersion with respect to Jj then we already know
that C2

j = 1 and f j = 0 (cf. Proposition 1). From Gauss and Ricci equations
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it is easy to deduce that K + (−1)j+1K⊥ = 1 and (i) follows in this case.
If Φ is a non-complex immersion then, using that K⊥ = 2e−2u(Āz + Az̄),
(3.5) and K = −4e−2uuzz̄, we obtain (i) in this case.

Taking into account (3.4), (i) and the expressions ∆ f = 4e−2u fzz̄ and
|∇ f |2 = 4e−2u| fz|2, we deduce (ii). Now, (iii) follows easily from (ii).
Finally, (iv) is proved integrating (iii) and using [SY, formulae (6) and (7)
in §2]. �

4. Local results

We start this section characterizing locally the easiest examples of mini-
mal surfaces of S2 × S2: the slices, the diagonal and the Clifford torus (see
Section 2.1 and 2.2 for their definition). Although their classification as the
only totally geodesic surfaces is well-known (see [CN]) we include it for
completeness.

Proposition 3. Let Φ = (Φ1, Φ2) : Σ → S2 × S2 be an immersion of an
orientable surface Σ. Then the following statements are equivalent:

(1) Φ is totally geodesic,
(2) Φ is minimal and the Gauss and normal curvatures K and K⊥ are con-

stant,
(3) Φ is minimal and the functions C1 and C2 are constant,
(4) Φ(Σ) is congruent to an open subset of either an slice, or D or T.

Proof. As we remarked in Sections 2.1 and 2.2, the slices and the surfaces
D and T are totally geodesic and the corresponding functions C1, C2, K
and K⊥ are constant.

If Φ is a totally geodesic immersion, i.e. f1 = f2 = 0, then Φ is a min-
imal immersion and from Lemma 1.(i)-(ii) we deduce that K and K⊥ are
constant.

If Φ is a minimal immersion and K and K⊥ are constant functions, we
define aj = K + (−1)j+1K⊥, j = 1, 2. Then, from Lemma 1.(ii) we obtain
that

|∇Cj|2 = (1− C2
j )(C2

j − aj), ∆Cj = Cj(2aj − 1− C2
j ), j = 1, 2.

These equations mean that Cj are isoparametric functions on Σ. Let Uj =
{p ∈ Σ | ∇(Cj)p 6= 0}, j = 1, 2. If Uj = ∅, then Cj is constant and the above
equations imply that either aj = 0 or aj = 1, for any j ∈ {1, 2}. If Uj 6= ∅,
then using [EGT, Lemma 3.3], we obtain that

(−9aj + ak + 8)C2
j = aj(3aj + ak − 4), in Uj,

for any j ∈ {1, 2}, where k ∈ {1, 2}, k 6= j. Since C2
j is non-constant in

Uj, from the last equation we get 9aj = ak + 8 and hence either aj = 0 or
3aj + ak = 4. As aj 6= 1, we have that aj = 0, ak = −8.

Hence the only positility is that U1 = U2 = ∅. Therefore, both C1 and
C2 are constant functions.

Finally, if Φ is a minimal immersion and C1 and C2 are constant func-
tions, then from Lemma 1.(ii) it is easy to check that the only value for
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the constant functions C1 and C2 are 1, −1 or 0. If C1 = C2 = 0, then
Φ(Σ) is, up to a congruence, an open subset of T (see [CU, Proposition
2.2]). If C2

i = 1, Cj = 0, i 6= j, then Φ(Σ) is, up to a congruence, an open
subset of D (see [CU, Proposition 2.3]). Finally if C2

1 = C2
2 = 1, then either

rank (Φ1) = 0 at any point or rank (Φ2) = 0 at any point. So, either Φ1 or
Φ2 is a constant function and so Φ(Σ) is an open piece of a slice. �

A totally geodesic hypersurface of S2× S2 is, up to an ambient isometry,
an open set of S2 × S1 (cf. [TU1, Proposition 1]). Hence, any minimal
surface of S2× S1 or of its universal cover S2×R is also a minimal surface
of S2 × S2. In the following result we characterize those minimal surfaces
of S2 × S2 that lay in a totally geodesic hypersurface.

Proposition 4. Let Φ : Σ → S2 × S2 be a minimal immersion of a surface Σ.
Then, Φ(Σ) is non-full, i.e. it is contained in a totally geodesic hypersurface of
S2 × S2, if and only if C2

1 = C2
2 . Moreover, these surfaces have K⊥ = 0.

Proof. We will assume that Σ is oriented taking the oriented two-fold cov-
ering of Σ if necessary.

Let suppose that Φ factorizes through S2 × S1. Hence there exists a ∈
R3, |a| = 1, such that Ñ = (0, a) is a unit normal vector to S2 × S1 in
S2 × S2. Let N be a unit normal vector to Φ in S2 × S1 such that {Ñ, N} is
an oriented orthonormal reference in the normal bundle with the induced
orientation. Following the previous section we consider the reference in
the complexify normal bundle

√
2ξ = N − iÑ. Therefore:

0 = i
√

2Ñz = (ξ̄ − ξ)z = 2e−2u( f2 − f1)Φz̄ − A(ξ + ξ̄) +
i
2
(C2γ1 − C1γ2)Φ̂

where we have used the Frenet equations of Φ. From the last equation we
deduce that A = 0 and f1 = f2. Hence K⊥ = 2e−2u(Āz + Az̄) = 0 (cf. proof
of Lemma 1) and, using Lemma 1.(i), we get C2

1 = C2
2 .

Conversely, let suppose that C2
1 = C2

2 . If Φ is a complex immersion, it
is clear that Φ(Σ) is an slice of S2 × S2 and so, factorize through a totally
geodesic hypersurface. Hence, we are going to suppose that Φ is not a
complex immersion.

Deriving in the equation C2
1 = C2

2 with respecto to z and taking into
account (3.4) we get C1 f1γ̄1 = C2 f2γ̄2. Using now Lemma 1.(i) we deduce
C2

1K⊥ = 0. Let U = {p ∈ Σ |C1 = 0}. If the interior of U is non empty,
then int(U) is a open piece of T (cf. Proposition 3 and so K⊥ = 0 on int(U).
Hence K⊥ = 0 on Σ.

Now, using Lemma 1.(ii) we deduce that

(∆ + F)(C1 − C2) = 0, F = −2K + (1 + C2
1) = −2K + (1 + C2

2)

Using classical results from elliptic theory (cf. [C]), we obtain that either
C1 = C2 or A = {p ∈ Σ |C1(p) = C2(p)} is a set of curves in Σ. In this
second case, since C2

1 = C2
2 , we have that C1 + C2 = 0 on Σ \ A and hence

on Σ. To sum up we have two possibilities: C1 = C2 or C1 = −C2. It
is clear that the surfaces with C1 = −C2 can be obtained as the images
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of the surfaces with C1 = C2 under the isometry S of S2 × S2 given by
S(p, q) = (q, p). Hence, we can assume that, up to an ambient isometry,
C1 = C2.

Let (U, z = x + iy) a simply connected complex neighbourhood of Σ.
We claim that there exist a normal reference on U such that A = 0 (see
Section 3). In fact, consider the real 1-form α = −Im(Adz). Since 0 =
e2uK⊥ = 2(Āz + Az̄), the 1-form α is closed and so α = dθ. Hence, A =
−2iθz. Now, in the reference {e2iθξ, e−2iθ ξ̄} the function A vanishes (cf.
Remark 1). Therefore we can suppose, up to a change in the orthonormal
reference, that A = 0.

Since A = 0, γ1, γ2 : U → C are holomorphic functions with |γ1|2 =
|γ2|2 (cf. equations (3.4)). So, there exists ϕ ∈ R such that γ2 = eiϕγ1.
Now, in the normal reference {e−iϕ/2ξ, eiϕ/2ξ̄} the new funcions γ1 and γ2
are equal and, as ϕ is constant, the property A = 0 is still satisfied (cf.
Remark 1).

Moreover, deriving with respecto to z in the equation C1 = C2 and
taking into account (3.4) we get f1γ̄1 = f2γ̄2 and so f2 = f1. Now, from
the Frenet equations of Φ, it follows that (ξ − ξ̄)z = 0 and hence

Ñ =
i√
2
(ξ − ξ̄) : Σ→ R6

is a constant map. Finally, from the equations (3.1) and (3.2) we obtain
that J1Ñ + J2Ñ = 0 and so, Ñ = (0, a) ∈ S2 × S2. So Φ(U) is contained in
S2 × S1

a, where S1
a is the great circle orthogonal to the vector a. To finish

the proof, we only need a connecteness argument. �

In the rest of the section the relation between minimal surfaces of S2×S2

and the sinh-Gordon equation is shown.

Proposition 5. Let Φ : Σ → S2 × S2 be a minimal immersion of an orientable
surface without complex points. Then, there exist smooth functions v, w : Σ→ R

satisfying:

vzz̄ +
|〈J1Φz, J2Φz〉|

4
sinh(2v) = 0 and wzz̄ +

|〈J1Φz, J2Φz〉|
4

sinh(2w) = 0,

where z = x + iy is any conformal parameter on Σ.

Proof. Since Φ has not complex points, the functions Cj satisfy C2
j < 1 and

so we can define v, w : Σ→ R by

2v = log

√
(1 + C1)(1 + C2)
(1− C1)(1− C2)

, 2w = log

√
(1− C1)(1 + C2)
(1 + C1)(1− C2)

,

i.e., C1 = tanh(v− w) and C2 = tanh(v + w). Now, using Lemma 1.(iii),
we get that

∆v = −1
2
(
tanh(v + w) + tanh(v− w)

)
,

∆w = −1
2
(
tanh(v + w)− tanh(v− w)

)
.
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Let z = x + iy be a conformal parameter on Σ. Then, from (3.7), we get

e2u =
2|〈J1Φz, J2Φz〉|√
(1− C2

1)(1− C2
2)

= 2|〈J1Φz, J2Φz〉| cosh(v + w) cosh(v− w).

Finally, taking into account that in local coordinates ∆ f = 4e−2u fzz̄, we get
the equations for vzz̄ and wzz̄. �

Conversely, we obtain the following result.

Theorem 1. Let v, w : C→ R be two solutions of the sinh-Gordon equation

vzz̄ +
1
2

sinh(2v) = 0 and wzz̄ +
1
2

sinh(2w) = 0.

Then there exists a 1-parameter family of minimal immersions Φt : C → S2 ×
S2 without complex points, whose induced metric is 4 cosh(v + w) cosh(v −
w)|dz|2, whose Kähler functions are C1 = tanh(v− w) and C2 = tanh(v + w)
and whose holomorphic Hopf 2-differentials are Θt = eitdz⊗ dz.
Remark 2.

(1) The immersions Φt are Lagrangian if and only if w = ±v.
(2) From Proposition 4, the minimal immersions Φt are non-full in

S2 × S2 if and only if v = 0 or w = 0. In this particular case, asso-
ciated to any solution v of the sinh-Gordon equation, there exists
a 1-parameter family of minimal immersions Φt in S2 × R with
induced metric 4 cosh2 v|dz|2. This is a well known result [HKS].

Proof. For j = 1, 2, we define functions u, Cj : C→ R by

C1 = tanh(v−w), C2 = tanh(v + w) and e2u = 4 cosh(v + w) cosh(v−w).

Moreover, we also defined γj, A : C→ C by

γ1 =
√

2eit/2

√
cosh(v + w)
cosh(v− w)

, γ2 =
√

2eit/2

√
cosh(v− w)
cosh(v + w)

,

A =

(
log

√
cosh(v + w)
cosh(v− w)

)
z

.

Then, it is easy to check that 2|γj|2 = e2u(1−C2
j ) and (γj)z̄ = (−1)j+1Āγj,

j = 1, 2.
Also, we defined the functions f j : C → C by f j = −iγj(v + (−1)jw)z,

j = 1, 2, and so these functions satisfy (Cj)z = 2ie−2u f jγ̄j. Taking into
account that v and w are solutions to the sinh-Gordon equation, we also
get that ( f j)z̄ = i e2u

4 Cjγj + (−1)j+1Ā f j, j = 1, 2.
Therefore, we have proved that, for each t ∈ R, the tupla (u, A, Cj, γj, f j :

j = 1, 2) fulfills the compatibility equations (3.4) and so, from Propo-
sition 2, is the fundamental data of a unique minimal immersion Φt :
C → S2 × S2. Moreover, the immersion Φt has no complex points be-
cause, by definition, C2

1 , C2
2 < 1, the induced metric by Φt is e2u|dz|2 =

4 cosh(v + w) cosh(v − w)|dz|2 and the Hopf 2-differential of Φt is given
by Θ = 1

2 γ1γ2dz⊗ dz = eitdz⊗ dz. �
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5. Gauss map of pair of minimal surfaces of S3

Let Σ be a Riemann surface and φ : Σ → S3 a conformal minimal im-
mersion of Σ in the 3-dimensional unit sphere. Following [H, L], the Hopf
differential associated to φ is the holomorphic 2-differential on Σ defined
by

Θφ(z) = 〈φz, Nz〉dz⊗ dz,

where z = x + iy is a complex parameter on Σ and N is the unit normal
vector field to φ such that {φx, φy, φ, N} is a positively oriented frame in
R4.

Considering S3 ⊂ R4, the Gauss map of φ : Σ→ R4 is the map

(ν+
φ , ν−φ ) : Σ→ S2

+ × S2
−

defined by

ν±φ (p) =
1√
2
(e1 ∧ e2 ± φ(p) ∧ Np),

where {e1, e2} is an oriented orthonormal basis in TpΣ (see Section 2).
Since φ : Σ → R4 has parallel mean curvature vector, from [RV], ν±φ are
harmonic maps from Σ into S2.

Also, it is interesting to remark a well-known result (see [H]) that will
be used later.

For any solution v : C → R of the sinh-Gordon equation vzz̄ +
1
2 sinh(2v) = 0 there exists a 1-parameter family φt : C→ S3 of
minimal immersions whose induced metric is e2v |dz|2 and whose
Hopf differential is Θφt(z) = i

2 eitdz⊗ dz.

Theorem 2. Let Σ be a Riemann surface and φ, ψ : Σ → S3 two conformal
minimal immersions with the same Hopf differentials Θφ = Θψ and induced
metrics gφ and gψ respectively. Then

ν{φ,ψ} = (ν+
φ , ν−ψ ) : Σ→ S2

+ × S2
−

is a conformal minimal immersion. Moreover, the induced metric by ν{φ,ψ} is

g =
1
2

(
(2 + |σφ|2)gφ + (2 + |σψ|2)gψ

)
,

the Kähler functions are

C1 =
|σψ| − |σφ|
|σψ|+ |σφ|

, C2 =
2− |σφ||σψ|
2 + |σφ||σψ|

,

and the Hopf differential is Θ = −2iΘφ = −2iΘψ, where |σφ| and |σψ| are
computed with the metric gφ and gψ respectively. We will say that ν{φ,ψ} is the
Gauss map of the pair of minimal immersions {φ, ψ}.

Remark 3. As Θφ = Θψ, the zeroes of σφ and σψ coincide and hence the
functions C1 and C2 satisfy −1 < C1 < 1 and −1 < C2 ≤ 1. Moreover,
C2(p) = 1 if and only if σφ(p) = σψ(p) = 0.

Remark 4.
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(i) If ψ = φ, then ν{φ,φ} is the Gauss map of φ and C1 = 0, i.e., ν{φ,φ} is a
Lagrangian immersion. This case was studied in [CU] where it was
showed that the diagonal D is the Gauss map of the totally geodesic
surface S2 ⊂ S3 and also that the Gauss map of the Clifford torus
{(z, w) ∈ S3 ⊂ C2 | |z| = |w| = 1/

√
2} is a two-fold covering of the

totally geodesic torus T.
(ii) If S is the isometry of S2 × S2 given by S(p, q) = (q, p), then ν{ψ,φ} =

S ◦ (I, I−1) ◦ ν{φ,ψ}, where I : S2
+ → S2

− is the isometry defined in
Section 2.

(iii) Given A ∈ O(4), then ν{Aφ,ψ} is congruent to ν{φ,ψ}. More precisely,
if det A = 1 then ν{Aφ,ψ} = (Â× Id) ◦ ν{φ,ψ} and if det A = −1 then
ν{Aφ,ψ} =

(
(Â ◦ I)× Id

)
◦ ν{φ,ψ}, where Â : Λ2R4 → Λ2R4 was de-

fined in Section 2 and Id denotes the identity map.

Remark 5. Following the proof of Theorem 2, if only one of the immersions
φ or ψ is branched, then ν{φ,ψ} is also a conformal minimal immersion in
S2 × S2. Such situation happens when one consider a minimal immersion
φ : Σ → S3 and ψ is its polar immersion (possibly branched) N : Σ → S3,
where N is a unit normal vector field to φ (cf. [L, Proposition 10.1]). N
is also a minimal immersion and since both of them have the same Hopf
differentials, then the Gauss map ν{φ,N} is a minimal immersion of Σ in
S2 × S2. Nevertheless, it is easy to check that ν−N = −ν−φ and so, the Gauss
map of the pair {φ, N} is congruent, by the isometry Id×−Id of S2 × S2,
to the Gauss map of φ.

Proof. Let z = x + iy a complex coordinate in Σ and N and N̂ be the unit
normal vector fields to φ and ψ respectively such that {φx, φy, φ, N} and
{ψx, ψy, ψ, N̂} are positively oriented frames in R4. The induced metric by
φ and ψ are given by gφ = e2v|dz|2 and gψ = e2w|dz|2. Also, we can write
the Hopf differentials Θφ(z) = Θψ(z) = θ(z)dz⊗ dz.

The Frenet equations of φ and ψ are given by (see [H, L]):

φzz = 2vzφz − θN, φzz̄ = −e2vφ/2, Nz = 2e−2vθφz̄,

ψzz = 2wzψz − θN̂, ψzz̄ = −e2wψ/2, N̂z = 2e−2wθψz̄.

On the other hand, the components of the Gauss map ν+
φ and ν−ψ can be

written as

ν+
φ (z) =

1√
2
(−2ie−2vφz ∧ φz̄ + φ ∧ N),

ν−ψ (z) =
1√
2
(−2ie−2wψz ∧ ψz̄ − ψ ∧ N̂).

Using the above equations, it is straightforward to check that

(ν+
φ )z =

ev

2
(i− 2θe−2v)E+

2 (z) +
ev

2
(1− 2iθe−2v)E+

3 (z),

(ν−ψ )z =
ew

2
(i + 2θe−2w)E−2 (z)− ew

2
(1 + 2iθe−2w)E−3 (z),
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where E+
j (z), j = 2, 3, is the oriented orthonormal reference of S2

+ at the
point ν+

φ (z) given by

E+
2 (z) =

e−v
√

2
(φx ∧ φ + N ∧ φy), E+

3 (z) =
e−v
√

2
(φx ∧ N + φy ∧ φ),

and E−j (z), j = 2, 3, is the oriented orthonormal reference of S2
− at the

point ν−ψ (z) given by

E−2 (z) =
e−w
√

2
(ψx ∧ ψ− N̂ ∧ ψy), E−3 (z) =

e−w
√

2
(ψx ∧ N̂ − ψy ∧ ψ).

Therefore, taking into account the previous equations and that JE±2 = E±3 ,
we obtain:

〈〈(ν+
φ )z, (ν+

φ )z〉〉 = −2iθ, 〈〈(ν−ψ )z, (ν−ψ )z〉〉 = 2iθ,

|(ν+
φ )z|2 =

1
2
(e2v + 4e−2v|θ|2), |(ν−ψ )z|2 =

1
2
(e2w + 4e−2w|θ|2),

〈〈J(ν+
φ )z, (ν+

φ )z̄〉〉 =
i
2
(e2v − 4e−2v|θ|2), 〈〈J(ν−ψ )z, (ν−ψ )z̄〉〉 =

−i
2

(e2w − 4e−2w|θ|2).

Hence

〈〈νz, νz〉〉 = 0, |νz|2 =
1
2
(e2v + e2w + 4|θ|2(e−2v + e−2w)),

where ν ≡ ν{φ,ψ}.
Now, from [RV], ν+

φ and ν−ψ are harmonic maps, and so ν is also a
harmonic map. But previous equation says that ν is conformal, and so ν
is a minimal immersion.

As 8|θ|2 = e4v|σφ|2 = e4w|σψ|2, we easily obtain the expression of g. The
computation of Cj comes from the fact that Cj = −2ie−2u〈〈Jjνz, νz̄〉〉 and the
computations above. Finally, the previous equations also say that

〈J1νz, J2νz〉 = 〈J(ν+
φ )z, J(ν+

φ )z〉 − 〈J(ν−ψ )z, J(ν−ψ )z〉 = −4iθ,

which finishes the proof. �

In the following result, the 1-parameter family of minimal immersions
in S2 ×R associated to a solution of the sinh-Gordon equation (cf. The-
orem 1 and Remark 2.(2)) is explicitely described in terms of the corre-
sponding 1-parameter family of minimal immersions in S3, via the Gauss
map (see the beginning of Section 5).

Corollary 1. Let v : C → R be a solution of the sinh-Gordon equation vzz̄ +
1
2 sinh(2v) = 0. Then, the 1-parameter family of isometric minimal immersions
Φt : (C, 4 cosh2 v|dz|2) → S2 ×R with Hopf differential Θt(z) = eitdz⊗ dz is
given by

Φt(z) =
(

ν+
φt

(z), 2 Im(zeit/2)
)

,

where φt : (C, e2v|dz|2) → S3 is the 1-parameter family of isometric minimal
immersions with Hopf differentials Θφt = i

2 eitdz⊗ dz.
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Proof. Let w = 0 be the trivial solution of the sinh-Gordon equation. The
1-parameter family of flat minimal immersions ψt : (C, |dz|2) → S3 asso-
ciated to w = 0 and with Hopf 2-differential Θψt = i

2 eitdz⊗ dz is the de-
formation by isometries of the universal cover of the Clifford torus given
by:

ψt(z) =
1√
2

(
eiRe[(1+i)zeit/2], eiIm[(1+i)zeit/2]

)
,

where S3 = {(u1, u2) ∈ C2 : |u1|2 + |u2|2 = 1}. Then φt and ψt are
conformal immersions with the same Hopf differential and we can apply
Theorem 2 to conclude that (ν+

φt
, ν−ψt

) : C→ S2× S2 is a conformal minimal
immersion. Its induced metric, in view of Theorem 2, is

g =
1
2
(
(2 +

∣∣σφ

∣∣2)e2v |dz|2 + 4 |dz|2
)

= 4 cosh2(v) |dz|2 ,

and its associated Hopf differential is Θ(z) = −2iΘφt(z) = −2iΘψt(z) =
eitdz⊗ dz.

It is straighforward to check that

ν−ψt
(z) = cos[2Im(zeit/2)]E−2 + sin[2Im(zeit/2)]E−3 ,

where E−j , j = 1, 2, 3, is the orthonormal reference in Λ2
−R4 (see Section 2)

associated to the canonical basis in R4. Hence, we get that ν−ψt
⊆ S1 ⊂

(E−1 )⊥ and, passing to the universal cover of S1, we get that (ν+
φt

, ν−ψt
)(z) =

(ν+
φt

(z), 2Im(zeit/2)). This finishes the proof. �

Theorem 3. Let Φ : Σ→ S2× S2 be a minimal immersion of a simply-connected
surface without complex points, i.e., C2

j < 1, j = 1, 2. Then Φ is congruent to
the Gauss map of a pair of minimal immersions φ, ψ : Σ → S3 with conformal
induced metrics and the same Hopf differentials.

Proof. Since the immersion Φ has no complex points, the Hopf differential
has no zeroes. Hence, up to a change of complex coordinates if necessary,
we can assume that Θ(z) = dz⊗ dz. Now, from Proposition 5 and its proof
that there exist two functions v, w : Σ→ R satisfying

vzz̄ +
1
2

sinh(2v) = 0, wzz̄ +
1
2

sinh(2w) = 0,

such that C1 = tanh(v−w), C2 = tanh(v + w) and the conformal factor of
the induced metric is e2u = 4 cosh(v + w) cosh(v− w).

Following the begining of Section 5, there exist two one-parameter fam-
ilies of isometric minimal immersions φt : (Σ, e2v|dz|2) → S3 and ψs :
(Σ, e2w|dz|2) → S3, with Hopf differentials Θφt = i

2 eitdz ⊗ dz and Θψs =
i
2 eisdz⊗ dz.

Now, we consider the immersions φ = φ0 and ψ = ψ0. Both minimal
immersions have the same Hopf differentials Θφ = Θψ = i

2 dz ⊗ dz and
their induced metrics are conformal. Hence, we apply Theorem 2 to obtain
a minimal immersion (ν+

φ , ν−ψ ) : Σ → S2 × S2 which Hopf differential
Θ = dz⊗ dz.
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Taking into account that
∣∣σφ

∣∣ =
√

2e−2v and
∣∣σψ

∣∣ =
√

2e−2w (see the
proof of Theorem 2), we deduce, using Theorem 2 again, that the Käh-
ler functions and the induced metrics of the minimal immersions Φ and
(ν+

φ , ν−ψ ) are the same. Finally, following the proof of Theorem 1, we also
get that the fundamental data of Φ and (ν+

φ , ν−ψ ) are the same and so, both
immersions are congruent. �

6. Compact minimal surfaces

This section is devoted to the study of compact minimal surfaces of
S2 × S2. The first result is a characterization of the slices as minimizing
area surfaces among all the compact minimal ones.

Proposition 6. Let Φ = (Φ1, Φ2) : Σ → S2 × S2 be a minimal immersion of a
compact surface Σ with maximal multiplicity µ. Then

Area (Σ) ≥ 4πµ

and the equality holds if and only if Φ is an embedding and Φ(Σ) is a slice of
S2 × S2. In particular, Area(Σ) ≥ 4π and the equality is attained only by the
slices.

Proof. Consider S2 × S2 ⊂ R6 and let Ψ : Σ → R6 be the corresponding
immersion. It is clear that the maximal multiplicity of Φ and Ψ are the
same. If H is the mean curvature of the immersion Ψ, from Li and Yau [LY]
it follows that ∫

Σ
|H|2dA ≥ 4πµ.

If {e1, e2} is an orthonormal reference on Σ and σ̄ is the second fundamen-
tal form of S2 × S2 in R6, then

2H =
2

∑
j=1

σ̄(ej, ej) = −1
4

2

∑
j=1

(
|ej − J1 J2ej|2Φ1, |ej + J1 J2ej|2Φ2

)
and hence 8|H|2 = 4 +(Trace A)2, where A is the matrix Aij = −〈J1ei, J2ej〉.
Let us observe that |Aij| ≤ 1 and so (Trace A)2 ≤ 4 and the equality hap-
pens if and only if A = ±Id.

Joining both inequalities we deduce that A(Σ) ≥ 4πµ and the equality
holds if and only if A = ±Id. Finally, A = ±Id means that C2

1 = C2
2 = 1

and hence Σ is a slice. �

Proposition 7. Let Φ = (Φ1, Φ2) : Σ→ S2 × S2 be a minimal immersion of an
orientable compact surface Σ of genus g, area A and degree(Φj) = dj.

(i) If Φ is a complex immersion then A = 4π(|d1|+ |d2|) and moreover, if Φ
is also an embedding then g = (|d1| − 1)(|d2| − 1).

(ii) If Φ is a complex immersion, then
• A = 4π if and only if g = 0, Φ is an embbeding and Φ(Σ) is a slice.
• A = 8π if and only if g = 0, Φ is an embedding and Φ is congruent

to the graph of a biholomorphism of S2.
• A = 12π if and only if g = 0, Φ is an embedding and Φ is congruent

to the graph of an holomorphic map of S2 of degree 2.
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• A = 16π and Φ is an embedding if and only if either g = 0 and Φ is
congruent to the graph of a holomorphic map of S2 of degree 3 or g = 1
and Φ is congruent to a Weierstrass torus.

(iii) If g = 0, then Φ is a complex immersion. Moreover, Φ is an embedding
if and only if Φ is congruent to the graph of an holomorphic map of S2 of
degree (A/4π)− 1.

(iv) If g = 1 and Φ is not a complex immersion then Φ has no complex points
and d1 = d2 = χ⊥ = 0. If g = 1 and Φ is a complex immersion then
A = 16π if and only if Φ is congruent to a Weierstrass torus.

Remark 6. From (iii) it follows that the real projective plane cannot be im-
mersed in S2 × S2 as a minimal surface.

Proof. (i) Taking into account (2.2) and that Φ is complex if C2
j = 1 for

some j ∈ {1, 2}, we deduce that A = 4π(|d1|+ |d2|). Moreover, if Φ is an
embedding, following the same reasoning of [CU, Proposition 4] it follows
that χ⊥ = 2d1d2. Also, from Lemma 1.(i), we obtain K + (−1)j+1K⊥ = 1
and hence integrating this equation we get

4π(|d1|+ |d2|) = A = 4π(1− g)+ (−1)j+12πχ⊥ = 4π(1− g +(−1)j+1d1d2).

Therefore g = (|d1| − 1)(|d2| − 1).
(ii) Let assume that Φ is a complex immersion and, up to congruences,

we can take C1 ≡ 1 and so d1, d2 ≥ 0. First, from Proposition 6, A = 4π if
and only if Φ is a slice. If A ≥ 8π, then Φ(Σ) cannot be a slice and hence
d1, d2 ≥ 1.

If A = 8π = 4π(d1 + d2), then d1 = d2 = 1, and hence Φ1 and Φ2 are dif-
feomorphisms of the 2-sphere. We can reparametrize Φ by Ψ = Φ ◦Φ−1

1 ,
and hence Ψ = (Id, Φ2 ◦Φ−1

1 ), i.e., Ψ is the graph of a biholomorphism.
If A = 12π, then either d1 or d2 is 1 and so, making the same reasoning

as above, we prove that Φ is the graph of a holomorphic map of S2 of
degree 2.

It is clear that the graph of a holomorphic map of S2 of degree 3 and
the Weierstrass tori are complex embeddings with A = 16π. Conversely,
since A = 16π and Φ is an embedding, from (i), we deduce that there are,
up to congruencies, two posibilities:

• d1 = 1, d2 = 3 and g = 0 and so, following a similar reasoning as
before, Φ is congruent to the graph of a holomorphic map of S2 of
degree 3.
• d1 = d2 = 2 and g = 1. Hence, Φ1, Φ2 are elliptic functions of

degree 2 with disjoint branch points since Φ = (Φ1, Φ2) is an im-
mersion. It is well known that, up to automorphism of the torus,
such elliptic function is the Weierstrass ℘-function. Hence, Φ is
congruent to one of the Weierstrass tori.

(iii) If g = 0, the Riemann-Roch theorem says that the holomorphic
Hopf differential Θ vanishes identically and so, from equation (3.7), Φ is
a complex immersion.
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It is clear that the graph of a holomorphic map of S2 is an embedding.
Conversely, if Φ is an embedding then, from (i), 0 = (d1 − 1)(d2 − 1) and
hence, either d1 = 1 or d2 = 1. Following the same argument as in (ii) we
finish.

(iv) If g = 1 and the immersion Φ is not complex, the Riemann-Roch
theorem says that the holomorphic Hopf differential Θ has no zeroes.
Hence, equation (3.7) ensures that N±1 = N±2 = 0 and so d1 = d2 = χ⊥ = 0
from Lemma 1.(iv).

Now, let assume that g = 1 and Φ is a complex immersion. We already
know that the Weierstrass tori have area 16π. Conversely, let suppose that
Σ has area 16π. We can assume, without loss of generality, that C1 = 1.
From (i), 4 = d1 + d2 and so, since g = 1, it is follow that d1 = d2 = 2. The
same argument used in (ii) finishes the proof. �

In the following theorem we characterize the slices and the surfaces
D and T as the only ones with non-negative constant Gauss curvature.
Moreover, we also characterize these examples by a gap-type theorem for
the Gauss curvature.

Theorem 4. Let Φ : Σ→ S2 × S2 be a minimal immersion of a compact surface
Σ. Then:

(i) Σ has positive constant curvature K if and only if either K = 1 and Σ is a
slice or K = 1/2 and Σ is congruent to the diagonal D.

(ii) K = 0 if and only if Σ is congruent to a finite covering of the flat torus T.
(iii) K ≥ 1/2 if and only if either K = 1 and Σ is a slice or K = 1/2 and Σ is

congruent to the diagonal D.
(iv) 0 ≤ K ≤ 1/2 if and only if either K = 0 and Σ is congruent to a finite

covering of the flat torus T or K = 1/2 and Σ is congruent to the diagonal
D.

Proof. (i) We know that the slices have constant curvature 1 and D has
constant curvature 1/2. Conversely, taking the two-fold oriented cover
of Σ we can assume that our surface is oriented, and the Gauss-Bonnet
theorem says the genus of Σ is 0. From Proposition 7.(iii), Φ is complex
and so K + (−1)j+1K⊥ = 1, for some j = 1, 2 (cf. Lemma 1.(i)). Hence the
normal curvature is also constant and Proposition 3 finishes the proof.

(ii) We assume that K = 0 and taking again the two-fold oriented cover
of Σ if necessary, we get that Σ is a torus. From Proposition 7.(iv), Φ is
either a complex immersion or C2

1 , C2
2 < 1. In the first case, K⊥ is also

constant and so Proposition 3 gives a contradiction. In the second case,
from Lemma 1.(iii), we obtain that ∆ log(1− C2

j ) = 2(−1)j+1K⊥, j = 1, 2,
and hence

∆ log(1− C2
1)(1− C2

2) = 0.

As Σ is compact, the armonic function log(1−C2
1)(1−C2

2) is constant and
hence (1− C2

1)(1− C2
2) = a, a ∈ R+. It is clear that a ≤ 1 and that a = 1 if

and only if C1 = C2 ≡ 0, but this means that our surface is T. Hence, from
now on we assume that a < 1 and we will get a contradiction.
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Deriving the above expression we get that

C1(1− C2
2)∇C1 = −C2(1− C2

1)∇C2,

and from Lemma 1.(ii) we get that

(C2
1 − C2

2)(1− a) = K⊥(1− a− C2
1C2

2).

Now, 1− a−C2
1C2

2 = C2
1(1−C2

2) + C2
2(1−C2

1). Since we know that both C1
and C2 cannot vanish simultaneously in p because a < 1 and the immer-
sion Φ has not complex points, we deduce that 1− a− C2

1C2
2 > 0. Using

again the expression of a we obtain that

K⊥ =
(1− a)(a− (1− C2

1)
2)

(1− a)(1− 2C2
1) + C4

1
.

Lemma 1.(ii) says that the function C1 is isoparametric. Let U = {p ∈
Σ | ∇C1(p) 6= 0}. Then, using [EGT, Lemma 3.3] and that K = 0, a long
but straightforward computations shows that q(C1) = 0 for a certain non-
trivial polynomial q. That is, C1 is constant in each connected component
of U and so U = ∅. Hence C1 is constant and so K⊥ is also constant.
Finally, from Proposition 3, Σ is locally T and so C1 = C2 ≡ 0, that is a = 1
which is a contradiction.

(iii) In this case, taking the oriented two-fold covering of Σ if neces-
sary, Σ is again a sphere and so Φ is a complex immersion (cf. Proposi-
tion 7.(iii)). Without loss of generality we can suppose that C2

1 = 1. Using
that K + K⊥ = 1 (cf. Lemma 1.(i)) in Lemma 1.(ii) we obtain that

1
2

∆(1− C2
2) = (2K− 1)(1− C2

2) + 2C2
2(C2

2 + 1− 2K).

Since C2
2 + 1− 2K ≥ 0 by Lemma 1.(i) and 2K − 1 ≥ 0 by hypothesis we

get that ∆(1− C2
2) ≥ 0. Hence C2 is constant and Proposition 3 proves the

result.
(iv) Since K ≥ 0, taking the two-fold oriented cover of Σ if necessary,

from Gauss-Bonnet theorem, Σ is either a torus or a sphere. In the first
case, K has to be constant zero and so, from (ii) the result follows. Hence,
we suppose that Σ is a sphere and, from Proposition 7.(iii), the immersion
Φ is complex. We can assume, without loss of generality, that C1 = 1.

Now, we are going to get a Simon-type formula computing ∆|σ|2.

Claim: If Φ : Σ → S2 × S2 is a complex immersion with respet
to J1 then:

1
2

∆(|σ|2 + C2
2) = |∇σ|2 + C2

2(C2
2 + K) + (1 + K)(1− 2K).

Proof of the claim. We can assume, without loss of generality, that C1 = 1.
Consider an oriented orthonormal frame {e1, e2} in TΣ satisfying J1e1 = e2
and so J1σ(e1, e1) = σ(e1, e2). In the following we will denote σij = σ(ei, ej),
∇σijk = (∇σ)(ei, ej, ek), etc.
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Using Codazzi equation (see Section 2) and that C2 = 〈J2e1, e2〉 we get

1
2
〈
∇|σ|2, ek

〉
= ∑

ij

〈
∇σkij, σij

〉
= ∑

ij

〈
∇σijk, σij

〉
− 1

4
〈
∇(C2

2), ek
〉

.

Therefore,

1
2

∆
(
|σ|2 +

1
2

C2
2

)
= ∑

ijk

[〈
∇2σkijk, σij

〉
+
〈
∇σijk,∇σkij

〉]
=

= |σ|2 (1 + K) + ∑
ijk

[〈
∇2σikjk, σij

〉
+
〈
∇σijk,∇σkij

〉]
,

where we have used Ricci identity in the second equality. Using again
Codazzi equation

∑
k,j

〈
∇σkjk, σij

〉
= ∑

k,j

〈
∇σjkk, σij

〉
− 1

2
C2 〈∇C2, ei〉 = −1

4
〈
∇C2

2 , ei
〉

.

Deriving with respect to ei in this equations we get

∑
ijk

〈
∇2σikjk, σij

〉
= −∑

ijk

〈
∇σkjk,∇σiij

〉
− 1

4
∆(C2

2),

and finally we obtain

1
2

∆(|σ|2 + C2
2) = (1 + K)|σ|2 + ∑

ijk

[〈
∇σijk,∇σkij

〉
−
〈
∇σkjk,∇σiij

〉]
=

= (1 + K)|σ|2 +
[
|∇σ|2 − 1

2
C2

2(1− C2
2)
]
−
[1

2
C2

2(1− C2
2)
]
.

where we have used again Codazzi equation in the second equality. From
Gauss equation we prove the claim.

Now, since 0 ≤ K ≤ 1/2, we get that ∆(|σ|2 + C2
2) ≥ 0 and hence

|σ|2 + C2
2 must be a constant function. Finally, from ∆(|σ|2 + C2

2) = 0 we
deduce that C2 = 0 and K = 1/2. Proposition 3 finishes the proof. �

To finish this section, the following theorem states a rigidity result for
the functions K± K⊥.

Theorem 5. Let Φ : Σ → S2 × S2 be a minimal immersion of a compact ori-
entable surface Σ. Then:

(i) K±K⊥ ≥ 0 if and only if either Φ is a complex immersion and so K±K⊥ =
1 or Φ is Lagrangian and so K± K⊥ = 0.

(ii) K± K⊥ < 0 can not happen.
(iii) If Σ is a torus with K⊥ = 0 then Φ is non-full, i.e., Φ(Σ) is contained in a

totally geodesic hypersurface of S2 × S2.

Proof. (i) We suppose that K + (−1)j+1K⊥ ≥ 0. Then, from Lemma 1.(ii)
we obtain that

1
2

∆(1− C2
j ) = (K + (−1)j+1K⊥)(1− C2

j ) + 2C2
j (C2

j − (K + (−1)j+1K⊥)).
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Now, since K + (−1)j+1K⊥ ≤ C2
j from Lemma 1.(i), we get ∆(1− C2

j ) ≥ 0.
Hence Cj is a constant function and the previous equation ensures that

(K + (−1)j+1K⊥)(1− C2
j ) = C2

j (C2
j − (K + (−1)j+1K⊥)) = 0.

Now, there are only two possibilities: K + (−1)j+1K⊥ = 0 and Cj = 0 or
K + (−1)j+1K⊥ = 1 and C2

j = 1.
Conversley, if Φ is a complex immersion then, from Lemma 1.(i), K +

(−1)j+1K⊥ = 1. If Φ is a Lagrangian immersion then, from Lemma 1.(ii)
it follows easily that K + (−1)j+1K⊥ = 0.

(ii) We suppose that K + (−1)j+1K⊥ < 0 for some j ∈ {1, 2}. Firtly, Φ
cannot be a complex immersion with respect to Jj since in that case, from
Lemma 1.(i), K + (−1)j+1K⊥ = 1 which is a contradiction. Moreover, using
again Lemma 1.(ii), any critical point p of Cj satisfy C2

j (p) = 1 and hence
Cj is a non-constant function with only maxima and minima as critical
points. The Morse theory says that Σ is a sphere with N+

j = N−j . Hence,
from Proposition 7.(ii), Φ is a complex immersion with respect to Ji, i 6= j.

Now, from Lemma 1.(i), K +(−1)i+1K⊥ = 1 and, since K +(−1)j+1K⊥ <
0 we have that K < 1/2. Now, Gauss equation ensures that the second fun-
damental form σ has no zeroes.

We are going to compute the Euler characteristic of the normal bundle.
We will follow the notation of Section 3. First, since fi = 0 (cf. Proposi-
tion 1), we get 〈

σ(e1, e1), Ñ
〉

= (−1)i+1 〈σ(e1, e2), N〉 = a,

〈σ(e1, e1), N〉 = (−1)i 〈σ(e1, e2), Ñ
〉

= b,

where e1 = e−u∂x and e2 = e−u∂y. Let p ∈ Σ and v = cos θe1 + sin θe2 a
unit vector to Σ, then

σ(v, v) = (a cos 2θ + b(−1)i sin 2θ)Ñ + (b cos 2θ + a(−1)i+1 sin 2θ)N,

and hence |σ(v, v)|2 = a2 + b2 = 1
4 |σ|2 > 0. Therefore the well-defined

map Fp : S1 ⊂ TpΣ → (S1)⊥ ⊂ T⊥p Σ given by Fp(v) = σ(v,v)
|σ(v,v)| has degree

2(−1)i+1 for any p ∈ Σ, because {Ñ, N} is an oriented frame on T⊥Σ.
Finally, we can apply [AFR, Theorem 1] to conclude that χ⊥ = deg(F)χ =
4(−1)i+1.

Since K + (−1)i+1K⊥ = 1 and χ = 2 then A = 4π + (−1)i+12πχ⊥ =
12π. On the other hand, since N+

j = N−j , Lemma 1.(iv) affirms that d1 +
(−1)j+1d2 = 0 and so A = 4π(|d1|+ |d2|) = 8π |d1| (cf. Proposition 7.(i)).
Both expresions for the area lead to a contradiction.

(iii) Let supposet that Σ is a torus and K⊥ = 0. From Proposition 7.(iv),
either Φ is a complex immersion or C2

1 , C2
2 < 1. The first case cannot

happen since if Φ is complex then 1 = K ± K⊥ = K (cf. Lemma 1.(i)).
Hence C2

1 , C2
2 < 1. Now, from Lemma 1.(iii),

∆ log
1− C2

1

1− C2
2

= 4K⊥ = 0.
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Hence the harmonic function log 1−C2
1

1−C2
2

is constant and so (1− C2
1) = a(1−

C2
2), a ∈ R+.
Now, C2

1(p) = C2
2(p) at a point p ∈ Σ if and only if a = 1. In this

case, we get C2
1 ≡ C2

2 and Proposition 4 proves the result. If a 6= 1 then
C2

1 − C2
2 is either a positive or a negative function. On the other hand,

using Lemma 1.(ii) and the Gauss equation, we get

∆(C2
1−C2

2) = 2(C2
1−C2

2)
(
3K− 2(C2

1 + C2
2)
)

= −(C2
1−C2

2)(3|σ|2 + C2
1 + C2

2),

where σ is the second fundamental form of Φ. Hence C2
1 − C2

2 must be
constant and from ∆(C2

1 − C2
2) = 0 we deduce that 3|σ|2 + C2

1 + C2
2 = 0,

that is, C1 = C2 = 0 which is a contradiction since C2
1 6= C2

2 . �
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