MINIMAL SURFACES IN S2 x §2

FRANCISCO TORRALBO AND FRANCISCO URBANO

ABSTRACT. A general study of minimal surfaces of the Riemannian prod-
uct of two spheres §? x S? is tackled. We stablish a local correspondence
between (non-complex) minimal surfaces of $* x S? and certain pair of
minimal surfaces of the sphere 3. This correspondence also allows us
to link minimal surfaces in S* and in the Riemannian product > x R.
Some rigidity results for compact minimal surfaces are also obtained.

1. INTRODUCTION

The theory of minimal surfaces in 4-dimensional Riemannian manifolds
and more particularly in Einstein-Kéhler surfaces is an interesting topic in
submanifold theory which has been treated from different points of view
(see [B, CU, EGT, MW, MU, W]). Besides the complex projective plane,
there is only one more Hermitian symmetric space of compact type and
complex dimension 2: the FEinstein-K&hler surface 52 x 82, In [CU] its
minimal Lagrangian surfaces and in [TU1] its surfaces with parallel mean
curvature vector were studied in depth. Also, in [TU2] was proved that
the stable minimal compact surfaces of S x 52 are the complex ones.

In this paper the authors broach the general study of minimal surfaces
of 6% x 82, including those which are not full in 52 x 82, j.e., minimal
surfaces of S? x S! (or minimal surfaces of its universal covering 5% x R).
Perhaps, the most interesting result in the paper is that, roughly speaking,
there is a local correspondence between (non-complex) minimal surfaces
of §? x 5% and certain pair of minimal surfaces of the 3-dimensional sphere
S%. This correspondence is made through the Gauss map of the pair of
minimal surfaces of the 3-sphere.

The paper is organized as follows. Section 2 describes the most im-
portant geometric properties of the ambient manifold S x §?, including
its two structures of Einstein-Kdhler manifold, as well as its identification
with the Grasmannian manifold of oriented 2-planes of R*. This identifi-
cation will be crucial to understand the aforementioned correspondence.
The two complex structures of $? x §? allow to define on any minimal
surface ¥ of §% x §? two Kihler functions C;,C, : & — [—1,1] which will
play an important role along the paper. We finish Section 2 by exposing
in detail the most regular examples of minimal surfaces of $? x % slices,
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the diagonal D, the Clifford torus T and certain complex tori constructed
with the Weierstrass p-function.

In Section 3 we study the Frenet equations and the compatibility equa-
tions of a minimal surface ¥ of $? x 2. We also define the holomorphic
Hopf differential associated to such X and we show that complex surfaces
are just those with vanishing Hopf differential. In Lemma 1 we obtain
certain differential equations that must be satisfied by the Kahler func-
tions of ¥ which allow to compute, when X is compact, the number of
complex points of ¥ in terms of the degrees of the two components of the
immersion into $? x % and the Euler numbers of ¥ and its normal bundle.

In Section 4 we obtain certain local results which are important to un-
derstand the rest of the paper. So, in Proposition 3, slices, the diagonal
D and the Clifford torus T are locally characterized respectively as the
only minimal surfaces of $? x $? which are totally geodesic, with constant
Kahler functions, or with constant Gauss and normal curvatures. Also, in
Proposition 4, we characterize the non-full minimal surfaces of $? x $? as
the only ones with C? = C3. We finish this section associating to any min-
imal surface of S x §? without complex points a pair of smooth functions
which satisfy a sinh-Gordon equation (cf. Proposition 5). This fact has a
converse, because any two solutions of the sinh-Gordon equation have as-
sociated a 1-parameter family of isometric minimal immersions in $2 x 52
(cf. Theorem 1).

In Section 5 we study the local correspondence mentioned before. So,
in Theorem 2 we give a method to construct minimal surfaces of S x S2.
In fact, given two minimal immersions of an oriented surface X into the
sphere S° with conformal induced metrics and the same Hopf differentials,
we construct, using their Gauss maps, a minimal immersion of X into $2 x
S? whose induced metric is conformal to the above ones. In Theorem 3 we
prove a local converse of this fact, by stablishing that any simply connected
minimal surface of $? x S? without complex points comes from a pair of
minimal surfaces of % in the above way. It is interesting to remark that,
as a consequence, minimal surfaces of 52 xR locally come from minimal
surfaces of $° through the Gauss map (see Corollary 1).

Finally, Section 6 is devoted to the study of compact minimal surfaces
of $2 x S2. In Proposition 7 we study some interesting properties of its
compact complex surfaces related with their areas. As the area of any
compact complex surface of 5? x S? is a integer multiple of 477, we classify
those with area less than 167t and with area 1671 under the assumptions
of embedeness. Among surfaces that appear in the last case, there are the
Weierstrass tori mentioned before. The last two theorems of the paper are
global rigidity results involving the Gauss and normal curvatures and can
be summarized as follows:

(1) The slices and the diagonal D are the only compact mini-
mal surfaces of S> x S? either with positive constant Gauss
curvature or whose Gauss curvature satisfies K > 1/2.



MINIMAL SURFACES IN 82 x S2 3

(2) The Clifford torus T is the only flat compact minimal sur-
face of $* x S? and T and D are the only compact minimal
surfaces satisfying 0 < K <1/2.

(3) Any minimal torus of > x S? with normal curvature K+ =
0 lies in a totally geodesic hypersurface of S* x S2.

(4) For any orientable compact minimal surface of $* x S?, the
functions K + K+ cannot be everywhere negative and K =+
K+ > 0 if and only if the surface is either complex or La-
grangian.

2. PRELIMINARIES

Let 52 be the 2-dimensional sphere, (, ) its standard metric, ] its com-
plex structure and w its Kahler 2-form, i.e. w(, ) = (J, ).

We endow $2 x G2 with the product metric (also denote by (, )) and the
complex structures

]1:(]/]) and ]2:(]/_])/

which define two structures of Kahler surface on % x S2. It is clear that if
Id : § — $? is the identity map and F : $*> — $? is any anti-holomorphic
isometry, then (Id, F) : $% x $2 — S2 x $? is a holomorphic isometry from
(82 x 82,(,),]1) onto (S? x 8%, (,), ). Also, it is clear that any isometry of
§? x $? is holomorphic or antiholomorphic with respect to J; or Jo.

The Kéhler 2-form w; of J;, j = 1,2, are given by w; = mjw + m;w and
wy = mjw — myw and hence

W Awp = —wr ANwy =2(mw A mw),

where 71;, j = 1,2, are the projections onto each factors. Along the paper,
miw A 7thw will be the orientation on $2 x §2.

On the other hand, using that $? x §? is a product manifold, the curva-
ture tensor R of $? x S? is given by

R(xy,2,w) =3 (%) 9,2) — (x,2) {y,0) +
+ (hx, hw) (J1y, J2z) — (Jix, 2z) (y, aw)),

and hence S? x G2 is an Einstein manifold with scalar curvature 4.

To unsderstand the construction of minimal surfaces of $? x $? made
in Section 5, we need to identify S? x S? with the Grassmann manifold
G'(2,4) of oriented 2-planes in the Euclidean space R*. In fact, let A2R* =
{vAw|v,w € R*} = R® be the space of 2-vectors in R* endowed with the
Euclidean metric ((, )) given by

2.1)

(v Aw, v ANw')) = (v,0") (w, @) — (v, {w, ).

Then the star operator * : A?R* — AZR* is an isometry and A’R* =
AZR* @ A2 R* where AZR* are the eigenspaces of * with eigenvalues +1.
It is clear that, if {ey, 5, €3, €4} is an oriented orthonormal frame of R%, then
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the frame {E]i : j=1,2,3} given by:

1
Eli: — (g NextezNes) =

V2

1
EZi: — (g1 NestesNep) =

V2

E3i = \15(61 NegEtepNez) = ﬁ(el Ney £ x(e1 Neg)),

is a orthonormal oriented reference of AZIR*. We denote by S3 the unit
spheres in the 3-spaces AZIR*. We will denoted by I : AZR* — AZR*
the isometry defined by I(E;") = E;. Also, if A € O(4) is an orthogonal
matrix, then A : A’R* — A?R* defined by A(v Aw) = Av A Aw is an
isometry satisfying + A = (det A) A*. Hence if det A = 1, then A(S3) = S%
and if det A = —1, then A(S%) = S2.

Finally, if {v,w} is an oriented orthonormal frame of a plane P €
G™(2,4), then the map G*(2,4) — $3 x 2 given by

(e1 Nex £ x(eg ANea)),

(e1 Nes £ x(eg Aes)),

BN

1
P——@WAw+=*(vAw),vANw—x(vAw)),

V2

is a diffeomorphism.

Let ® : & — S? x S2 be an immersion of an oriented surface . Associ-
ated to the two Kéhler structures of $? x S? there exist two Kihler functions
C1,C : £ — R, defined by

CD*wj = C]‘wz, ] = 1,2,

where wy is the area 2-form of X. The immersion ® is called complex if it
is complex with respect to J; or J, i.e., either C% =1or C% = 1. Also, the
immersion @ is called Lagrangian if it is Lagrangian with respect to J; or
J», i.e., either C; = 0 or C; = 0. It is clear that Cj2 < 1 and the points where
Cj2 = 1 are the complex points of ® with respect to the complex structure
Jj- It is interesting to remark that CJZ is well defined even when the surface
is not orientable.

If ® = (Py,P,y), then it is easy to check that the Jacobians of @, D, :
¥ — S are given by
C112LC2, Jac (®,) = G . G
Moreover, if ¥ is compact, denoting by d; the degree of the map ®;: ¥ —
32 ie., JsJac®;dA = 47d;, we obtain that

Jac (®q) =

2.2) / CidA = 4re(dy + o), / CordA = 4r(dy — dy).
z M

In particular, if ® is a complex immersion, then its area A = 4mm,
m € N, and if ® is Lagrangian then |d;| = |d3].
Using (2.1), the Gauss equation of the immersion ® is given by

1
K= E(C%+C§) +2|H* -

o2
2
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where K is the Gauss curvature of ¥, ¢ is the second fundamental form
of ® and H is the mean curvature vector. Using again (2.1), the Codazzi
equation is given by:

(Vo) (x,y,2) = (Vo) (y, x,2) = %((hx/ Joz) ()™ = (1, J22) (J2J1x) ),

where () denotes the normal component to the immersion.

Finally, if {1, e, €3, e4} is an oriented orthonormal local frame on ®*T(S? x
S?) such that {e1,e;} is an oriented frame on T, the normal curvature K+
of the immersion & is defined by

KL == RJ_ (elr €2,€4, 83)/

where Rt is the curvature tensor of the normal connection. Hence, using
again (2.1), we get the Ricci equation

1
KJ‘ = E(C% — C%) + <[A€4IA33]61'62> 4

where A, stands for the Weingarten endomorphism associated to the nor-
mal vector 7.

In what follows ® = (&1, P,) : & — S* x S? will be a minimal immersion,
that is, H = 0.

Now, we are going to describe the most regular examples of minimal
surfaces of §% x 82, that will be characterize along the paper.

2.1. Complex surfaces. The simplest examples of minimal surfaces of 5% x
G2 are the complex ones, because it is well known that a complex subman-
ifold of a Kdhler manifold is always minimal. These surfaces are char-
acterized by the fact that each component ®; of ® is a conformal map
(holomorphic or antiholomorphic) whose branch points are disjoint. More
precisely, if C; = 1 (resp. C; = —1) then ®; and ®; are holomorphic
(resp. antiholomorphic) maps and if C; = 1 (resp. C; = —1) then &,
is holomorphic (resp. antiholomorphic) map and &, is antiholomorphic
(resp. holomorphic) map.

Moreover, because (52 x $2, J;) and (S? x §?, J,) are biholomorphic, com-
plex surfaces with respect to J; and J, are congruent. Among complex
surfaces we mention three important examples:

Slices: For any point p € 82, the associate slices are given by
S x {p} = {(x,p) € P x $? | x € &},
{p} x8* = {(p,x) €8* x$*|x € 8?}.

These slices are totally geodesic surfaces with constant Gauss cur-
vature K = 1, normal curvature K+ = 0 and area A = 47. $% x {p}
has C; = C; = 1 and {p} xS? has C; = —C, = 1. Moreover,
the slices are the only minimal surfaces of $? x §? which are com-
plex with respect to both complex structures J; and ], (see Propo-
sition 3).
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Diagonal: Let D = {(x,x) € $2 x §?|x € S?} be the diagonal of
G2 x S2. Tt is clear that D is a totally geodesic surface with con-
stant Gauss curvature K = 1/2, normal curvature K- = 1/2 and
area A = 8 (see [CU, Proposition 2.3]). Moreover C; = 1 and
C, = 0 and so D is a complex surface with respect to J; and La-
grangian with respect to | (it is also characterized by this property,
cf. Proposition 3).

Weierstrass tori: Let ¥ = C/A be the torus generated by the lattice
AN={m+nt: mn e Z}, with T a complex number with Im 7 > 0.
Let p : ¥ — 52 be the Weierstrass p-function with a double pole
at the origin. Then its branch points are exactly the 4 half periods
of A. Now, consider a point pg in X which is not a branch point of
o and let F be the automorphism of X that maps py to the origin.
Then poF : ¥ — S? is the Weierstrass p-function with a double
pole in pg and which branch points are disjoint with that of .
Therefore,

® = (p,poF): L — (S xS?% ;) is a holomorphic embed-

ding with area 167t.
In fact, since the degree of each component of ® is 2, equation (2.2)
ensures that its area is 167t. Hence, the only property that remain to
prove is that ® is an embedding. Let p,q € X two different points
with ®(p) = (q). Then, p(p) = p(g) and p(F(p)) = p(F(q)) and
so p and g are not branch points neither of p nor p o F. Since p
is an even function it follows easily that pg is a branch point of p,
which is a contradiction.

2.2. Lagrangian minimal surfaces. Another important family of minimal
surfaces of 5% x §? are the Lagrangian ones. As in the complex case, La-
grangian surfaces with respect to J; are congruent to Lagrangian surfaces
with respect to J>.

We have seen that the diagonal D is a Lagrangian surface with respect
to Co. Another important example is the following:

Clifford torus: Let T = {(x,y) € $* x §? | x; = y; = 0} be the prod-
uct S! x S! embedded in S x 2 as the product of two equators.
Then T is a totally geodesic surface, flat and with normal curva-
ture K- = 0. Moreover C; = C; = 0 and T is the only minimal
surface of $? x $? which is Lagrangian with respect to both com-
plex structures J; and ], (cf. Proposition 3).

3. STRUCTURE EQUATIONS OF MINIMAL SURFACES

In this section we are going to study the Frenet equations of a minimal
immersion in % x $2 in order to obtain the compatibility equations. We
will follow the arguments and notation developed in [TU1, Section 3].

Let ® = (P, ;) : & — S? x S? be a minimal immersion of an oriented
surface X. We consider a local isothermal parameter z = x + iy on X such
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that

<q)z/ CDZ> = <(q>1)2r (q>1)2> + <(q>2)2r (CDZ)Z> =0,
2u

e
(@7 = [(P1):* + [(P2):]* = =,

where the derivatives with respect to z and z are given by 9, = 3 (% —1 %)
_1(20 )
and az =53 <ﬁ +l@)

Let {N, N} be an orthonormal reference in the normal bundle such that
{®@y, @y, N, N} is an oriented reference in ®*T(S? x $2) and consider

= —(N —iN).
g ﬁ( )
Then we have that |¢|> = 1, (¢, &) = 0 and {¢, &} is an orthonormal local
reference of the complexified normal bundle. Following the same reasoning
of [TU1, Section 3] it can be proved that

B1) 1P =iCi®+ N, il = 207 NP —iCig,
(B2) P =iC®:+m8, ol = 20 n®: +iC8,
for certain local complex functions 7;, j = 1,2, which satisfy |’y]-|2 =
e (1 — C]2) /2. Notice that if we choose another orthonormal oriented ref-
erence in the normal bundle then the functions ; change but the property
that (J1®.,&) = (Jo®.,¢) = 0 remains true (see Remark 1 for more de-
tails).

If d := (®, —P,), then {®, P} is an orthogonal reference along ® of
the normal bundle of §? x S? in IR®. Also, from (3.1) and (3.2), it follows

&, = — 1@, = C1C®; + 2¢ P y172P: — iCry1 & — iC1 2.

Using the above information we easily get that the Frenet equations of
the minimal immersion ® are given by

chz = Zuzcbz +f1€+f2__ Mé}/

2
e2u eZu .
®ZZ - _Té - TClCzq),
CZ = —26_2uf2®z_ + AC + lC;/)/Z é,
_ _ 1CoV1 &
= —2e M, — AF — " ;71 b,

for certain local complex functions A and f]-, j=12
We will call the fundamental data of the pair (®,¢) to the tuple

(M,A, C],’)/],f] : ] = 1,2).

Remark 1. Notice that if {r,7} is another orthonormal oriented reference
in the complexify normal bundle then 7 = ¢ for certain funcion 6. In
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such case the fundamental data (u,A*,C]-, ’y]’f, f]* : j = 1,2) of the pair
(®, 1) are related with the initial ones by

(B.3) i =e Uy, 5 =Py, ff =e7f, f5 = frand A* =i, + A.

Proposition 1. Let ® : & — S? x S? be a minimal immersion of an orientable
surface X and (u, A, Civji fj:+]= 1,2) its fundamental data for a given or-
thonormal reference. Then:

o ~ .6214 Lo
()2 =2ie " fi7;,  (fj)z= Gt (—1)*1Af, ‘
(3.4) it ) i=12.
j

(7))z = (=1 Ay, |yl* = 5 ,

Moreover, if @ is a complex immersion with respect to |, (resp. J2) then C% =1
and 1 = f1 = 0 (resp. C3 = Land 7, = f, = 0).

Proof. Firstly, the forth equation of (3.4) comes from the definition of 7;
(see equations (3.1) and (3.2)). Secondly, derivating with respect to z and z
in (3.1) and (3.2) and taking into account the Frenet equations we easily get
the first and third equations of (3.4). Finally, from the ¢ and ¢ components
of ®,,; = ®,z, we obtain the equation for (f;)z, j = 1,2.

Now, let suppose that ® is a complex immersion with respect to J; (the
case for ], is analogous). Then, the tangent and the normal bundle are
invariant by J; and so C% =1and 7, = 0 from (3.1). It is well known that
in this case ¢(J;—,—) = J10(—, —), where ¢ is the second fundamental
form of ®, and so f1 = (P.., &) = 0 since ¢ = %(N +iC1J1N). O

Conversely, we get the following result.

Proposition 2. Let ¥ be a simply connected surface, u,C; : £ — R with C]-2 <1,
C}-z not constant 1, and 'yj,fj,A : X — C,j = 1,2, functions satisfying (3.4).
Then there exists, up to congruences, a unique non-complex minimal immersion
® : ¥ — S? x §% and an orthonormal reference of the complexified normal bundle
{&, &} whose fundamental data are (u, A,Cj,vj, fj: j = 1,2).

Proof. First, the equation for (’yj)z in (3.4) ensures that 7; can be written
as the product of a positive function and a holomorphic one and so ; has
isolated zeroes since we have suppose that C]-2 # 1, j = 1,2. Therefore, the
set> ={p€X: v #0,72 #0} is dense in X.

Now, deriving with respect to z in the last equation of (3.4) we get

3i[(vj)z = (Quz + (=1 A)7; +2iCif;] =0, j=1,2.

As we have noticed, we can simplify 7; and obtain an equation for (7;);
that holds in X. Using this new equation joint with (3.4) in the equality

('Yj)Zz = ('Yj)zz we get that

B e2u . )
35) v (2u22—4e 2“\](1]2+2C]-2—|—(—1)](AZ+A2)) =0, j=1,2.
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Finally, from the equations (3.5), once we simplified the term 7}, and (3.4)
we can easily check that ®,,; = ®,;, and ¢,z = ¢z, which are the integra-
bility conditions of the Frenet system. O

Definition 1. Let ® = (&1, ®;) : & — S? x §? be a minimal immersion of
an oriented surface X. We define the Hopf 2-differential ® associated to ®
by

1
(3.6) 0O(z) = 2 (1D, 2®;) dz ® dz
where z is a conformal parameter in X.

Observe that ® = ©; = —0,, where ©; = <(CI>j)Z, (CIDj)Z> dz ® dz is the
Hopf 2-differential associated to the harmonic map ®;,j=1,2, and so it
is holomorphic. Locally, taking into account the fundamental data of the
immersion, we can write (J1®;, ,P,) = 7172 and so

4u
(3.7) (1@, @) 2 = I Plal? = (1= ch (1 - G).

Since (y;): = (—1)/*1 A, either ; is identically zero or its zeroes are
isolated (see the proof of Proposition 2). Hence, either C].2 = 1lin X or the
points where C? =1 are isolated, j=12.

In the following lemma we are going to get some equations that will be
usefull in the sequel.

Lemma 1. Let ® : & — S? x S? be a minimal immersion of an orientable surface
¥ with fundamental data (u, A, Civifj + ] = 1,2) for a given orthonormal
reference. Then:
(i) \f]|2 = %(C]Z — K+ (=1)/K*). In particular, if ® is a complex immersion
with respect to Jj then K 4 (=1)/ 71K+ = 1.
(it) The Laplacian and the gradient of C; are given by
ACj = 2C;(K+ (=1)*'KH) = Gi(1+ C),
2 .
IVCj|™ = (1 - CH)(CF — K+ (-1)K™).
(iii) Alog(1+ Cj) = FC;j+ K + (—1)/ 1K+, whenever the function 1+ C; #
0.
(iv) If ¥ is compact and ® is non-complex then:

—Ni =2(di+d) +x+x, —Np =-2(di+da) +x+x

~Ny” =2(dy —dy) +x —x*, —Ny =-2(d1—do) +x—x*
where N= are the sum of the orders for all the zeroes of the functions 1 ¥ C;
and x, x* are the Euler numbers of ¥ and the normal bundle of ®. When

D is a complex immersion with respect to |; but not with respect to | i/ i#7],
only the equations for N ].i hold.

Proof. If ® is a complex immersion with respect to J; then we already know
that C].2 = land f; = 0 (cf. Proposition 1). From Gauss and Ricci equations
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it is easy to deduce that K + (—1)/*'K*+ = 1 and (i) follows in this case.
If ® is a non-complex immersion then, using that K* = 2¢724(A; + A;),
(3.5) and K = —4e~?"y,-, we obtain (i) in this case.

Taking into account (3.4), (i) and the expressions Af = 4e~2!f,; and
IVf|? = 4e72|f.|?>, we deduce (ii). Now, (iii) follows easily from (ii).
Finally, (iv) is proved integrating (iii) and using [SY, formulae (6) and (7)
in §2]. O

4. LOCAL RESULTS

We start this section characterizing locally the easiest examples of mini-
mal surfaces of 52 x §2: the slices, the diagonal and the Clifford torus (see
Section 2.1 and 2.2 for their definition). Although their classification as the
only totally geodesic surfaces is well-known (see [CN]) we include it for
completeness.

Proposition 3. Let ® = (®1,P;) : & — S? x S2 be an immersion of an
orientable surface X.. Then the following statements are equivalent:
(1) & is totally geodesic,
(2) @ is minimal and the Gauss and normal curvatures K and K+ are con-
stant,
(3) @ is minimal and the functions Cy and C; are constant,
(4) ®(X) is congruent to an open subset of either an slice, or D or T.

Proof. As we remarked in Sections 2.1 and 2.2, the slices and the surfaces
D and T are totally geodesic and the corresponding functions C;, C;, K
and K are constant.

If ® is a totally geodesic immersion, i.e. fi = f, = 0, then ® is a min-
imal immersion and from Lemma 1.(i)-(ii) we deduce that K and K are
constant.

If @ is a minimal immersion and K and K are constant functions, we
define aj = K+ (—1)j+1KL,j = 1,2. Then, from Lemma 1.(ii) we obtain
that

IVGiIP = (1-C})(C; —a)), AC;=Cj(20;-1-C}), j=1,2.

These equations mean that C; are isoparametric functions on X. Let U; =
{p € Z|V(Cj), #0},j=1,2.If U; = @, then C; is constant and the above
equations imply that either a; = 0 or a; = 1, for any j € {1,2}. If U; # @,
then using [EGT, Lemma 3.3], we obtain that

(—9a; +ax + 8)C]-2 =a;(8aj +a;—4), inU,

for any j € {1,2}, where k € {1,2}, k # j. Since Cj2 is non-constant in
Uj, from the last equation we get 94; = a; + 8 and hence either 4; = 0 or
3aj+ax = 4. As aj # 1, we have that a; = 0,4, = —8.

Hence the only positility is that U; = U, = @. Therefore, both C; and
C, are constant functions.

Finally, if ® is a minimal immersion and C; and C; are constant func-
tions, then from Lemma 1.(ii) it is easy to check that the only value for
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the constant functions C; and C, are 1, —1 or 0. If C; = C, = 0, then
d(X) is, up to a congruence, an open subset of T (see [CU, Proposition
22]). If C? =1,C; =0,i # j, then ®(X) is, up to a congruence, an open
subset of D (see [CU, Proposition 2.3]). Finally if C3 = C3 = 1, then either
rank (®;1) = 0 at any point or rank (®;) = 0 at any point. So, either ®; or
®d, is a constant function and so ®(X) is an open piece of a slice. U

A totally geodesic hypersurface of 5% x 52 is, up to an ambient isometry,
an open set of $* x S! (cf. [TU1, Proposition 1]). Hence, any minimal
surface of 5% x S! or of its universal cover $? x R is also a minimal surface
of §2 x §2. In the following result we characterize those minimal surfaces
of §2 x G2 that lay in a totally geodesic hypersurface.

Proposition 4. Let ® : & — S? x §? be a minimal immersion of a surface X.
Then, ®(X) is non-full, i.e. it is contained in a totally geodesic hypersurface of
S? x 82, if and only if C2 = C3. Moreover, these surfaces have K+ = 0.

Proof. We will assume that ¥ is oriented taking the oriented two-fold cov-
ering of X if necessary.

Let suppose that ® factorizes through S? x S!. Hence there exists a €
R3, |a| = 1, such that N = (0,a) is a unit normal vector to $* x S! in
S? x S2. Let N be a unit normal vector to ® in $? x S! such that {N, N} is
an oriented orthonormal reference in the normal bundle with the induced
orientation. Following the previous section we consider the reference in
the complexify normal bundle V2¢ = N — iN. Therefore:

0=iV2N, = ({— ). =22 (fo— f1)@: — AT+ ) + %(Cz’h —Ci712)®

where we have used the Frenet equations of ®. From the last equation we
deduce that A = 0 and f; = f,. Hence K+ = 2¢72"( A, + A;) = 0 (cf. proof
of Lemma 1) and, using Lemma 1.(i), we get C% = C%.

Conversely, let suppose that C? = C3. If @ is a complex immersion, it
is clear that ®(X) is an slice of 5 x $? and so, factorize through a totally
geodesic hypersurface. Hence, we are going to suppose that ® is not a
complex immersion.

Deriving in the equation C? = C3 with respecto to z and taking into
account (3.4) we get C; f171 = Cof2¥2. Using now Lemma 1.(i) we deduce
C?KLt = 0. Let U = {p € | C; = 0}. If the interior of U is non empty,
then int(U) is a open piece of T (cf. Proposition 3 and so K+ = 0 on int(U).
Hence KX =0 on X.

Now, using Lemma 1.(ii) we deduce that

(A+F)(C;—C) =0, F=-2K+(1+C})=-2K+(1+C3)

Using classical results from elliptic theory (cf. [C]), we obtain that either
Ci=CorA={peX|C(p) = Cap)} is a set of curves in X. In this
second case, since C% = C%, we have that C; + C; = 0 on X\ A and hence
on X. To sum up we have two possibilities: C; = C, or C; = —Cp. It
is clear that the surfaces with C; = —C; can be obtained as the images
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of the surfaces with C; = C, under the isometry S of $? x S? given by
S(p,q) = (q,p). Hence, we can assume that, up to an ambient isometry,
C =G

Let (U,z = x +iy) a simply connected complex neighbourhood of X.
We claim that there exist a normal reference on U such that A = 0 (see
Section 3). In fact, consider the real 1-form a« = —Im(Adz). Since 0 =
e?"K+ = 2(A, + A;), the 1-form «a is closed and so & = df. Hence, A =
—2if,. Now, in the reference {e*¢, e~} the function A vanishes (cf.
Remark 1). Therefore we can suppose, up to a change in the orthonormal
reference, that A = 0.

Since A = 0, 71,72 : U — C are holomorphic functions with |y,
|72/? (cf. equations (3.4)). So, there exists ¢ € R such that 7, = €7;.
Now, in the normal reference {e~/#/2&,¢!¢/2&} the new funcions ; and 7,
are equal and, as ¢ is constant, the property A = 0 is still satisfied (cf.
Remark 1).

Moreover, deriving with respecto to z in the equation C; = C; and
taking into account (3.4) we get f1y1 = f2y2 and so fo = fi. Now, from
the Frenet equations of @, it follows that (¢ — &), = 0 and hence

’2_

~ 1 —
N=—(F-&:2 >R

ﬁ(é ¢)
is a constant map. Finally, from the equations (3.1) and (3.2) we obtain
that ;N + N = 0 and so, N = (0,a) € $? x $2. So ®(U) is contained in
§? x S}, where 8} is the great circle orthogonal to the vector a. To finish
the proof, we only need a connecteness argument. O

In the rest of the section the relation between minimal surfaces of 5% x G2
and the sinh-Gordon equation is shown.

Proposition 5. Let ® : & — S? x S? be a minimal immersion of an orientable
surface without complex points. Then, there exist smooth functions v, w : & — R

satisfying:

|<]lq)z;]2q)z>‘
4

where z = x + iy is any conformal parameter on X.

]1(Dz;]2q)z>‘

Vs + sinh(20) =0 and w,:+ I 1 sinh(2w) = 0,

Proof. Since ® has not complex points, the functions C; satisfy C]2 < 1and
so we can define v,w : ¥ — R by

zvzlog\/(1+cl)(1+C2), 2w:10g\/(1—c1)<1+c2>

(1-C)(1-C) (1+C)(1—-C)’

ie., C; = tanh(v — w) and C; = tanh(v + w). Now, using Lemma 1.(iii),
we get that
Av = —= (tanh(v + w) + tanh(v — w)),

Aw = —

NI~ N +—

(tanh(v 4+ w) — tanh(v — w)).
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Let z = x + iy be a conformal parameter on X. Then, from (3.7), we get

e = 2{(h®e o %) _ 2|{J1®., o®P.)| cosh(v + w) cosh(v — w).

Ja-chHia-a3)

Finally, taking into account that in local coordinates Af = 4e~24f,-, we get
the equations for v,; and w,;. O

Conversely, we obtain the following result.

Theorem 1. Let v,w : C — IR be two solutions of the sinh-Gordon equation
1 1
Uy + 5 sinh(20) =0 and w,z+ 5 sinh(2w) = 0.

Then there exists a 1-parameter family of minimal immersions ®; : C — S? x
S? without complex points, whose induced metric is 4 cosh(v + w) cosh(v —
w)|dz|?, whose Kiihler functions are C; = tanh(v — w) and C, = tanh(v + w)
and whose holomorphic Hopf 2-differentials are ®; = e''dz ® dz.

Remark 2.

(1) The immersions ®; are Lagrangian if and only if w = £v.

(2) From Proposition 4, the minimal immersions ®; are non-full in
§? x §% if and only if v = 0 or w = 0. In this particular case, asso-
ciated to any solution v of the sinh-Gordon equation, there exists
a 1-parameter family of minimal immersions ®; in 52 x R with
induced metric 4 cosh? v|dz|?. This is a well known result [HKS].

Proof. For j = 1,2, we define functions u,C; : C — R by
C; = tanh(v — w), C; = tanh(v + w) and e** = 4 cosh(v + w) cosh(v — w).
Moreover, we also defined vj,A:C — Cby

_ it/2 | cosh(v+w) _ it/2 | cosh(v —w)
M= Ve cosh(v — w)’ M= Ve cosh(v + w)’

A (log h<+w>> ,

cosh(v — w)

Then, it is easy to check that 2|y;|? = ¢*/(1 — CJZ) and (7j): = (—1)/ T Ay,
ji=1,2. |

Also, we defined the functions f; : C — C by f; = —iv;(v+ (—=1)w),,
j = 1,2, and so these functions satisfy (C;). = Dje—2u fi7j- Taking into

account that v and w are solutions to the sinh-Gordon equation, we also
. p2u

get that (f;)z = i%-Cjyj+ (—1)1Af;, j=1,2.

Therefore, we have proved that, for each t € IR, the tupla (u, A, Ci, v f] :
j = 1,2) fulfills the compatibility equations (3.4) and so, from Propo-
sition 2, is the fundamental data of a unique minimal immersion ®; :
C — S? x S%2. Moreover, the immersion ®; has no complex points be-
cause, by definition, C?, C% < 1, the induced metric by ®; is e*|dz|> =
4 cosh(v + w) cosh(v — w)|dz|? and the Hopf 2-differential of ®; is given
by © = 1y172dz ® dz = e'tdz ® dz. 0
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5. GAUSS MAP OF PAIR OF MINIMAL SURFACES OF S3

Let ¥ be a Riemann surface and ¢ : ¥ — S a conformal minimal im-
mersion of ¥ in the 3-dimensional unit sphere. Following [H, L], the Hopf
differential associated to ¢ is the holomorphic 2-differential on X defined
by

Oy(z) = (¢, Nz)dz ® dz,
where z = x + iy is a complex parameter on ¥ and N is the unit normal
vector field to ¢ such that {¢,,¢,, ¢, N} is a positively oriented frame in
R*.
Considering $° C R*, the Gauss map of ¢ : & — R* is the map
(vg,vy): 2 — 85 xS
defined by

v(;,t(p) = \;E(el Nex £ ¢(p) ANp),

where {e,e;} is an oriented orthonormal basis in T,X (see Section 2).
Since ¢ : ¥ — R* has parallel mean curvature vector, from [RV], V;)t are

harmonic maps from X into S2.
Also, it is interesting to remark a well-known result (see [H]) that will
be used later.

For any solution v : C — R of the sinh-Gordon equation v,z +
1sinh(20) = 0 there exists a 1-parameter family ¢; : C — S* of
minimal immersions whose induced metric is ¢2° |dz|* and whose
Hopf differential is @y, (z) = Le''dz ® dz.

Theorem 2. Let ¥ be a Riemann surface and ¢, : & — S° two conformal
minimal immersions with the same Hopf differentials ©®p = ©y and induced
metrics gy and gy respectively. Then

V{¢r¢} = (1/(;_,1/1;) X — S%_ X Sz_
is a conformal minimal immersion. Moreover, the induced metric by vy 41 is
1 2 2
g =5 (C+lop)gs+ 2+ loy)gy),

the Kihler functions are

oo = |l —logl 2 |oglloy|
1= = Q=50
oyl + oy 2+ |og|loy]
and the Hopf differential is ® = —2i@p = —2i@y, where |oy| and |oy| are

computed with the metric gy and gy respectively. We will say that v, . is the
Gauss map of the pair of minimal immersions {¢, }.

Remark 3. As ®y = Oy, the zeroes of 0y and 0y coincide and hence the
functions C; and C; satisfy —1 < C; < 1 and —1 < C; < 1. Moreover,
C2(p) = 1if and only if ¢ (p) = oy(p) = 0.

Remark 4.
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(i) If p = ¢, then v, 4 is the Gauss map of ¢ and C; =0, i.e, V(g 4) iSa
Lagrangian immersion. This case was studied in [CU] where it was
showed that the diagonal D is the Gauss map of the totally geodesic
surface 5> C S° and also that the Gauss map of the Clifford torus
{(z,w) € S C C?||z| = |w| = 1/+/2} is a two-fold covering of the
totally geodesic torus T.

(i) If S is the isometry of 5% x 52 given by S(p,q) = (4, p), then vy, 4, =
So(I,I"") o vy, where I : 83 — 82 is the isometry defined in
Section 2.

(iii) Given A € O(4), then vy 4,4} Ais congruent to vy, ). More precisely,
if det A = 1 then vy 4y = (A x1d) ovyy ) and if det A = —1 then
Viapyr = ((Aol) x1d) ovy,yy, where A : AR* — A’R* was de-
fined in Section 2 and Id denotes the identity map.

Remark 5. Following the proof of Theorem 2, if only one of the immersions
¢ or ¥ is branched, then vy, 4 is also a conformal minimal immersion in
82 x §2. Such situation happens when one consider a minimal immersion
¢ : X — S3 and ¥ is its polar immersion (possibly branched) N : £ — &2,
where N is a unit normal vector field to ¢ (cf. [L, Proposition 10.1]). N
is also a minimal immersion and since both of them have the same Hopf
differentials, then the Gauss map VigN} 1S @ minimal immersion of X in
82 x 82, Nevertheless, it is easy to check that vy, = —Vy and so, the Gauss
map of the pair {¢, N} is congruent, by the isometry Id x —Id of §? x S?,
to the Gauss map of ¢.

Proof. Let z = x + iy a complex coordinate in ¥ and N and N be the unit
normal vector fields to ¢ and ¢ respectively such that {¢v, ¢y, ¢, N} and
{ve, 9y, 9, N} are positively oriented frames in R*. The induced metric by
¢ and  are given by gy = ¢*’|dz|? and gy = €*”|dz|?. Also, we can write
the Hopf differentials ©y(z) = Oy(z) = 0(z)dz ® dz.

The Frenet equations of ¢ and ¢ are given by (see [H, L]):

¢z = 2024’2 — 6N, ¢z = _ezvfp/z/ N, = 2372”9472’/
Pz = 2w.yp, — 0N, oz = —YP/2, N, = 2e726y:.
On the other hand, the components of the Gauss map vqf and v, can be

written as

(—2ie g, A+ AN),

vy (2) = ﬁ(—ﬂe_zwlﬁz Az — P AN).

Using the above equations, it is straightforward to check that

ev . _
()= = 5 (i =200 ) (z) +
w

(vg)s = 5 (i +2072)E; (2) -

e’ 10,—20\ £+
E(l —2i0e " )E; (2),
ev ‘' —DwN\ —
?(1 +2ife""")E; (2),
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where E].Jr (z), j = 2,3, is the oriented orthonormal reference of Si at the
point v, (z) given by

e v
V2

and E].* (z),j = 2,3, is the oriented orthonormal reference of S* at the

Ef(2) = S-(g AP+ NAG,), Ei(z)= %(«pxmww»

point v, (z) given by

E; (z) = eﬁwww—mm E; (z) = eﬁmw—ww

Therefore, taking into account the previous equations and that JE; = E5,
we obtain:

( (Vg—t:)z/ (VJ)Z» = —2i0, <<(Vz;)z/ (1/1;)2» = 2i0,
)= = (e +4e1oP), ()= = (e + 4726 P),

QI0)e, (0)e) = 5 —4e7210P), ()=, (v )eh) = S (2 — 47 2[0]2)
Hence
1

{(vz,v2)) =0, ]vz\z = §<62v + 2 —1—4]9]2(6*2” + e’zw)),

where v = vy 4.

Now, from [RV], 1/(;,Ir and v, are harmonic maps, and so v is also a
harmonic map. But previous equation says that v is conformal, and so v
is a minimal immersion.

As 8|6]? = e*|oy|* = e*|0y|?, we easily obtain the expression of g. The
computation of Cj comes from the fact that C; = —2ie2*((Jjv;, vz)) and the
computations above. Finally, the previous equations also say that

<]1VZ/ ]2Vz> = <](V$)Z/ ](V$)2> - <](V1;)z, ](V1;>z> = _4i9/
which finishes the proof. 0

In the following result, the 1-parameter family of minimal immersions
in 52 x R associated to a solution of the sinh-Gordon equation (cf. The-
orem 1 and Remark 2.(2)) is explicitely described in terms of the corre-
sponding 1-parameter family of minimal immersions in $?, via the Gauss
map (see the beginning of Section 5).

Corollary 1. Let v : C — R be a solution of the sinh-Gordon equation v,z +
3 sinh(20) = 0. Then, the 1-parameter family of isometric minimal immersions
®; : (C,4cosh?v|dz|?) — 2 x R with Hopf differential ©;(z) = e''dz @ dz is
given by

®y(2) = (1/; (z),zlm(ze””)) ,

where ¢ : (C,e*|dz|*) — S° is the 1-parameter family of isometric minimal
immersions with Hopf differentials @y, = 5e''dz @ dz.
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Proof. Let w = 0 be the trivial solution of the sinh-Gordon equation. The
1-parameter family of flat minimal immersions ¢ : (C, |dz|?) — S° asso-
ciated to w = 0 and with Hopf 2-differential ®y, = Le''dz ® dz is the de-
formation by isometries of the universal cover of the Clifford torus given
by:
_ 1 iRe[(1+44)ze'"/?] ilm[(14i)ze!'/?
i (z) = 7 (e [(1+)z¢"?] pilm](1-+i) 1),
where 8 = {(uj,uz) € C? : |ug)* + |uz|* = 1}. Then ¢ and ¢; are
conformal immersions with the same Hopf differential and we can apply
Theorem 2 to conclude that (1/(;; Vi, ) : C — S2 x 82 is a conformal minimal
immersion. Its induced metric, in view of Theorem 2, is

g = (2t [opf )6 2+ 41d2P) = scoshi(o) a2,

and its associated Hopf differential is @(z) = —2i@y,(z) = —2i0y,(z) =
eldz @ dz.
It is straighforward to check that

vy, (2) = cos[2Im(ze"/?)|E; + sin[2Im(ze"/?)]E;,

where E j_' j =1,2,3, is the orthonormal reference in A% R* (see Section 2)
associated to the canonical basis in R*. Hence, we get that Vy, Cc sl ¢
(E{)* and, passing to the universal cover of S!, we get that (1/(;, Vg, )(2) =
(Vg (2), 2Im(ze*/2)). This finishes the proof. O

Theorem 3. Let ® : £ — S? x S% be a minimal immersion of a simply-connected
surface without complex points, i.e., C]-2 < 1,j=1,2. Then ® is congruent to

the Gauss map of a pair of minimal immersions ¢, : & — S° with conformal
induced metrics and the same Hopf differentials.

Proof. Since the immersion ® has no complex points, the Hopf differential
has no zeroes. Hence, up to a change of complex coordinates if necessary,
we can assume that ©(z) = dz ® dz. Now, from Proposition 5 and its proof
that there exist two functions v, w : ¥ — R satisfying

1 1
Uy + 5 sinh(20) =0, w,: + 5 sinh(2w) = 0,

such that C; = tanh(v — w), C; = tanh(v + w) and the conformal factor of
the induced metric is ¢?* = 4 cosh(v + w) cosh(v — w).

Following the begining of Section 5, there exist two one-parameter fam-
ilies of isometric minimal immersions ¢; : (%,e*|dz[*) — S% and s :
(%, e%|dz|?) — S3, with Hopf differentials @y, = ie'dz ® dz and @y, =
letdz ® dz.

Now, we consider the immersions ¢ = ¢p and ¢ = 1. Both minimal
immersions have the same Hopf differentials ©y = @y = idz ® dz and
their induced metrics are conformal. Hence, we apply Theorem 2 to obtain
a minimal immersion (qu,vl; ) : & — S%2 x 82 which Hopf differential
O =dz®dz.
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Taking into account that ](74,] = v2¢ % and }UM = V2e 2 (see the
proof of Theorem 2), we deduce, using Theorem 2 again, that the K&h-
ler functions and the induced metrics of the minimal immersions ® and
(1/(; Vg ) are the same. Finally, following the proof of Theorem 1, we also
get that the fundamental data of ® and (1/(;, vy ) are the same and so, both
immersions are congruent. U

6. COMPACT MINIMAL SURFACES

This section is devoted to the study of compact minimal surfaces of
G? x S2. The first result is a characterization of the slices as minimizing
area surfaces among all the compact minimal ones.

Proposition 6. Let ® = (P, D) : & — S? x S? be a minimal immersion of a
compact surface ¥ with maximal multiplicity y. Then

Area (L) > 4y

and the equality holds if and only if ® is an embedding and ® (L) is a slice of
S? x S2. In particular, Area(L) > 47 and the equality is attained only by the
slices.

Proof. Consider $? x §> C R® and let ¥ : £ — R® be the corresponding
immersion. It is clear that the maximal multiplicity of ® and ¥ are the
same. If H is the mean curvature of the immersion ¥, from Li and Yau [LY]
it follows that

/Z\H]ZdA > 4.

If {e1, e} is an orthonormal reference on X and 7 is the second fundamen-
tal form of 52 x S2 in IR®, then
2

_ 1

2H = Z;U(q,eﬂ = —1 . (|€j — ]1]26]"2@1, |€]' + ]1]26]'|2q)2)
= J
and hence 8|H|? = 4+ (Trace A)?, where A is the matrix A;; = —(J1¢;, J2¢;).
Let us observe that |A;j| < 1 and so (Trace A)? < 4 and the equality hap-

pens if and only if A = £Id.
Joining both inequalities we deduce that A(X) > 47ty and the equality
holds if and only if A = +Id. Finally, A = +Id means that C = C5 = 1
and hence X is a slice. g

N

Il
—_

Proposition 7. Let ® = (&1, D,) : & — S? x S be a minimal immersion of an
orientable compact surface X. of genus g, area A and degree(®;) = d;.
(i) If @ is a complex immersion then A = 47t(|d1| + |da|) and moreover, if ®
is also an embedding then ¢ = (|d1| —1)(|d2| — 1).
(ii) If ® is a complex immersion, then
o A =4 ifand only if g = 0, ® is an embbeding and ®(X) is a slice.
o A =8mifand only if g = 0, ® is an embedding and P is congruent
to the graph of a biholomorphism of S2.
o A =12mifand only if g = 0, ® is an embedding and P is congruent
to the graph of an holomorphic map of S? of degree 2.
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o A =167 and @ is an embedding if and only if either ¢ = 0 and P is
congruent to the graph of a holomorphic map of S? of degree 3 or g =1
and ® is congruent to a Weierstrass torus.

(iii) If g = 0, then ® is a complex immersion. Moreover, ® is an embedding
if and only if ® is congruent to the graph of an holomorphic map of $* of
degree (A/4m) — 1.

(iv) If g = 1 and @ is not a complex immersion then ® has no complex points
and di = dy = x+ = 0. If ¢ = 1 and ® is a complex immersion then
A = 167 if and only if @ is congruent to a Weierstrass torus.

Remark 6. From: (iii) it follows that the real projective plane cannot be im-
mersed in S x §? as a minimal surface.

Proof. (i) Taking into account (2.2) and that & is complex if C]-2 = 1 for
some j € {1,2}, we deduce that A = 47(|d1| + |d2|). Moreover, if ® is an
embedding, following the same reasoning of [CU, Proposition 4] it follows
that x* = 2d;d>. Also, from Lemma 1.(i), we obtain K + (—1)/*1K+ =1
and hence integrating this equation we get

4r(|dy|+|da]) = A =4m(1—g) + (=1 2mxt = 4m(1 — g+ (—1) 1 didy).

Therefore g = (|d1| — 1)(|d2| — 1).

(ii) Let assume that ® is a complex immersion and, up to congruences,
we can take C; = 1 and so dy,d, > 0. First, from Proposition 6, A = 4rt if
and only if @ is a slice. If A > 87, then ®(X) cannot be a slice and hence
dy,dy > 1.

If A=8m =4mn(dy+dy), thend; = d, = 1, and hence ®; and &, are dif-
feomorphisms of the 2-sphere. We can reparametrize ® by ¥ = ® o @',
and hence ¥ = (Id, ®; o @ 1), i.e., ¥ is the graph of a biholomorphism.

If A = 12m, then either d; or d is 1 and so, making the same reasoning
as above, we prove that @ is the graph of a holomorphic map of S$? of
degree 2.

It is clear that the graph of a holomorphic map of S? of degree 3 and
the Weierstrass tori are complex embeddings with A = 167t. Conversely,
since A = 167t and ® is an embedding, from (i), we deduce that there are,
up to congruencies, two posibilities:

e d; =1,d, =3 and g = 0 and so, following a similar reasoning as
before, ® is congruent to the graph of a holomorphic map of % of
degree 3.

ed; =dy =2and g = 1. Hence, @1, P, are elliptic functions of
degree 2 with disjoint branch points since ® = (P, P;) is an im-
mersion. It is well known that, up to automorphism of the torus,
such elliptic function is the Weierstrass p-function. Hence, ® is
congruent to one of the Weierstrass tori.

(iii) If ¢ = 0, the Riemann-Roch theorem says that the holomorphic
Hopf differential © vanishes identically and so, from equation (3.7), ® is
a complex immersion.
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It is clear that the graph of a holomorphic map of $? is an embedding.
Conversely, if @ is an embedding then, from (i), 0 = (d; — 1)(d> — 1) and
hence, either d; = 1 or d; = 1. Following the same argument as in (ii) we
finish.

(iv) If g = 1 and the immersion @ is not complex, the Riemann-Roch
theorem says that the holomorphic Hopf differential ® has no zeroes.
Hence, equation (3.7) ensures that N. + = NzjE =0andsod; =dy =+ =0
from Lemma 1.(iv).

Now, let assume that g = 1 and & is a complex immersion. We already
know that the Weierstrass tori have area 167r. Conversely, let suppose that
2 has area 1671. We can assume, without loss of generality, that C; = 1.
From (i), 4 = dy + dy and so, since ¢ = 1, it is follow that d; = d, = 2. The
same argument used in (ii) finishes the proof. O

In the following theorem we characterize the slices and the surfaces
D and T as the only ones with non-negative constant Gauss curvature.
Moreover, we also characterize these examples by a gap-type theorem for
the Gauss curvature.

Theorem 4. Let ® : & — S? x S? be a minimal immersion of a compact surface
2. Then:

(i) X has positive constant curvature K if and only if either K = 1 and X is a

slice or K = 1/2 and X is congruent to the diagonal D.

(ii) K = 0 if and only if X is congruent to a finite covering of the flat torus T.

(iii) K > 1/2 if and only if either K = 1 and X is a slice or K = 1/2 and ¥ is
congruent to the diagonal D.

(iv) 0 < K < 1/2 if and only if either K = 0 and X is congruent to a finite
covering of the flat torus T or K = 1/2 and X is congruent to the diagonal
D.

Proof. (i) We know that the slices have constant curvature 1 and D has
constant curvature 1/2. Conversely, taking the two-fold oriented cover
of ¥ we can assume that our surface is oriented, and the Gauss-Bonnet
theorem says the genus of X is 0. From Proposition 7.(iii), ® is complex
and so K + (—1)/*1K+ = 1, for some j = 1,2 (cf. Lemma 1.(i)). Hence the
normal curvature is also constant and Proposition 3 finishes the proof.

(ii) We assume that K = 0 and taking again the two-fold oriented cover
of X if necessary, we get that X is a torus. From Proposition 7.(iv), ® is
either a complex immersion or C?, C% < 1. In the first case, K+ is also
constant and so Proposition 3 gives a contradiction. In the second case,
from Lemma 1.(iii), we obtain that Alog(1 — C]2) = 2(—1)/TIK+, =12,
and hence

Alog(1—C3)(1—-C3) =0.
As X is compact, the armonic function log(1 — C?)(1 — C3) is constant and
hence (1 —C?)(1—C3) =a,a € R". Itis clear that 2 < 1 and that a = 1 if
and only if C; = C; = 0, but this means that our surface is T. Hence, from
now on we assume that 2 < 1 and we will get a contradiction.
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Deriving the above expression we get that
Ci(1-CHVC = —C(1-CHVG,,
and from Lemma 1.(ii) we get that
(CT—C)(1—a) =K' (1—a—CiC3).

Now, 1 —a — C3C3 = C2(1—C3) + C3(1 — C?). Since we know that both C;
and C; cannot vanish simultaneously in p because 2 < 1 and the immer-
sion @ has not complex points, we deduce that 1 —a — C3C5 > 0. Using
again the expression of 2 we obtain that

(1-a)(a—(1-CP)?)

Kt = :
(1—a)(1-2C?) +C}

Lemma 1.(ii) says that the function C; is isoparametric. Let U = {p €
Y| VCi(p) # 0}. Then, using [EGT, Lemma 3.3] and that K = 0, a long
but straightforward computations shows that g(C;) = 0 for a certain non-
trivial polynomial 4. That is, C; is constant in each connected component
of U and so U = @. Hence C; is constant and so K is also constant.
Finally, from Proposition 3, X is locally T and so C; = C; =0, thatisa =1
which is a contradiction.

(iii) In this case, taking the oriented two-fold covering of X if neces-
sary, X is again a sphere and so ® is a complex immersion (cf. Proposi-
tion 7.(iii)). Without loss of generality we can suppose that C; = 1. Using
that K + K+ = 1 (cf. Lemma 1.(i)) in Lemma 1.(ii) we obtain that

%A(l —C3) = (2K—1)(1—C3) +2C3(C3 +1 - 2K).
Since C3 +1—2K > 0 by Lemma 1.(i) and 2K — 1 > 0 by hypothesis we
get that A(1 — C3) > 0. Hence C;, is constant and Proposition 3 proves the
result.

(iv) Since K > 0, taking the two-fold oriented cover of X if necessary,
from Gauss-Bonnet theorem, X is either a torus or a sphere. In the first
case, K has to be constant zero and so, from (ii) the result follows. Hence,
we suppose that X is a sphere and, from Proposition 7.(iii), the immersion
® is complex. We can assume, without loss of generality, that C; = 1.

Now, we are going to get a Simon-type formula computing A\U!Z.

Claim: If ® : & — S? x S? is a complex immersion with respet
to | then:

1
EA(|a|2 +C3) = |Vo* + C3(C3 + K) + (1 + K)(1 —2K).

Proof of the claim. We can assume, without loss of generality, that C; = 1.
Consider an oriented orthonormal frame {e;, e} in TX satisfying J1e1 = e2
and so Jio(e1, e1) = o(ey, e2). In the following we will denote 0;; = o(e;, ¢;),
Vo = (Vo) (e e e), ete.
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Using Codazzi equation (see Section 2) and that C; = (Jre1,e2) we get

1 1
5 (V] ex) = Z (Voij, 0ij) = Z (Vaije, o) — 1 (V(C3), )
ij )

Therefore,

1 1
28 <’U!2 + 2(35) =Y (V20w 0ij) + (Vi Vo) ] =
ijk
= |o]* (1 +K) + Y [(V20ije, 037) + (Vije, Vo))
ijk
where we have used Ricci identity in the second equality. Using again
Codazzi equation

1 1
Y (Vi 0ij) =Y (Vo 0ij) — §C2 (VCyp,e) = ~1 (VC3,e).
7 kj

Deriving with respect to ¢; in this equations we get

1
; <V2<7ikjk, oij) = — Zk: (Vo Vi) — gA(C%)'
ij 1]

and finally we obtain

1
SAo? +G) = 1+ K)|of* + Y _[(Voij, Vo) = (Vo Voi)] =
ik

= R+ Vo~ JGB0 -] - [0 - ).

where we have used again Codazzi equation in the second equality. From
Gauss equation we prove the claim.

Now, since 0 < K < 1/2, we get that A(]U|2 + C3) > 0 and hence
|o|* + C2 must be a constant function. Finally, from A(|o|* + C3) = 0 we
deduce that C; = 0 and K = 1/2. Proposition 3 finishes the proof. O

To finish this section, the following theorem states a rigidity result for
the functions K 4 K.

Theorem 5. Let ® : ¥ — S? x S? be a minimal immersion of a compact ori-
entable surface X.. Then:

(i) K+ K+ > 0ifand only if either ® is a complex immersion and so K + K+ =
1 or ® is Lagrangian and so K + K+ = 0.
(ii) K + K+ < 0 can not happen.
(iii) If ¥ is a torus with K+ = 0 then ® is non-full, i.e., ®(X) is contained in a
totally geodesic hypersurface of S* x S2.

Proof. (i) We suppose that K + (—1)/T1K+ > 0. Then, from Lemma 1.(ii)
we obtain that

%A(l —C7) = (K+ (=1)/T'KH) (1= CF) +2CH(CF — (K+ (=1)/TIKH)).
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Now, since K + (—1)/+1K+ < Cj2 from Lemma 1.(i), we get A(1 — C]2) > 0.
Hence C; is a constant function and the previous equation ensures that

(K+ (—1)M'KH) (1= CF) = CHCF — (K+ (—1)T'K*)) =0.

Now, there are only two possibilities: K + (—1)/T'K* = 0 and C; = 0 or
K+ (=1)/"1K* =1 and C]-2 =1.

Conversley, if ® is a complex immersion then, from Lemma 1.(i), K +
(—1)*1K+ = 1. If ® is a Lagrangian immersion then, from Lemma 1.(ii)
it follows easily that K + (—1)/ 71K+ = 0.

(ii) We suppose that K + (—1)/*1K+ < 0 for some j € {1,2}. Firtly, ®
cannot be a complex immersion with respect to J; since in that case, from
Lemma 1.(i), K+ (—1)/T'K+ = 1 which is a contradiction. Moreover, using
again Lemma 1.(ii), any critical point p of C; satisfy Cjz(p) = 1 and hence
C; is a non-constant function with only maxima and minima as critical
points. The Morse theory says that X is a sphere with N ].+ = N;~. Hence,
from Proposition 7.(ii), ® is a complex immersion with respect to J;, i # j.

Now, from Lemma 1.(i), K+ (—1)*1K+ = 1 and, since K + (—1)/*1K*+ <
0 we have that K < 1/2. Now, Gauss equation ensures that the second fun-
damental form ¢ has no zeroes.

We are going to compute the Euler characteristic of the normal bundle.
We will follow the notation of Section 3. First, since f; = 0 (cf. Proposi-
tion 1), we get

(o(e1,e1),N)y = (=1)" (o (e1,e2),N) = a,
(o(er,e1),N) = (—1)' (c(e1,e2), N) = b,

where e; = ¢ "dy and e; = e "dy,. Let p € X and v = cosfe; + sinfle; a
unit vector to X, then

o(v,0) = (ac0s26 + b(—1)"sin20)N + (bcos 26 +a(—1)""1sin20)N,
and hence |0(v,v)> = a® +b* = 1|o|? > 0. Therefore the well-defined
map F, : 8' C T,X — (8')+ C T, X given by F,(v) = ﬁ;gg;l has degree
2(—1)"*! for any p € %, because {N,N} is an oriented frame on T+X.
Finally, we can apply [AFR, Theorem 1] to conclude that x= = deg(F)x =
4(_1)i+1_

Since K+ (—1)""'K+ = 1 and x = 2 then A = 47t + (—-1)" 27yt =
127t. On the other hand, since Nj+ = Nj’, Lemma 1.(iv) affirms that d; +
(—1)/*'d, = 0 and so A = 47t(|dq| + |d2|) = 87 |d1] (cf. Proposition 7.(i)).
Both expresions for the area lead to a contradiction.

(iii) Let supposet that X is a torus and K+ = 0. From Proposition 7.(iv),
either ® is a complex immersion or C?, C% < 1. The first case cannot
happen since if ® is complex then 1 = K+ K+ = K (cf. Lemma 1.(i)).
Hence C%, C% < 1. Now, from Lemma 1.(iii),

2

1 1
— 4K+ = 0.
1-C2

Alog
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Hence the harmonic function log % is constant and so (1 — C?) = a(1 —
C3),a € RT.

Now, C?(p) = C3(p) at a point p € X if and only if 4 = 1. In this
case, we get C2 = C5 and Proposition 4 proves the result. If a # 1 then
C? — C? is either a positive or a negative function. On the other hand,
using Lemma 1.(ii) and the Gauss equation, we get

A(CE-C3) =2(C1 = G3)(BK-2(CT +G3)) = —(CF = CG3) (Blo* + CT + C3),

where ¢ is the second fundamental form of ®. Hence C% — C% must be
constant and from A(C? — C3) = 0 we deduce that 3|¢|?> + C? + C3 = 0,
that is, C; = C, = 0 which is a contradiction since C% # C%. ]
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