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ABSTRACT. Two holomorphic Hopf differentials for surfaces of non-null
parallel mean curvature vector in S® x S? and H? x H? are constructed. A
1:1 correspondence between these surfaces and pairs of constant mean
curvature surfaces of S? x R and H? x R is established. Using that,
surfaces with vanishing Hopf differentials (in particular spheres with
parallel mean curvature vector) are classified and a rigidity result for
constant mean curvature surfaces of S? x R and H? x R is proved.

1. INTRODUCTION

Surfaces with constant mean curvature (CMC-surfaces) in three mani-
folds is a classic topic in differential geometry and it has been extensively
studied when the ambient manifold has constant curvature. In 2004, Abresch
and Rosenberg [1] studied CMC-surfaces in S? x R and H? x R where S?
(respectively H?) are the two-dimensional sphere (respectively the hyper-
bolic plane). They defined on such surfaces a holomorphic two-differential
which generalizes the classical Hopf differential defined for CMC-surfaces of
space forms. They also classified those CMC-surfaces with vanishing Hopf-
differential. In particular, they classified the orientable CMC-surfaces of
genus zero in S? x R and H? x R.

When the codimension of the surface is bigger than one, the natural gene-
ralization of these type of surfaces are the surfaces with parallel mean curva-
ture vector (in what follows PMC-surfaces). Although there are results for
codimension bigger than two, the most relevant ones are obtained when the
codimension is two. In 1971, Ferus [8] proved that a genus zero orientable
surface with (non-null) parallel mean curvature vector in a simply-connected
space form is a round sphere. In [5] and [13], Chen and Yau independently
classified all the surfaces with parallel mean curvature vector in space forms,
proving that they are CMC-surfaces of three dimensional umbilical hyper-
surfaces. Both results are based on the following fact: if H is the mean
curvature vector of the surface, as the dimension of the normal bundle is
two, it is possible to consider another parallel vector field in the normal bun-
dle H orthogonal to H with the same length and to define two holomorphic
Hopf differentials associated to H and H.

Research partially supported by a MCyT-Feder research project MTM2007-61775 and
a Junta Andalucia Grant P06-FQM-01642.
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In 2000, Kenmotsu and Zhou [9] classified surfaces with parallel mean cur-
vature vector in the complex projective and the complex hyperbolic planes.
In this case, it is well known that there are not umbilical hypersurfaces of
these 4-manifolds, therefore there is not a method like in space forms to
construct surfaces of parallel mean curvature vector. The authors did not
use the existence of Hopf differentials. Instead, they reduced the classifica-
tion theorem, using a result by Ogata [12], to solve an O.D.E. system on the
surface. Using an analytic method, they classified these surfaces, proving
that there are few of them and they have a good behavior with respect to
the complex structure of the ambient space.

In this paper we study surfaces with parallel mean curvature vector in
S? xS? and H? x H?. In this case, although there are umbilical hypersurfaces
of the ambient space, only the totally geodesic ones (up to congruences S? xR
and H2 x R) have constant mean curvature (see Proposition 1) and so CMC-
surfaces of S xR and H? xR are surfaces with parallel mean curvature vector
in S? x S? and H? x H? respectively.

The most important idea in the paper is the construction of two holomor-
phic Hopf differentials on PMC-surfaces of S? x S? and H? x H? (see section
3) which generalize the Abresch-Rosenberg differential in the sense that if
a PMC-surface of S? x S? or H? x H? factorizes through a CMC-surface of
S? x R or H? x R, both Hopf differentials are equals and they coincide (up
to a constant) with the Abresch-Rosenberg differential (see Lemma 1). To
define these Hopf differentials we use the two Kéhler structures that these
4-manifolds have (see section 3).

In section 4 we prove the main results of the paper. Theorem 1 proves that
given a simply-connected Riemannian surface (3, g) there exists, up to con-
gruences, a 1:1 correspondence between PMC-isometric immersions of (X, g)
in S? x §? (respectively H? x H?) and pairs of CMC-isometric immersions of
(£,g) in S? x R (respectively H? x R). Moreover these two CMC-surfaces
are congruent if and only if the corresponding PMC-immersion factorizes
through a CMC-immersion of S? x R or H? x R. So the existence of full
PMC-immersions in S? x S? and H? x H? is deeply related to the rigidity of
CMC-immersions in S? x R and H? x R.

In Theorem 2 we classify an important family of surfaces of S? x S? and
H? x H? with parallel mean curvature vector: those that are Lagrangian sur-
faces with respect to some of the two Kéhler structures that these manifolds
have. Theorem 3 is the most important contribution of the paper, it classifies
the surfaces with parallel mean curvature vector with null extrinsic normal
curvature. In the classification it appears the CMC-surfaces of S? x R and
H? x R, the Lagrangian PMC-surfaces and a new family of PMC-surfaces in-
variant under 1-parameter groups of isometries of S? x S? and H? x H? which
are described in Proposition 5. This result allows us to classify the parallel
mean curvature surfaces with vanishing Hopf-differentials (Theorem 4) and
in particular the parallel mean curvature spheres of S? x S? and H? x H?
(Corollary 1).
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In section 5, using Theorem 1 and the examples of Proposition 5, we
construct examples of CMC-surfaces in S? x R and H? x R. Among them
it is interesting to remark a two-parameter family of CMC-embedded tori
in S? x S' (Proposition 7). Moreover, Corollary 3 is a rigidity result for
CMC-surfaces of S? x R and H? x R. Finally, in section 6 we study general
properties of compact PMC-immersions in S? x S? and H? x H?.

The product of two Riemannian surfaces with different constant curva-
tures is not an Einstein manifold and this is a big problem in order to study
its PMC-surfaces. Following the ideas developed in this paper, on a PMC-
surface of the product of two Riemannian surfaces with constant curvatures
it is possible to define a holomorphic 2-differential, which coincides with the
sum of the two Hopf differentials when the constant curvatures are equals.
When these curvatures are opposite, this holomorphic differential was de-
fined in [11].

The authors would like to thank the referee for his valuable comments
and remarks about the paper.

2. PRELIMINARIES AND EXAMPLES

We denote by M?(e), € = 1,—1, the two-dimensional sphere S? = {z €
R3 |22 + 23 + 2% = 1} endowed with the canonical metric of constant curva-
ture 1 when € = 1 and the hyperbolic plane H? = {z € R3 |2} + 23 — 2% =
—1, 3 > 0} endowed with the canonical metric of constant curvature —1
when € = —1. We denote by w the Kihler 2-form on M?(e) and by J the
corresponding complex structure, i.e. w(, ) = (J,) where (, ) denotes the
metric of M2 (e).

If we consider M2(e) x M?(e) endowed with the product metric, which
will be also denoted by (, ), then it is an orientable Einstein manifold with
scalar curvature 4e. The orientation will be given by the 4-form 7jw A m3w,
where 7;, j = 1,2 are the projections on the factors.

Along the paper we will consider M?2(e) x M?(e) embedded isometrically
in R? x R3 = R® when € = 1 and in R} x R} = RS when € = —1, being R}
the Lorentz-Minkowski 3-space.

Let ® : ¥ — M?(e) x M?(¢) be an immersion of an oriented surface ¥. If
T+¥ is the normal bundle of ®, then we have the orthogonal decomposition

DT (M?(€) x M?(e)) =TL ¢ T3,

Let V be the connection on ®*T(M?(e) x M?(¢)) induced by the Levi-Civita
connection of M?(e) x M?(e) and let V = V + V= be the corresponding
decomposition. If {e,eq,e3,e4} is an oriented orthonormal local frame on
O*T'(M?(e) x M?(¢)) such that {eq, e2} is an oriented frame on T'S, then we
define the normal curvature K+ of the immersion ® by

KL - RL(617627€3764)7
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where R' is the curvature tensor of the normal connection Vi, Also we
define the extrinsic normal curvature K+ as the the function on ¥ given by

[_{J_ - R(elu €2, €3, 64)7
where R is the curvature tensor of V.

Definition 1. Let ® : ¥ — M?(€) x M?(€) be an immersion. We say that ®
has non-null parallel mean curvature vector, from now on PMC-immersion,
if VI H = 0 and H is non-null. In such case, |H| is a positive constant.

Suppose that ® : ¥ — M?2(e)x M?(¢) is a PMC-immersion of an orientable
surface . We can define another parallel normal vector field H as the only
one with |H| = |H| and {H, H} defining the same orientation on the normal
bundle as {e3,es}. Because H is parallel, K- = 0 and hence the Ricci
equation of ® is given by

|H|2KL = <[AH7A1*{]€1,€2>7

where A¢ is the Weingarten endomorphism associated to a normal vector &.

In order to get examples of PMC-surfaces, we make use of the following
trivial fact: If 3 is a constant mean curvature surface of a totally umbilical
hypersurface with constant mean curvature of M?(e) x M?(e), then ¥ has
parallel mean curvature vector as a surface of M?(e) x M?(¢). Next propo-
sition describes the umbilical hypersurfaces with constant mean curvature
of M?(e) x M?(e).

Proposition 1. Let U : N — M?2(e) x M?(¢) be a totally umbilical hyper-
surface with constant mean curvature. Then U is totally geodesic and it is
locally congruent to the totally geodesic itmmersion:

e=1 e=—1
xR —S? x §? H? x R — H? x H?
(p,t) = (p, (cost,sint,0)) (p,t) = (p, (0,sinht,cosht)).

Proof. Let n be a unit normal vector field of N in M?(e) x M?(¢), & the
second fundamental form of ¥ and H the mean curvature. As W is totally
umbilical we have that

A~

6(v,w) = H(v,w)n, Vv,w €TN.

As H is constant, this shows that the Codazzi equation for U becomes

R(z,v,w,n) =0, Vaz,v,w €TN.
Let p € N and n, = (a,b). As the differential at p of every component of ¥
has rank less than or equal to 2, there exists at p an orthonormal reference
{e1 = (e},0),e2,e3}. Then the above equation becomes in

0= R'(ej,e1,e1,a) = e(ej,a),  j=2,3

where R! is the curvature tensor of M?(¢). If a # 0 then {a,ei} is a
orthogonal reference of Ty, ,) M 2(¢) and the last equation says that ejl- =0
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for j = 2,3. So {e3,e3} are linearly independent and hence 0 = (,e;) =
(b, e§>, j = 2,3, which means b = 0. So at every point one of the two
components of 17 vanishes and then locally, up to isometries of M?(e)x M?(e),
we can take 7 = (0,72).

If U = (U, U,), then ¥ and ¥ = (U1, —¥y) are an orthogonal reference
in the normal bundle of M?2(¢) x M?(¢) in R or RS. So for any v € TN,

taking into account that (V. (v),n) = —(v,n) = 0, we have that
Dyn = —Anv = —Hv.

where D stands for the Levi-Civita connection of RS or RS. So the map
n+H¥ : N — RS is a constant A = (A;,4s) € R® x R? = RS, and
hence I;T\Ill = A; and o + I:I\IIQ = Ay. As N is a 3-manifold and ¥ an
immersion, ¥, cannot be a constant and so H = 0 which implies that ¥
is totally geodesic. Now the second equation says that 1o = As and so
(Wg, Ag) = (¥,n) = 0 with |A2| = |n2] = 1. This proves that Wa(N) is a
geodesic of S? or H? and the proof finishes. O

As a consequence of this result we obtain that
CMC-surfaces of M?(e) x R are surfaces of M?(e) x M?(e)
with parallel mean curvature vector.
Other examples of PMC-surfaces of M?(¢) x M?(¢) can be constructed in the
following way: given two regular curves a : I — M?(e) and 3 : I' — M?(e)
then
I x I — M*(e) x M?(e)
D(t,s) = (a(t), B(s))
is an immersion of the surface I x I’ whose mean curvature vector is given
by
k k .
H = = (Jo,0) + 5(0,.75),

where ’ (respectively ") stands for the derivative with respect to ¢ (respec-
tively s), ko and kg are respectively the curvatures of a and 3 and we have
assumed that |o/| = |3| = 1. So we obtain that ® has parallel mean curva-
ture vector if and only if a and B are curves of constant curvature. In that
case, 4|H|?> = k2 + k:%, and hence ® is minimal if and only if o and 3 are
geodesics. It is interesting to remark that the induced metric on I x I’ by
d is flat.

Taking into account the curves of constant curvature of S? and H? we
have that the above examples are, up to congruences, open subsets of the
following family of complete and embedded PMC-surfaces:

Example 1. When € = 1, the tori product of two geodesic circles

Toa=A{(z,y) €S’ xS /a3 =a,y3=a}, 0<a<a<l,a®+a*>0,

. 2 A2
whose mean curvature satisfy 4|H|? = o+ 1o
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When € = —1, we obtain three topological families of examples
1. the tori product of two geodesic circles

Too={(v,y) EH*xH? /a3 =a,y3 =a}, 1<a<a,

whose mean curvature satisfy 4|H|? = a;’—il + % and |H|? > 1/2,

2. the cylinders product of a geodesic circle and a hypercycle
Cop = {(v,y) EH2xH? /23 =a, y1 = b}, b>0,a>1,

whose mean curvature satisfy 4|H|? = ag—fl + % and |H|? > 1/4,
and the cylinders product of a geodesic circle and a horocycle

éa:{(xay)EH?XH2/£3:a7yl_y3:1}a CL>1,

whose mean curvature satisfy 4|H|? = 2;227__11 and |H|? > 1/2.
3. and finally the planes product of two hypercycles
Py =A{(x,y) €H> xH* /21 = b, gy = b}, b,b>0,bb#0

whose mean curvature satisfy 4|H|? = be_QH + iﬂbil and |H|*> < 1/2,

the planes product of a hypercycle and a horocycle
pb:{(xay)GHQXH2|m1:bayl_y3:1}a 6207

whose mean curvature satisfy 4|H|? = 2bl’22:11 and 1/4 < |H|? < 1/2,
and the plane product of two horocycles
P={(x,y) e B’ x H? |w1 —a3 =1, yn —y3 = 1},

whose mean curvature satisfies |H|? = 1/2.

3. HOPF DIFFERENTIALS.

In order to have a deep understanding of the geometry of M?(e) x M?(e)
and of its surfaces we need to introduce the two Kahler structures that
M?(e) x M?(¢) has. We can define two complex structures on M?2(e) x M?(e)
by

J=J), Jo=(J,—-J),
whose Kahler two-forms are w; = mjw + m3w and wp = mjw — myw. Hence
w1 Awi = —w2 Awsg = 2(mjw A Thw),

and so .J; defines the chosen orientation on M?(e) x M?(e) and Jy the op-
posite one.

Now, (M?(e)x M?(e), (), J;), j = 1,2 are Kéhler-Einstein manifolds. It is
clear that if Id : M?(e) — M?(e) is the identity map and F : M?(¢) — M?(e)
is an anti-holomorphic isometry, then

(Id, F) : M?(€) x M?(e) — M?(¢) x M?(e)

is a holomorphic isometry from (M?2(e) x M?(e),{(,),J;) onto (M?(e) x
MQ(E)’ <7>a JQ)
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If ® = (4,1): X — M?(e) x M?(e) is a PMC-immersion of an orientable
surface X, then the Kdhler functions on %, C1,Cy : ¥ — R, associated to
the complex structures J; and Jo are defined by

<I>*qu = deg, ] = 1,2,

where wy; is the area 2-form of Y. It is clear that 0]2 < 1 and that the
points where C’; = 1 are the complex points of ® with respect to the J;
complex structure. Moreover {p € E|C’j2(p) = 1}, 7 = 1,2, has empty
interior, because if not, its interior is a non-empty complex surface and so
it is minimal, contradicting that |H| is a positive constant on ¥. Hence

(3.1) Eé ={peX]| Cjz(p) < 1} is an open dense set in ¥, j=1,2.

It is interesting to remark that C’J? is well defined even when the surface is
not orientable.
Now it is easy to check that the Jacobians of ¢ and ¢ are given by

Ci1+C Ci—-C
Jac(¢) = ———2, Jac(p) = ———2,
2 2
and that the extrinsic sectional curvature K = R(e1, e, e, e1), where {e1, e2}
is an orthonormal frame on T3, and the normal extrinsic curvature are given
by

C?+C3 C? - C3

Kt =2t 72
‘T

We consider a local isothermal parameter z = x 4 ¢y on X, such that
<(I)za (I)z> = <¢za ¢z> + <@Z}z>wz> =0, |(I)z|2 = ’¢z|2 + |77Z1z|2 = e?u/27
where the derivatives with respect to z and z are given by

1,0 .0 1,0 .0
8Z = *(7 _17)7 82 = 5(8756 +Z@)

Definition 2. Let ® : ¥ — M?(e) x M?(¢) be a PMC-immersion of an
oriented surface . We define two Hopf differentials as:

K=¢

€

@1(2) = <2<g(az,az),H+iﬁ> + 4’H|2

(1@, H + iﬁ>2> (dz)?

Os(2) = <2<a(az, 9.), H — i) + ﬁ(b@z, H-— iﬁ)2> (d2)2,

where ¢ is the second fundamental form of ® and z is a conformal parameter

of ¥.

It is clear that ©;, j = 1,2, are well defined, i.e., they are invariant by a
change of conformal parameter. To prove that these Hopf differentials are
holomorphic when the surface has parallel mean curvature vector, we need
to study the Frenet equations of our immersion ® : ¥ — M?2(e) x M?(e) C
RS (or RS).
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With the chosen orientation, {@x,éy,l:[ ,H} is an oriented frame on
O*T(M?(€) x M?(¢)). Denoting
1
V2|H|
we have that |£|2 = 1,(€,€) =0, VY€ =0 and {¢, £} is a global reference of
the complexified normal bundle. It is clear that
J1®. =iC @, + 1€+ 01

and that 73 = d; = 0 on X\ 3} (see (3.1)). On X} we can define a local
orthonormal reference {es, e4} of the normal bundle by:

J1P, = Cl(I)y + e“\/ 1-— 012 eq4, J1q)y =-C19, + 6“\/ 1-— 012 es,

which defines the same orientation on the normal bundle as {H, H} and so
eq—ies = ¢ (H —iH)/|H| for certain function #. Hence the above equations

become in
v /1—-C? .
J1®, = iC1®, + eTlewg.

Therefore §; = 0 on 2(1) too and so §; = 0 on X. Making a similar reasoning
for the other complex structure we finally get that

(32)  S1®. =iC1®. + &, i =2 Py, —iCh,
(33)  Jo®. =iCo®. +7af,  Jof = —2e Myp®; +iCaf,

§= (H_Z}NI)7

for certain complex functions 7;, j = 1,2 which satisfy |y;]* = e**(1-C7)/2.

If & := (¢, —1)), then {®, &} is an orthogonal reference along ® of the
normal bundle of M?(e) x M?(e) in R® when ¢ = 1 and in R§ when e = —1,
with |®|? = |®|? = 2¢. Also, from (3.2) and (3.3), it follows

Ci)z =—-J1Jo®, =C1Cy®, + 2672%'}/1’)/2(135 — ng’ylg — iCl’ng.

Using the above information we easily get that the Frenet equations of
the PMC-immersion ¢ are given by

D, =2u, P, + f1£ + f2§__ 6%&)7
‘H’€2u |H|€2u B eQu eZu R
.. = S o N o
2z 2\/§§+2\/§ 64 6401027
H _ 1C17y2 2
£, = _|\f2|¢’2 — 2205 + € ;ch,
_ H O «
& = _u(pz - 26_2uf1q)2 + ez 2 D,

V2
for certain complex functions f;, j = 1,2.

We will call the fundamental data of the immersion ® to the uple (u, Cj, v;, fj :
j = 1,2). These functions satisfy some equations that we are going to obtain.
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Derivating with respect to z and z in (3.2) and (3.3) and taking into
account the above equations we easily get

H| i[H|Cye
V2 vz

Now, from the ¢ and ¢ components of ®,,; = &z, we obtain that

(C))z = 2ie™ 2" f;7; — i (v5)z =

2u
. e“Cyy;j .
(fj)g:ZE 4] Ja j:1’2

Conversely, we get the following result

Proposition 2. Let 3 be a simply connected Riemann surface, A a positive
constant, u,C; : ¥ — R with 0]2 <1and~j, f;: X —C, j=1,2, functions
satisfying

Cowe A €Oy
(Cy) = 2ie™ " f;3; — VoL (fy)z = de—,
(3.4) o oy _ o2y J =12
(e = -2 e = )
i)z \/i s 5 9 >

Then there exists, up to congruences, a unique PMC immersion ® : ¥ —
M?(€) x M?(e) with |H| = \ whose fundamental data are (u,Cj,vj, fj: j =
1,2).

Proof. As {p € ¥ : v;(p) # 0} is an open dense set of X, see (3.1), it is easy
to deduce from (3.4) that

Mugs + (| H? + e ge20(|fi2 + |fo]?) =0,  Gauss

(3:5) { eetu(C? — CB) — 8(1if ~ | f2f2) =0, Ricci
From (3.4) and (3.5) we can easily check that ®,,; = ®,z, and &,z = &,
which are the integrability conditions of the Frenet system. O

Proposition 3. Let ® : ¥ — M?(e) x M?(¢) be a PMC-immersion of an
orientable surface ¥. Then ©;, j = 1,2, are holomorphic.

Proof. Using the functions defined above, the Hopf differentials ©;, j = 1,2,
can be written as

€ .
0; = (2V2HIf; + 507) ()% j=1,2,

Now, from (3.4) and (3.5) we obtain that (4\@\H\f] + e’y?)_ = 0, which
z
proves the Proposition. O



10 FRANCISCO TORRALBO AND FRANCISCO URBANO

From (3.2) and (3.3) we have that (J1®,,£) = (J2®.,£) = 0, and then
the Hopf differentials can also be written as

0,(z) = <2<a(az,az),H +iH) — —

Oy(z2) = (2(0(82,82),151 —iH) J2<1>Z,ﬁ>2> (dz)?.

€

i
In the following result we compute these Hopf-differentials in the examples

described in section 2.

Lemma 1.

1. Let ® : ¥ — M?(e) x R < M?(¢) x M?(¢) be a CMC-immersion. Then
©1 = Oy = 204, where O g is the Abresch-Rosenberg holomorphic
differential associated to ® (see [1]).

2. Let ® : I x I' — M?(e) x M?(¢) be the product of two curves ®(t,s) =
(a(t), B(s)) of constant curvatures ko and kg respectively. Then

€+ 4|H|?
16|H|?
Proof. First we prove (1). It is clear that, in this case, ¢ = (0,(0,0,1))
(respectively ¢ = (0,(1,0,0))) when ¢ = 1 (respectively ¢ = —1) is a unit
normal field to the totally geodesic immersion M?(e) x R < M?(€) x M?(e)

given in Proposition 1. So H = |H|s. If & is the second fundamental form
of ¥ in M?(e) x R, then & = o and then

(0(0,0.), H + 7'Er> = (0(0,,0.), H — ZI:I) = (6(0:,0.), H).

Also, if ® = (¢,7) : & — M?(e) x R then, taking into account Proposition 1,
the corresponding immersion ® : ¥ — M?(e) x M?(e) is ® = (¢,v) where

0, = (ko + (—1)7ikg)? (d2)?, j=1,2.

¥ = (cosn,sinn,0), when e =1, 1 = (0,sinhn,coshn), when e = —1.

Now, from a direct computation, we have that (J1®,,H) = |H|n, and
(J2®,, H) = —|H|ns.
Finally, from the second expressions of ©;, we get that

01 = Oy = (2(6(8s,0), H) — e(1,)?) (d2)* = 20 4p.

We remark that, in this case, the functions appearing in the Frenet equations
satisfy f1 = f2, 71 = 72 and so Cy = Ch.

To prove (2) it is easy to check that, for the product of two curves, the
functions appearing in the Frenet equations are given by:

_ 1 1
= fo= ka—iks)?, =y = ka—ikg), C;=Cs=0.
fi=fa 8\/§]Hl( 8% M= 2\/§|H|( 5) 1=0C
Using the above equations, the proof of (2) is trivial. O

From (3.4) and (3.5) we can get some properties and formulae about
PMC-surfaces which will be used in the next sections.
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e First, from the Gauss and Ricci equations joint with 4u,; = —Ke?* it is
easy to deduce that
€4u
(3.6) il = (HP - K +C7), j=1.2.

These equations say that
K<|H?+1, whene=1

and the equality is attained in a point p if and only if for some j € {1,2}
fj(p) =0 and C’]z(p) =1. Also

K < |H|> whene=—1

and the equality is attained in a point p if and only if for some j € {1,2}
fi(p) =0 and Cj(p) = 0.
e Second, using (3.6), (3.4) and (3.5), we obtain the following relation bet-
ween |0;|? and |VC;|?
IVC;? + dee™|0,]* =
e(1— Cf)
4

B0 _ (1—C3 +4elH[?) (

+\H2+GC]2—K> . j=1,2.
e Also, from (3.4) and (3.5), it is easy to compute the Laplacian of the
Kahler functions C;, obtaining

(3.8) AC; =—C; (A[H? —2K +e(1+C2)), j=1,2.
This means that C; satisfies the equation (A + F')C; = 0 where F =
AH* 2K +¢€(1+ C’f) Then, using classical results from elliptic theory
(see [6]), we have that either C; = 0 or the set {p € ¥ |Cj(p) = 0} is a
union of curves. In particular its interior is empty.

e Under certain restrictions on the curvature of the surface, we can get more
properties of the sets 3}, j = 1,2 (see (3.1)).

Proposition 4. Let  : ¥ — Mz(e) x M?(€) be a PMC-immersion. If
K(p) # ¢, for anyp € 3, then L\ X} = {p € Z\C’j?(p) =1}, 7=1,2 are
sets of isolated points.

Proof. As the points p with CJZ (p) = 1 are critical points of the function
C;, we are going to study the degeneracy of these points.

Let po be a point with Cj(pg)? = 1, with j € {1,2}. Then ~;(po) = 0
and from equations (3.4) and (3.5) one gets that

(Cj)z=(po) = —2V2|H| f;(po) C; (po),
) eZu(po) 2
(Cj)2z(po) = - L) 9 HE AC;(po)e™ 2@ £51% (po).

A direct computation shows that the determinant of the Hessian of C}
at pg is

e—4u(po) (62U(po)H2 _ Qe 2ulpo) £ (po) |2)2
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which by (3.6) is equal to (K (po) — 6)2 and hence pg is degenerate if and
only if K(pg) = €. As the non-degenerate critical points are isolated, we
finish the proof. O

4. MAIN RESuULTS

The integrability equations given in the previous section allow to relate,
at least in the simply connected case, PMC-immersions in M?(e) x M?2(e)
with pairs of CMC-immersions in M?(e) x R with the same induced metric
and the same length of the mean curvature. We concrete this relation in the
following result.

Theorem 1. Given a simply-connected Riemannian surface (¥X,g), there
exists a 1:1 correspondence [®] < ([®1],[P2]), between congruent classes
of PMC-isometric immersions ® : (2,9) — M?(e) x M?(¢) and pairs of
congruent classes of CMC-isometric immersions ®1,® : (X, g) — M?(e) xR
with |H| = |Hy| = |Ha|, where H is the mean curvature vector of ® and H;,
J = 1,2, are respectively the mean curvatures of ®;, 7 =1,2. The Abresch-

Rosenbery differentials ©, r associated to the pair of CMC-immersions ®;,
Jj = 1,2, and the two Hopf differentials ©;, j = 1,2 associated to the PMC-
immersion ® are related by 2@341% =0;,j=12.

Moreover, [®1] = [®2] if and only if ® factorizes

DY — M?(e) x R M?(e) x M?(e)
through a CMC immersion in M?(e) x R.

Remark 1. Note that, up to now, there is no known example of two isometric
immersions of the same Riemannian surface with the same non-zero constant
mean curvature in S? x R or H? x R that, up to reparametrization, are not
congruent.

Proof. In order to prove this result we are going to use the integrability
equations (3.4) for PMC-conformal immersions given in the previous section
and the corresponding ones for CMC-immersions in M?2(e) x R given in [2].
As we work with conformal immersions we are going to use the conformal
version of these equations obtained in [7], which can be described as follows.

Let ¥ = (¢,1) : (8,9) — M?(¢) x R be a CMC-isometric immersion with
mean curvature H and z = x + iy a local isothermal parameter such that
g = €?“|dz|?%. Then the Frenet equations of ¥ : ¥ — M?(e) x R C R3 x R
(or R?) are given by:

v,, =2u,¥, +pN + englil

&
I

2
N, =—HU, — 2¢ " 24p; + enzylil

eQu e2u R
(4.1) — HN +e <\77z\2 — > ]
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where ¥ = (1,0), N is a unit normal vector to the immersion ¥, p is a
complex function and v is a real function defined by v = (N, (0,1)). The
integrability equations of this Frenet system are given by (see [7, Theorem
2.3] for more details):

eQu 9
Pz = €5V, v, =—Hn, —2e ““pns
(42) 2u 2u

nes= - Hy, = (1=

Now we prove the result. Let ® : (%,g9) — M?(e) x M?(¢) be a PMC-
isometric immersion of a simply-connected oriented surface ¥ and z an
isothermal parameter such that g = e?“|dz|?. Using (3.4) it is followed
that i(vy;)z is a real function and so, because X is simply-connected, there
exists a function n; such that ivy; = ﬂ(nj)z, j = 1,2. The function 7; is
unique only up to a constant, which corresponds to a vertical translation in
M?(e) x R. We consider the data

(u,Hj =|H|,v; =Cj,n;,pj = \[ij), J=12

From (3.4), it is followed that these data satisfy (4.2), and so there exist
two CMC-isometric immersions ®; : (X, g9) — M?(e) x R with |H;| = |H|,
j=1,2.

Moreover, it is easy to check that if ® is congruent to ¥, then the corres-
ponding ®; and ¥; are also congruent for j =1, 2.

Conversely, let ®; = (¢;,1;) : (£,9) — M?(e) x R be two CMC-isometric
immersions with |Hi| = |Hz| and z an isothermal parameter with g =
e?*|dz|?. We may suppose, composing with an appropriate isometry if nec-
essary, that H; = Hy > 0. We consider data

<U7 |H| = Hy = Ha, Cj = vj,7; = ~ivV2(0y)s, f = T« j = 1,2> :
V2

From (4.2), it is followed that these data satisfy (3.4), and so there exists a
PMC-isometric immersion ® : (X, g9) — M?(e) x M?(e) with |H| = |Hy| =
[ Ha|.

Moreover, it is easy to check that if ®; are congruent to ¥;, j = 1,2, then
the corresponding ® and ¥ are also congruent.

Secondly, as the Abresch-Rosenberg differential for CMC-surfaces can be
expressed as ©’y, = (|H,|p; — 5((n;)-)?)(dz)? and the Hopf differentials for

PMC-surfaces as ©; = <2ﬁ]H|fj + %7]2) (dz)?, using the above relations

between the data, we obtain that 207, , = ©;, j = 1,2.

Finally, if [®1] = [®2], then ®1,®5 : (X, g) — M?(e) x R are two CMC-
isometric immersions satisfying ®5 = I o &1, where F' is an isometry of
M?(¢) x R. Then, given an isothermal parameter z, and possibly up to a
congruence, we can take the data of ®; as |H;| = |Hz|, p1 = p2, 1 = v» and
n = n2. Therefore the associated PMC-isometric immersion ® = (¢, 1)) :
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(2,9) — M?(e) x M?(e) has fi = fo, 1 = 72 and C; = Co. Now as

_|}/ﬁiljl = ¢ — &, from the Frenet equations we obtain that the derivative of
the function H : ¥ — RS (or RS) is given by

~ Z’H| _

So H = A for some vector A € R6( or
0= (0,H) = (®,A) and 0 = (®,H) = (,A). Now if & = (¢,1)) and
A = (A1, Az), we finally get (¢, Al) Ag) = 0. If Ay = 0, we have
that A; # 0 and so Jac(¢) = 0, i.e., C; = —Cy. Hence €7 = Cy = 0 and
Jac(¢) = Jac(v)) = 0. So the immersion is the product of two curves a and
3, and taking into account the proof of Lemma 1.(2) and that, in this case,
71 = 72 we get

RS) with |A] = |H| > 0 and hence
(¥,

Y1 =M Al (ko — ikg).
This implies that kg = 0, i.e., 1 lies on a geodesic of M2 (e). If Ay # 0, as
(1, Ag) = 0, 1 lies on a geodesic of M?(e) too.

Hence the immersion ® factorizes through the totally geodesic hypersur-
face M?(e) x R as a CMC-surface.

Conversely given a PMC-immersion ® : (3,9) — M?2(e) x M?(e) such
that ® factorizes through the totally geodesic hypersurface M?(e) x R then
from the proof of Lemma 1 we have that the data of ® satisfy fi = fo,
v1 = v2 and C; = Cy. Hence, the corresponding data of ®; and ®5 are the
same and so they are congruent, i.e. [®1] = [D2]. O

Remark 2. When the immersion ® : I x I’ — M?(e) x M?(e) is the product
of two curves ®(t,s) = (a(t), 5(s)) of constant curvatures ko and kg and

lo/| = |B| = 1, following Theorem 1, the Frenet data of ®; and ®, are
given by u =0, Hy = Hy, v1 = v =0, p2 = p1 and n2(z,y) = m(—z,y) =
—(kax+kgy)/ /K2 + k% As G(z,y) = (—x,y) is an isometry of the induced
metric g = dx? +dy? then ®; 0 G is a CMC-immersion with the same Frenet

data than ®5 and so ®; o G and ®9 are congruent. Note that, when k. # 0
and kg # 0, the map G is not induced by an ambient isometry. Moreover,

®; and Py are cylinders over curves of constant curvature |/k2 + kg,

The examples of product of curves of constant curvatures given in Exam-
ple 1 satisfy that €7 = Cy = 0 and so in particular they are Lagrangian
PMC-surfaces with respect to both complex structures. In the following
result we classify (even locally) those PMC-surfaces of M?(e) x M?(¢) which
are Lagrangian with respect to some of the complex structures.

Theorem 2. Let ® : ¥ — M?(e) x M?2(¢) be a PMC-immersion of a surface
Y. If ® is Lagrangian with respect to some of the Kdahler structures Jy or Jo,
then ®(X) is an open subset of some of the examples described in Example 1.
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Remark 3. This result is a generalization of Theorem 1 in [4], where the
authors proved the result when € = 1, i.e. when the ambient space is S? x S?
and the surface is compact.

Proof. Taking the two-fold oriented covering of ¥ if necessary, we can assume
that X is orientable. Without lost of generality we suppose that ® is a
Lagrangian immersion with respect to Ji, i.e. C7 = 0. Now, it is clear that
J1H is a parallel tangent vector field to X and hence ¥ is flat, i.e. K = 0.
Now we are going to prove that the another Kahler function C vanishes
too and to do that we consider the holomorphic differential ©-.
First, if ©2 = 0, then from (3.7) and as K = 0 one obtains that

1— 2
IVCy|? = (1 — C2 + 4¢|H|?) <w +|H]? + 6022> .

As K =0, (3.8) becomes in
ACy = —Cy(4|H|* 4+ ¢(1 + C3)).
Hence the last two equations say that the function C5 is isoparametric, i.e.,
|[VCy|? = f(Cs) and ACy = g(Cs) for suitable real functions f,g. Now we
follow a standard reasoning. We work on the open set U where VCy # 0.
We are going to prove that U = () and so Cy must be constant. As K = 0,
the Bochner formula says that
2
1
SAIVG = (VO V(AGy)) + ) | [VeVC[?,
i=1
where {ej1,e2} is an orthonormal frame on U, and where we can take e; =
VC5/|VCs|. Using the last two equations, i.e. that Cy is isoparametric, it
is not difficult to check that the Bochner formula becomes in

0= (4[H> + €(1 — C3)) (3e(e + 4|H[*)* — 18(e + 4| H|*)C5 — €C3)

So Cs on U satisfies the above non trivial polynomial and therefore Co must
be constant on each connected component of U, which is impossible because
VC5 # 0 on U. We have proved that U (). Therefore Cy is constant. But

(Cs), = 0 implies that (1 —C2)fy = \[72 From here and (3.6) one obtains

that C7 = eK = 0. So in this case our immersion ® is also Lagrangian with
respect to Jo.

Secondly if ©2 # 0, then it has isolated zeroes. In this case from the
integrability equations, the 1—differential

T() =70 () = o

which is well defined because it is invariant by a change of conformal pa-
rameter, is also holomorphic and without zeroes. Therefore ©3/Y? is a
holomorphic function. Let p a point with ©2(p) # 0. Then in a connected
neighborhood U of p we can normalize this holomorphic function as

02/T? =), AER*

(J10., H +iH)dz,
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Hence |02]? = A2|Y|*. Now, from (3.7), the integrability equations and the
facts that C7 = 0 and K = 0 we get

e(1—C3)

Vel = (1 - G+ adiP) (1

+ |H|? +ec722) — X2,

As K =0, (3.8) becomes in
ACy = —Cy(4|H|? + €(1 + C3)).

In this second case the last two equations say that the function Cy is also
isoparametric on U.

Then, following a similar reasoning as in the first case, we obtain that
Cs =0 on U. As this can be done at any point of 3 except at the isolated
zeroes of ©9, we conclude, in this second case, that our immersion ® is also
Lagrangian with respect to Js.

As a consequence, Jac(¢) = Jac(¢p) = 0 and the immersion @ is the
product of two curves. As the mean curvature is parallel we obtain the
result. (]

As we showed in the proof of Lemma 1, PMC-surfaces of M?(¢) x M?(e)
coming from CMC-surfaces of M?(¢) x R have O = Cs and in particular
their extrinsic normal curvatures K+ = ¢(C? — C%)/2 vanish. Next theorem
classifies the PMC-surfaces of M?(e) x M?(¢) such that K = 0. Beside the
above family, an interesting family of examples appears in the classification
which we describe in the next result.

Proposition 5. Let a,b,c be real numbers withb >0 and h: I CR—R a
non-constant solution of the O.D.E.

(4.3) (h)*(2) = (a = *(2)) ((a = h*(x)) = eb(1 + (h(z) - )*)),

satisfying e(a — h(x)) > 0, Vx € I.
Let (x,y) = () be the curve in M?(€) such that |¢'(z)|? = b(1+(h(z)—

¢)?) and with curvature Ky (z) = —1’6(‘2;(7}5)?;)). We define ¢ : I xR — M?(e)
by
1. Ifa >0,

o) = 7= (v/ela = P(@))cos(ay), /el — R2(a) sinf ). ()
2. If a <0 (which implies e = —1),

o(z,y) = \/1—7a <h(x), Vh%(z) — asinh(v/—ay), /h2(z) — acosh(Jjay)),

3. If a =0 (which implies e = —1),

o) = s (02 = D)+ 12003 w), (0 + D) +1).
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Then ® = (¢,v) : I x R — M?(e) x M?(€) is a PMC-immersion.
All the examples described above satisfy 4|H|*> = b, C1 = Co with C? =

%, they are conformal immersions with the induced metric given by

e(a — h(z)?)(dx?® + dy*) and the Hopf differentials given by

0, = %f(a +1—c®+2(=1)ic)(dz)?, j=1,2.

Remark 4.

1. Following Proposition 5, the constant solutions of equation (4.3) satis-
fying e(a — h?) > 0 produce the PMC-surfaces of M?(e) x M?(e) with
C1 = Cy =0, and so, from Theorem 1, they are the examples described
in Example 1.

2. All the previous examples are invariant under the 1-parametric group of
isometries {I(0) x Id, # € R} of M?(e) x M?(¢), where I1(6) : M?(e) —
M?(¢) is the isometry given by:

a>0 a<0 a=20
cosf —sinf 0 1 0 0 1-2 46 2
sinf cos@ O 0 coshf@ sinh6 —0 1 0
0 0 1 0 sinhf cosh6 _§ 0 1+%

Proof. First it is easy to check that, in the three cases,
[6a]” = €l(a = h?) —eb(1+ (h—c)*)], |dy[* = e(a —1?)
<¢m7 ¢y> = 07 <¢ma ¢ry> = 07 <¢ya ¢ry> = —ehh/

and hence |®,|> = |®,|? = ¢(a — h?) and (®,, ®,) = 0, which say that ® is
a conformal immersion. Now from a direct computation we have that

bh'(h — ¢
Gza + Pyy = _|(¢]2)¢:Jc - €(|¢2|2 + |¢y|2)¢
Also, the definition of the curve 1) means that
bh'(h — ¢ eb(a — h?
Yoz + @Z)yy = Yz = |57Z) |2 )¢az - (|¢ |2 )Jﬂ)x - 6‘1/’96’21[}

So therefore, as ® is a conformal immersion, H = (., + ®,,)T /2¢(a — h?),
where ()7 denotes the tangential component to M?(e) x M?(e). Using the
above formulae we get

1 bh!(h —¢) , bh'(h—c) eb(a — h?) )
H = - 7/)90 - J¢x
2¢(a — h?) < || |z |tha |
From this equation the length of H is |[H|? = b/4 and after a long straight-
forward computation we obtain
b(a — ch) — bh(h — ¢)
7®1‘7 H=_——3= )
2(a — h?) Vo = 5 —h) ®

which proves that H is parallel in the normal bundle.

¢x,

?azH = —
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Finally in order to compute the Hopf differentials we only need to know

that
~ 1 bh' bh' be(a — h?)(h — ¢) >
H = Ty T J x
2ea — 12) (|¢z|2¢ TR w0

O

Now, we are going to analyze the solutions of equation (4.3). As the
degree of the polynomial appearing in it is less than 5, the solutions are
elliptic functions which can be obtained knowing the roots of the polynomial.
It is clear that every solution h of equation (4.3) have not to satisfy the
condition €(a—h?) > 0, which is necessary to define a PMC-surface (without
singularities).

If we denote by p(t) = a—t2 and q(t) = —(1+€b)t* + 2ebct — eb(1+c?) +a,
the equation (4.3) becomes (h')? = p(h)q(h). The condition €(a — h?) > 0
means that ep(h) > 0 and so we obtain that eg(h) > 0 on certain interval of
R. This inequality of the two degree polynomial ¢(h) gives us the restrictions

(1+0b)(a—0b)>bc* ife=+1
(4.4) be> > (b—1)(a+b) ife=—land4/HP>=b>1
c#0ora< -1 ife=—land4H?=b=1

about the parameters a,b and c. On the other hand, it is possible to obtain
all the solutions of equation (4.3) in terms of Jacobi elliptic functions (see
[3]) and a deep analysis of them shows that the conditions appearing in
(4.4) are also sufficient in order to the solutions of equation (4.3) satisfied
e(a —h?) > 0. So

The solutions h of the equation (4.3) verify e(a — h?) > 0 if
and only if the parameters a,b and ¢ of the equation satisfy
the restrictions (4.4).

The integration of equation (4.3) is not complicated but it is very long,
because the roots of the polynomial appearing in the equation are of different
nature depending on the values of the parameters a,b and ¢ and hence
the solutions of the equation are also of different nature. To illustrate the
integration, we are going to integrate it in a particular case because the
solution will produce a nice 1-parameter family of PMC-surfaces of M?(e€) x
M?(e).

Example 2. We consider, in equation (4.3), e = —1, ¢ =0, b = 1 and from
(4.4) a < —1. In this case the equation becomes in

(h)*(2) = (a +1)(a — h*(x))
and the solution h with h(0) = 0 is given by

h(z) = v/—asinh(y/—(1 + a)z).
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Hence e(a — h?) = —acosh?(y/—(1 + a)z), and denoting A = /—(1 + a) we
get, from Proposition 5, that for all A > 0, ®y = (¢,v) : R? — H? x H?
given by

o(x,y) = (sinh(/\:n), cosh(Az) sinh(v/1 4+ A2y), cosh(A\x) cosh(/1 + )\Qy))

and ¢(z,y) = ¥(x) the curve in H? parametrized by |¢/|? = 1 + (1 +

A2)sinh?(Az) and with curvature ky = _—H)ﬁ/j‘%w is a PMC-conformal
embedding of the complete surface (R, (14 A\?) cosh?(\z)(dz? + dy?)) with
4IH]? =1, 01 =0y = %Q(dz)z. The Gauss curvature of this metric is given

by K(z) = — =2 When )\ = 0, that is a = —1, & is the product of a

cosh®(\x)

geodesic and a horocycle, i.e. Py in example 1.

Theorem 3. Let ® : ¥ — M?(e) x M?(¢) be a PMC-immersion of a surface
Y. Then the extrinsic normal curvature vanishes, K- =0, if and only if ®
is locally congruent to

1. a CMC-surface of M?(¢) x R,

2. one of the examples described in Example 1,

3. one of the examples described in Proposition 5.

Remark 5. Although K is well defined only for orientable surfaces, the
equation K+ = 0, which means C? = (3, has sense even for non-orientable
surfaces.

Proof. First, it is clear that the examples given in 1) and 2) satisfy K+ = 0.
Also, from Proposition 5, the examples given in 3) satisfy K = 0.
Suppose now that K+ = 0, i.e. C? = C2. Taking the two-fold oriented
covering of Y if necessary, we can assume that X is orientable.
From (3.8) we have that

(A+ F)(Cy - Cs) =0,

where F' = 4|H|? — 2K + e(1 + C%) = 4|H|? — 2K + ¢(1 + C2). Now using
classical results from elliptic theory (see [6]), we obtain that either C7 = Cy
or A= {p € X|C1(p) = Ca(p)} is a set of curves in X. Then as C? = C2 we
have that C1+C2 = 0 on X\ A and hence on . So we have two possibilities:
Chy = Cy or C4 = —(Cy. It is clear that the surfaces with C; = —C5 can
be obtained as the images of the surfaces with C; = C5 under the isometry
F: M?(€) x M?(e) — M?(e) x M?(e) given by F(p,q) = (¢, p)-

Hence, we can assume that C7 = Cs. Then using the integrability equa-
tions (3.4) we have that the 1-differential

Q(z) = (12(2) = n(2))(dz) =

1 ( . -
= (((Jy = J)®s, HY — i((Js + J1) s, H))(dz),
V2|H|
which is globally well defined because is invariant by a conformal change of
parameter, is holomorphic. So either €2 = 0 or §2 has isolated zeroes. In the
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first case we have that 1 = 72 and using that (C1), = (C2). and (3.1) we
obtain that f; = fo. Now, as in the proof of Theorem 1, it follows that ®
factorizes through a CMC-immersion of M?(e) x R, and we obtain the case
1).

Now we study the case in which the holomorphic differential €2 is nonzero.
Outside its zeroes we can normalize it as v — vy, = 2\/§|H| As C1 = Cy we
have that |y1]? = |12|? and so R (1) = —v/2|H|. Hence

N =—V2/H|+ig, 7 =—,
for certain function g : ¥ — R. Now, using the integrability equations (3.4)
we obtain that g = —%]H!C’l, which implies that g(z,y) = g(z) and it

satisfies ¢’ = —/2e?*|H|Cy, where / stands for 0/d,. So from this equation
and e?%(1 — C?) = 2(2|H|? + ¢*) we deduce that u and C; also satisfy
u(z,y) = u(zr) and C1(z,y) = Ci(x).

Now, as (7j). = (74)z, j = 1,2, using again the integrability equations we
have that u'v; — 2iC; f; = —%|H|Cj, j=1,2. As Cy = Cy and 75 = —71,
the above equations imply that C1(f; — f2) = 0. Hence we have that either
C1 = (5 = 0 and @ is the product of two curves of constant curvature and
we prove 2) or C71({0}) is a set of curves and so f; = fo on ¥ — C;*({0})
and then on X.

Now we study this third case: C; = Cy non-null and f; = fo. As C; is a
function of z and (A + F')(Cy) = 0, then the zeroes of C; are isolated. As
72 = ~3, fi = f2 and the Hopf differentials are holomorphic, we obtain that
01 = u(dz)? and O = ji(dz)? for certain complex number . This says that

€
2\/§|H‘f1 + 57% = K.

In this situation, it is not difficult to see that from the third equations in (3.5)
we have that:

(&Y
’LL/ — Cl( \S(IU’) + €g )7
(4.5) 2H> * V2|H|
(1 —C =4lH)? +2¢%, ¢ = —V2*|H|C,.
We are going to integrate the Frenet equations. First of all, from (3.2)
and (3.3) we obtain that J1®, — Jo®, = 2R (11€) and J1 P, + JoP, =

2iC1 P, + 2i3 (n€). So, taking into account the definitions of J;, we get
that (0, J¢,) = R (7€) and (J¢,,0) =iC1P, + i (11€). Hence

(4.6) Jy =0,ie. P(x,y) =v(x), and Jo, = Cigy.
On the other hand, as f; = f», from the Frenet equations we have that
(1 C?) .

D, :u/(pz+2§R(f1§)+€ P,

4
which implies, considering the imaginary part of this equation, that ®,, =
uw'®,. This equation is irrelevant for the component v, but for the other
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component ¢, the equation ¢, = u'¢, can be integrated to obtain that

(4.7) o(z,y) = "W F(y) + G(z),

for certain vectorial functions F' and G.
From (4.6) and as @ is a conformal map it follows that

Wﬂc’z = 0126%7 ‘¢y’2 =e™ and <¢xv¢y> =0.

Now taking into account that ¢, = u'¢, is easy to get that

u "
Sy + %+ ee?¢ = 0.
1

This equation joint with (4.7) say that the function F satisfies the following
O.D.E.
ul( $)2

//(y) + (Cl (a;)2 + ee2u(x))F<y) + é(.%') =0,

for certain vectorial function G. From here, and taking derivatives with
respect to y and x we get that 0 = (gl((?; + ee®“@YF'(y). But e* =
|®y|? = |¢y|? = e*|F'|?, which implies that |F'|*> = 1. So from the above
equations we finally obtain that
u’(:L‘)Q
C1(x)?
and so finally F' satisfies the following O.D.E.
F"(y) +aF(y) = Go = 0.

The solution of this equation is given by

(4.8) +ee?@ =g eR, Gz)=—-GoeR*[R}), V(z,y)ex,

Co
a )
G
F(y) = cosh(v/—ay)H; + sinh(v/—ay)Hs + 70, a <0,
Y A
F(y) = ?Go—l-yHl + Hs, a=0.

F(y) = cos(vay)Hy + sin(v/ay)Hs + a>0,

with
|H1|? = |Ho|> =1/a, (H,Hy) =0, a>0,
|H\|> = —|Hs> =1/a, (Hy,H) =0, a<0,
|Hi|> =1,|Go| =0, (Hy,Go)=0, a=0.

Let us observe that this implies that the case a < 0 is possible only when
¢ = —1. Using this information in (4.7) we obtain that

$(w,y) = ") cos(Vay)Hy + € sin(Vay)Hy + G(x), a>0,
d(x,y) = e“® cosh(v—ay)Hy + "™ sinh(v—ay)Hs + G(z), a <0,

2~ ~
élw,y) = LG+ ey + Gl), a=0,
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for a certain vectorial function G.
As (¢, ¢y) = 0, we deduce from the above equations that:

* (G(z),H;) =0, j = 1,2 when a # 0,
* (G(z), H) = 0 and (G(z),Go) = —e*®) when a = 0.

Let us observe that the case a = 0 is possible only when ¢ = —1 since
|Go|?> = 0 and (G(z),Go) # 0.

Now, up to an isometry in R? or R} we can choose Hy = (1/1/a,0,0), Hy =
(0,1/4/a,0) and G = h(z)(0,0,1/y/a) when a > 0, H; = (0,0,1/v/—a),
Hy = (0,1/v/=a,0) and G = h(x)(1/\/—a,0 ,0) when a < 0, and H,
(0,1,0), Go = (1,0,1) and G = (12,?(2()96) 0, 12}};( ()x) + e*®)) when a = 0, for
certain function h. Therefore, the above equations become in

1

Brsy) = = () cos(Vay), " sin(vay), h(w)) a>0
1 u\xr : u\xr

o(x,y) = ﬁ(h(x),e @) sinh(v/—ay), e )cosh(\/jay)), a<0
eu(@) — h2(x cu(@) — h2(x

¢($7y) — ( 5 y2 + 1 2h}zx() )7eu(z)y7 5 y2 + 12hh(x()) 4 eu(m)> , a=0,

where h(z)? + ee®®) = q.
To study the curve ¥(x), from (4.6) and as |¢,|* = €?* we have that

[Yal? = €2 —|u|* = ¥~ |Tgu|* = ¥~ CFoy[* = e*(1-CF) = 4| H [ +2¢.

Moreover, taking into account the Frenet equation for ®,z, (3.2) and (3.3)
we have:

(Yaa, Jtha) = (4025, (0, Jtb)) = 26> (H, (0, Jib,)) =

2u
= VERHNE + €0, 1n) = S 4 ) ) =
1 4H2
— S (AP = - a il =~

and so ky(x) = —4|H[2e®/ |1, 3.
To check that these examples are the given in Proposition 5, we only need

to get the O.D.E. that h satisfied. From (4.8) and as h? + ee?* = a, we have
that h = :l:“‘1 and so (4.5) implies that h = £+ <2|I§T|2) + \/ﬁHl)' From (4.5)
again we get that A’ = Fe?“C; and then using one more time (4.5) we get

(h/)Q — 02€4u — €2u(€2u _ 4|H|2 _ 292)

=(a—h*(a—h?—edlHP(1+ (hFe ;%)2)2)
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Now, if we define b = 4|H|? and ¢ = ie%, we obtain that h satisfies the

equation of Proposition 5 and the curve i (x) satisfies

b(a — h?
W12 = [Wul? = b1+ (h—¢)®) and ky = _e(lczb'li’*)'
So, in this third case our surface is one of the examples described in Propo-
sition 5 and we have finished the proof. O

Theorem 4. Let ® : ¥ — M?(e) x M?(¢) be a PMC-immersion of an

ortentable surface . The Hopf differentials vanish, i.e. ©1 = Oy = 0, if

and only if one of the three following possibilities happens:

1. ®(X) lies in M?(e) xR as a CMC-surface with vanishing Abresch-Rosenberg
differential,

2. e=—1, 4/H|* = 1 and locally ® is the product of two hypercycles o and
B of H? with curvatures k2 + k% =1,

3. e = —1, 4H|?> < 1 and locally ® is ®g = (do,%0) : (—7/2,7/2) x R —
H? x H?, where

1 . . Y Y
T,Y) = sin x, sinh ,cosh ,
Po(@,9) cos T ( 1 —4|H|? 1 —4|H|2>
2|H|

V1-4|H|? cosz

and vy is the curve in H2 given by |[¢f(x)| = and with

__coszx
2[H| "

curvature ko(zx) =

Remark 6. ®q is a conformal embedding and the induced metric
W (dz?+dy?) is complete and with constant curvature 4| H|? — 1.
Moreover C7 = C3 =1 —4|H|%.

In [1, 10] Abresch, Rosenberg and Leite describe, for |H|? < 1/4, a CMC-
isometric embedding ®4r;, of a simply connected complete surface with
constant curvature 4| H|?>—1 in H? xR and with vanishing Abresch-Rosenberg
differential. So ®; and ® gy, considered as a PMC-surface in H? x H?,
are two non-congruent PMC-isometric embeddings of a simply connected
complete surface with constant curvature 4|H|? — 1 into H? x H?2.

4

Proof. Suppose that ©; = ©2 = 0. Then we have that 16|H|?|f;|? = ”;‘ ,
7 = 1,2, which means that

(1-0C3)?
16|H|?

From this equation we easily get that
(C} —C3) (16e|H? + (1 - C?) + (1 - C3)) = 0.

If € = 1, from the above equation we obtain that C? = C3. If e = —1, on
the open set O = {p € ©| CZ(p) # C3(p)}, we have that

(4.10) C? +C3=2(1-8HP.

(4.9) |H> +¢CF — K = ji=1,2.
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But on O, C1VC; = —(C9V (s, and then using (3.7) and (4.9) we obtain
that

Ci(1—CH(1 — CF —4|H*)? = C3(1 - C3)(1 - CF — 4|H[?).

Using (4.10) we obtain that C;, j = 1,2, are roots of a non-trivial polynomial
of degree 8, which implies that C}, j = 1,2, are constant on each connected
component of O. But using again (3.7) we get that either C'j2 =1lor l—C’J2 =
4|H|? on each connected component of O. This contradicts (4.10) on O, and
so O = ) and hence in this case (e = —1) C} = C3 too.

Therefore K+ = 0 and from Theorem 3 we have three possibilities. In
the first case, ®(X) lies as a CMC-surface in M?(e) x R and, from Lemma 1,
it has vanishing Abresch-Rosenberg differential.

In the second case, C; =0, j = 1,2, and ® is locally one of the examples
of Example 1. As ©1 = O3 = 0, Lemma 1.2 says that e = —1 and 4|H|? = 1.
This fact only happens for the product of two suitable hypercycles or for the
product of a horocycle and a geodesic, but the latter is a particular case of
1). So we have proved 2).

Finally, in the third case we have a PMC-surface described in Proposi-
tion 5 with ©; = 0, j = 1,2. But then a = —1 and ¢ = 0, which implies
that e = —1. In this case, equation (4.3) becomes in

() = (1 —4H*) (1 + h*)?,
which implies that 4|H|? < 1.

If 4 H|?> = 1, then h is constant and ® is congruent to either the product
of a geodesic and a horocycle, when h = 0, or the product of two suitable
hypercycles, when h £ 0. The first case, up to a congruence, is included in
case 1) and the second one is included in case 2).

If 4/H|?> < 1, the solution of the above equation is given by h(x) =
tan(y/1 — 4[H|?z) with =% < /1 — 4|H|2z < §. Now, reparametrizing the
immersion by (x,y) — /1 — 4|H|?(z, y), the PMC-immersion associated to
h in Proposition 5 is ®y. Hence we get 3).

The converse is clear. (]

Corollary 1. Let ® : ¥ — M?(e) x M?(€) be a PMC-immersion of a sphere
Y. Then, up to congruences, ® is a CMC-sphere in M?(e) x R.

The examples described in Theorem 4.3) and the examples obtained by
Leite in [10] can be characterized in the following way.

Corollary 2. Let ® : ¥ — M?(e) x M?(e) be a PMC-immersion of an

orientable surface . Then the extrinsic and normal extrinsic curvatures

K and K+ are constant if and only if one of the two following possibilities

happens

1. K = K+ =0 and ® is locally congruent to some of the examples described
in Fxample 1,

2. K =4H)? -1, K+ =0, and ® is locally congruent either the example
given in Theorem 4.3) or the example described by Leite in [10].
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Proof. First K and K are constant if and only if Cj, 7 = 1,2 are constant.
Also, the examples of Example 1 satisfy C; = 0, j = 1,2 and the examples
of Theorem 4.3) and the given by Leite satisfy C'j2 =1—4|H]? and € = —1.

On the other hand, if C}, j = 1,2 are constant, from the integrability

equations (3.4) we have that (1 — C’]?)fj = %7]2-, j = 1,2, and hence,
computing their lengths and using (3.6), C? = C3 = eK. So either C; = 0,
j = 1,2 and we obtain 1) or C1; = C5 is a non-null constant. In the latter,
from (3.8) we obtain that e = —1 and Cj2 =1-4|H|? j = 1,2. Using all
this information we can check that ©; = 0, j = 1,2. The result is now a
consequence of Theorem 4 and [10]. O

5. EXaAMPLES OF CMC-SURFACES IN M?2(e) x R

Following Theorem 1, the examples of PMC-surfaces of M?(e) x M?(e)
described in Proposition 5 have associated pairs of CMC-surfaces of M2 (¢) x
R. As these PMC-surfaces do not factorize through CMC-surfaces of M2 (¢) x
R, the pairs of CMC-surfaces are not congruent.

Let ® : I xR — M?(e) x M?(e) be a CMC-surface associated to a solution
h of (4.3) in Proposition 5. Following the proof of Theorem 3, the Frenet
data associated to this immersion are given by

u(z) = log V/e(a — h*(z)), Ci(2) = C1(2) = Ca(2), fa(2) = fo(2) = fi(2),
12(2) = —71(2),  7(2) = V2[H|(1 +i(h(z) - c)).
Hence the Frenet data associated to the pair (®1,®2) of CMC-surfaces of
M?(e) x R (see proof of Theorem 1) are given by
u(z), vi(z) = 11(2) = 12(2), pa(2) = p2(2) = P1(2),

x x
m(z) = ~2H|(w+ [ (o) - )de), m(z) = ~2H(-y + [ (0 - )i
o o
As the map G : [ x R — I x R given by G(z) = Z is an isometry of the
induced metric g = e(a — h?(z))(dx? + dy?), it is easy to check that ®; o G
is a CMC-surface with the same Frenet data than ®5, and so ®; o G and
®, are congruent immersions, i.e. ®; and $, are weakly congruent. So
really there is only a CMC-immersion associated to each PMC-immersion
of Proposition 5. In this case we can also integrate the Frenet equations of
these immersions, obtaining the following family of examples.

Proposition 6. Let a,b,c be real numbers withb >0 and h: I CR—R a
non-constant solution of the O.D.E. (4.3) satisfying e(a—h?(z)) > b, Vo € I.

Let n(z,y) = \/l;(y—i—ffo (h(t) — c)dt) and 1 : I x R — M?(e) given by
(1) IfE=a—¢eb>0

1 .
¥(wy) = = (VB =) cos(VES), /e(B = () sin(VES), hiz))



26 FRANCISCO TORRALBO AND FRANCISCO URBANO
(2) If E < 0 (which implies e = —1)

0(0.9) =~ (hle), /A — Bsinb(V=Ef). VRGP ~ Beosh(v=E))

(3) If E =0 (which implies ¢ = —1)

Then U = (¢,n) : I x R — M?(¢) x R is a CMC-immersion, where in the
three cases

T b(c—h(t))
f(z,y) =y+/ a4
w0 €(E —h2(1))

All the examples described above satisfy 4|H|?> = b, they are conformal
immersions with the induced metric given by e(a — h?(z))(dz? + dy?) and
their Abresch-Rosenberg differentials given by

b
Our = % (a+ 1—¢%— 21’0) (dz)2

Remark 7.

(1) Because e(a — h%(z)) > b > 0 the parameters a, b and ¢ have to
satisfy (4.4). Reciprocally if a, b and c satisfy (4.4) then there exists
a non-constant solution h : I — R with e(a — h%(z)) > 0. Now
from (4.3) e(a — h%(z)) — b > 0 so, as h is non constant, there exists
I' C I such that e(a — h?(x)) — b > 0. Therefore e(a — h%(z)) > b
(for a suitable interval I') if and only if a, b and ¢ satisfy (4.4).

(2) All these examples are invariant under the 1-parametric group of
isometries {I(6) x 79, & € R} of M?(e) x R, where 7y : R — R is
79(t) = t+0Vb (for a # 0), 19(t) = t—|—9§ and I(0) : M?(e) — M?(e)

is the isometry given in remark 4.2.
Proof. First it is easy to check that, in the three cases,
[$al* = e(a — h*(2)) = b(h(z) — €)%, [y]* = e(a — h*(z)) — b,
(Y, y) = =b(h(z) =€), (YuYay) =0,  (Py,Yhay) = —eh(@)h'(z).
So taking into account the definition of 7 and that ¥ = (¢, n) we get
|Val? = [Oy[* = e(a — h*(x)), (¥s,Ty) =0,

that is, ¥ is a conformal immersion with conformal factor e(a—h?(z)). Then
its mean curvature vector field is given by H = (U, + ¥,,)T /2¢(a — h%(x)),
where ()7 denotes the tangential component to M?(¢) x R. So, by a direct
computation we get

1) = 5 gy (e = ha)e — ), (—h()))

N ( Vb B ()
2
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From this we have that ¥ is a CMC-immersion with |H|?> = b/4 and it is
straightforward to check that the associated Abresch-Rosenberg differential
is:

204Rr(2) = Z—b(a +1—c* - 2ic)(dz)?

O

From Theorem 1 and Theorem 3 we can obtain the following rigidity
result for CMC-surfaces of M?2(¢) x R.

Corollary 3. Let ®1,®5 : (X, g) — M?(e) x R be two non-congruent CMC-
isometric immersions of a simply-connected surface ¥ with the same mean
curvatures Hy = Hoy and the same extrinsic sectional curvatures K1 = Ko.
Then ®1 and ®o are weakly congruent, i.e. there exists an isometry G
of (3,g) such that ®1 o G and ®y are congruent, and ®1 is either one of
the examples of Proposition 6 or ®1 is a cylinder over a curve of constant
curvature of M?(e).

Proof. From Theorem 1, let ® : (X,g9) — M?(e) x M?(e) be the PMC-
isometric immersion associated to the pair (®1,®2). Then its extrinsic nor-
mal curvature is given by K+ = eCf_C% = Kngz = 0. So, as ®; and -
are not congruent, Theorem 3 says that ® is either one of the examples of
Proposition 5 or the product of two curves of constant curvature. At the
beginning of this section it was proved that, in the first case, ®; and ®4 are
weakly congruent and ®; is one of the examples of Proposition 6. In the
second case, Remark 2 finishes the proof. O

Among the examples described in Proposition 6 there are some of them
of particular interest that we are going to describe.

Example 3. We consider the 1-parameter family of CMC-immersions in
Proposition 6 associated to the PMC-immersions given in example 2 (e =
—1, ¢ =0, b = 1). Following the notation, for each A > 0, ¥y = (¢, m)) :
R? — H? x R, where:

14+ M2 h inh
Ua(w,y) = \/T (Sinhx,coshxsinhy + M,Coshmcoshy + smy)

V14 A2 V14N
1
m(@,y) = (Y + V1+ A cosha),
is a CMC-conformal isometric embedding of the complete surface

(R?, 1‘/{—5‘2 cosh? z(dz?+dy?)) in H*XR with H = 1/2. Its Abresch-Rosenberg
differential is given by (dz)?/8.

Example 4. We consider the CMC-immersion in proposition 6 associated
to the example ®y of Theorem 4. Following the notation, for each real
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number 0 < H < 1/2, Ug = (Yo, m0) ;] — 7/2,7/2[xR — H? x R given by

cosh y

inh
Sy — 2H?¢7Y cos a:>
x

nz, —— +2H?e Y cos z,
cos T

1
Yo(z,y) = NI e (ta

(2.7) 2H

r,Y) = ——
No\T, Yy 1= 102
is a CMC-conformal isometric embedding with mean curvature H of the hy-
perbolic plane (] — /2, 7/2[xR,1/(1 — 4H?) cos® ) with curvature 4H? — 1
in H? x R. Its Abresch-Rosenberg differential vanishes and it is a conformal
reparametrization of the Leite example [10].

(y —logcosz),

Example 5. Now we are going to obtain examples of CMC-tori in S? x S!.
To do that, first we need to get periodic solutions of the O.D.E. (4.3). We
consider € = 1, ¢ = 0 and from (4.4) a > b, and them equation (4.3) becomes
in

(h)*(z) = (a = h*(2)) (a — b~ (1 + b)h*(x)) = q(h).

As the roots of the polynomial q are ++/a,++/(a —b)/(1+b), formula
219.00 in [3] says that the solution A : R — R of the above equation with

h(0) = 0 is given by

—-b
h(z) = 61l+ b sn(y/a(l +b)x)
where sn is the sine amplitude Jacobi function with modulus 2 = (a —

b)/a(l + b). These solutions are periodic with period 4K (k)/y/a(l+b)
where K (k) is the complete elliptic integral of the first kind.
In this case

e(a—h*(x)) = a(1-r*sn*(y/a(1 + b)z)) = adn®(\/a(l + b)z) >0, VzcR,

where dn is the delta amplitude Jacobi function. Furthermore, e(a—h?(z)) >
b because the minimum for the function dn is v/1 — k2 and it is easy to see
that a(1 — %) > b if and only if a > b.

Now the function f appearing in Proposition 6 is given by

1 en(/a(l + b)x)
T,Y) =y -+ arctan ,
fy) =y Vva—b (ﬁdn( a(l+b)x)
where cn is the cosine amplitude Jacobi function. Then, up to the reparametriza-
. 1 . . . . .
tion (x,y) — \/m(x, y), the associated CMC-immersion @ p = (Pa.p, ap)
R? — S? x R is given by:

ban(@, ) = <\/6dnxcos(/<cy)—cna:sin(/@y) Vadnzsin(ky) + cnzcos(ky) snx )
S Vita Vita "VIto

Vb Vb
ap(,y) = ——— log(dnz — o ——_—y.
Na,b(Z,Y) NiE og(dnz — kenx) a(1+b)y
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. Ja=b
We consider the local isometry ¢ € R — \/%ez e Sl(i) and the

va—>b
CMC-immersion

Vb

a —

A

Dop = (PapsNap) : R — S x S(

),

i

. i Ya=b 100 (dn o— .
where na,b(fﬁ,y) = %gm og(dnz Kcnx)ezmy.

It is clear that @ is invariant under the group G, of transformations of
R? generated by

(@) = @ AK).0), (o) (w2,

IfTh, = ]RQ/GGJ) is the associated torus and P : R? — a,p the projection,
then the induced immersion

NG
Va—b
oy

defines a CMC-conformal immersion of the torus T, ; into S? x Sl(ﬁ .

Doyt Top — S x SY( ), Pla,y) — bap(z,y),

We are going to see that @, is an embedding. In fact, if ®,4(P(z,y)) =
®,4(P(,9)), with 2,2 € [0,4K(k)[, y,9 € [0,27/k[, then we have that
snz = sn& and then either x = Z or z, & € [0,2K (k)] and 2 + & = 2K (k) or
z,2 € 2K(k),4K (k)] and x + & = 6K (k). In the first case, looking at the
immersion we obtain that y = ¢. In the other two cases, cnZ = —cnx and
dnZ = dnzx. So, looking again at the immersion we easily get that

2 2 ab

(ki ) adn“z —cn“x (K ) | dnz — kenz )\ vVite
cos(kij—ky) = ——————— cos(kij—kry) = coslo - =
vy adn®z +cn2z’ vy & dnxz+kcnzx

From these equations we obtain that x = K (k) or x = 3K (), which implies
that £ = . Again, y = ¢, and so our immersion is an embedding.
We can summarize the above reasoning in the following result.

Proposition 7. For each pair of real numbers 0 < b < a, the immersion

‘i)a,b 1 Top — S % Sl(\/%) described above is a CMC-conformal embedding

of the rectangular torus T, with mean curvature H = \/13/2 Its Abresch-
Rosenberg differential is © ag = (b(1 + a)/8a(1 + b))(dz)?.

Remark 8. 1t is clear that 7 : T, — 15 defined by
T

r(P(x.y) = P (~a.y+ 7)
is an isometry of T, j with 72 = Id. Because ‘i@b (7'P(357 y)) = *‘i)a,b (P(az, y))
for all (z,y) € R2, ‘i’a,b induces a CMC-embedding of the Klein bottle
Bup = Tup/ () in RP? x RP!(v/b/v/a —b), where RP? denotes the real pro-
jective plane with constant curvature 1 and RP!(v/b/v/a — b) denotes the
real projective line with constant curvature va — b/v/.
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6. CoOMPACT PMC-SURFACES

In this section we are going to prove some properties of compact PMC-
surfaces of M?%(e) x M?(¢). Let ® : ¥ — M?(e) x M?(¢) be an PMC-
immersion of an orientable surface ¥. We define two vector fields Xj, j =
1,2, tangent to X as the tangential components of lef[,

Jlﬁ:Xl—l-ClH, JQH:XQ—CQH.
In particular we have that |X;|? = |H|*(1 — CJZ), j = 1,2. Differentiating
these equations and taking tangential components we obtain that
VUXl :Cl AHU—ClJEAFI’U, vaz = —CQ AHU—CQJEAHU

for any tangent vector v, where J* is the complex structure of the Riemann
surface X. From here we obtain that the divergence of X; and the differential
of the 1-forms o™i (v) = (X;,v) are given by

(6.1) div X; = (1) "2¢C;|H?, da®i=0,j=1,2.

Now, using the above properties and that | X;[* = |[H[*(1— Cjz), the Bochner
formula becomes in

1 : .
S0 - CH=K(1-C3)+ (-12(vC;, X;) + j=1,2.

Using now the expression of the covariant derivative of X; we finally get
that

1 )
(6.2) 5A(1—c§) = K(1-C3)+(=1y112(VCj, X;)+2C3 (eC3+2| H[*— K),

On the other hand, as A(1 — CJQ) = —2C;AC; — 2|VCj|?, j = 1,2, from
equation (6.2) and (3.8), we obtain that

63) VG = (- CN(eC) — K) + (-12(V0;, X)), j=1.2.
All these formulae have some consequences when the surface is compact.

Proposition 8. Let ® = (¢,1) : ¥ — M?(e) x M?(¢) be an immersion of

a compact orientable surface with parallel mean curvature vector. Then

1. [, CjdA=0, j=1,2.

2. If e =1, then the degrees of ¢ and v are zero.

3. If K >0, then either ®(X) is a CMC-sphere of M?(e) x R with 4| H|? > 1
when € = 1 and |H|?> > 1 when e = —1, or ®(X) is a torus of Example 1.

4. There exists a point p with K(p) > 0 when ¢ =1 and K(p) > —1 when
e=—1.

5. If some of the holomorphic differentials ©; vanishes, then also vanishes
the other and so ®(X) is a CMC-sphere of M?(€) x R.

Proof. Integrating the first equation of (6.1) we prove (1). If e = 1, then
¢, : ¥ — S? are maps such that (see section 3)

C, + C C, - C
¢*w = %wxa ¢*w = %Wﬁh
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which proves (2) making use of (1).

If K > 0, then either ¥ is a sphere and Corollary 1 proves that it is a
CMC-sphere of M?(e) xR, or X is a flat torus. In the first case (4.9) becomes
in .

2 2 212
K=H"+ev 16H2(1 Za
But from (4.2) and using that n has a maximum and a minimum we get
that v always takes the values 1 and —1. If ¢ = 1 and p a point with
v(p) = 0 then, taking into account the above equation, K(p) > 0 implies
that 4H? > 1. If ¢ = —1 and p a point with ?(p) = 1 then, taking into
account the above equation, K(p) > 0 implies that H? > 1. Conversely, if
4H? > 1 when e = 1 and H? > 1 when € = —1, the previous equation says
that K > 0.
In the second case, from (6.1) we have that

(6.4) 0= / div (C; X;) dA = / (VCj, X;)dA + (—1)j+12\H\2/ C3 dA,
b b b
that, joint with the integration of equation (6.2), gives us
0= /(K(l —3C7) + 2¢C;) dA.
b

As ¥ is flat, we obtain that C; = 0, j = 1,2, and so ®(X) is a torus of
Example 1.

Now we prove (4). From (6.3), if p is a critical point of C; then either
C]z(p) =1lor K(p) = eCJZ(p). Ife=1and K <0ore=—-1and K <
—1 the second possibility cannot happen and hence all the critical points
satisfy C?(p) = 1. Taking into account Proposition 4, the function C;
is a Morse function with only maximum and minimum as critical points.
Therefore the surface must be a sphere, but the Gauss-Bonnet theorem
gives a contradiction. This proves (4).

Finally if some of the holomorphic differentials vanishes, i.e. ©; = 0, then
from (3.7), (6.3) and (6.4) we obtain that

16|H|2/ KdA:/(4|H|2+e(1—012))2dA.
> >

In particular fz K dA > 0 and again either X is a sphere and so ©2 = 0
or X is a torus in Example 1 with ©; = 0, which is impossible looking at
Lemma 1. ([l
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