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ABSTRACT. We classify the stable constant mean curvature spheres in
the homogeneous Riemannian 3-manifolds: the Berger spheres, the spe-
cial linear group and the Heisenberg group. We show that all of them
are stable in the last two cases while in some Berger spheres there are
unstable ones. Also, we classify the stable compact orientable constant
mean curvature surfaces in a certain subfamily of the Berger spheres.
This allows to solve the isoperimetric problem in some Berger spheres.

1. INTRODUCTION

Let ® : ¥ — M be an immersion of a compact orientable surface in
a three dimensional oriented Riemannian manifold M. The immersion ®
has constant mean curvature if and only if it is a critical point of the area
functional for variations that leave constant the volume enclosed by the
surface. So, it is natural to consider the second variation operator for such
an immersion ®. This operator, known as the Jacobi operator of ® is the
Schrodinger operator L : C*°(X) — C*°(X) defined by:

L = A+ |of* + Ric(N),

where A is the Laplacian operator of the induced metric on X, o is the
second fundamental form of ®, N is a unit normal field to the immersion
and Ric is the Ricci curvature of M. Let @ : C*°(X) — R be the quadratic
form associated to L, defined by

Q(f) = —/ZfodA:/E{ny?— (lo|? + Ric(N)) f2} dA.

In this context we say that ® is stable if the second variation of the area
is non-negative for all volume preserving variations, i.e. variations whose
variational vector field fN satisfies [y, f dA = 0. So the stability of ® means
that

(1.1) QUf) =0, VfeC®(E) with /EfdA—O.
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The first stability results of constant mean curvature surfaces are due to
Barbosa, Do Carmo and Eschenburg [BC, BCE] where they proved that
the only stable compact orientable constant mean curvature surfaces of the
Fuclidean 3-space, the 3-dimensional sphere and the 3-dimensional hyper-
bolic space are the geodesic spheres (in fact they proved the result not only
for surfaces but for hypersurfaces in any dimension). Later, Ritoré and
Ros [RR] studied stable constant mean curvature surfaces of 3-dimensional
real space forms, proving that stable constant mean curvature tori in three
space forms are flat and classifying completely the orientable compact sta-
ble constant mean curvature surfaces of the three dimensional real projective
space. Also, Ros [R3] studied stability of constant mean curvature surfaces
in R3/T, T' C R? being a discrete subgroup of translation with rank k, prov-
ing that the genus of a compact stable constant mean curvature surface in
R3/T is less than or equal to k. Finally, Ros [R2] improved many previous
results in which the genus of an orientable compact stable constant mean
curvature surface was bounded below. He proved that the genus g of an
orientable compact stable constant mean curvature surface of an orientable
three dimensional manifold with non-negative Ricci curvature is g < 3.

In the last years the constant mean curvature surfaces of the homogeneous
Riemannian 3-manifolds have been deeply studied. The starting point was
the work of Abresch and Rosenberg [AR], where they found out a holo-
morphic quadratic differential in any constant mean curvature surface of
a homogeneous Riemannian 3-manifold with isometry group of dimension
four. The Berger spheres, the Heisenberg group, the special linear group
and the Riemannian products S? x R and H? x R, where S? and H? are the
2-dimensional sphere and hyperbolic plane with their standard metrics, are
the most relevant examples of such homogeneous 3-manifolds. Souam [S]
studied stability of compact constant mean curvature surfaces of S? x R and
H? x R. In the case of S? x R he classified the compact stable constant mean
curvature surfaces, proving that they are certain constant mean curvature
spheres.

In this paper we study stability of compact orientable constant mean cur-
vature surfaces in the following homogeneous 3-spaces with isometry group
of dimension four: the Berger spheres S (k, 7) (which are 3-spheres endowed
with a 2-parameter family of metrics which deform the standard one, reached
at k = 472), the special linear group Sla(k,7) (endowed with a 2-parameter
family of homogeneous metrics) and the Heisenberg group Nils.

Section 2 describes and shows the most important properties of these 3-
manifolds. Our first result is the classification of the stable constant mean
curvature spheres (Theorem 1), showing that in Sly(R) and Nils all the
constant mean curvature spheres are stable whereas in almost all the Berger
spheres they are stable, but there are some Berger spheres in which some
constant mean curvature spheres are unstable (see figure 2). The main idea
in the proof is to realize that the quadratic forms associated to the Jacobi
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operators of all the constant mean curvature spheres of the Berger spheres,
the Heisenberg group and the special linear group are the same.

Perhaps one of the most surprising facts in the paper appears in Propo-
sitions 5, where we construct examples of stable constant mean curvature
tori in certain Berger spheres (in the round sphere only ¢MC spheres can be
stable [BCE], see figure 3).

Section 6 deals with the classification of compact stable constant mean
curvature in the Berger spheres, the special linear group and the Heisenberg
group (Theorems 3 and 4).

Theorem 3 shows that in the Berger spheres S3(k, 7) for a; < 472 /K < 4/3
(being a1 < 1/3 a suitable constant) the only stable compact orientable
constant mean curvature surfaces are either the stable spheres (in this case
not all of them are stable) or embedded constant mean curvature tori. In the
special linear group and the Heisenberg group cases we have to ensure that
the mean curvature of the surface is big enough to get the same result. One
of the most important ingredients in the proof of this theorem is to consider
the Berger spheres, the special linear group and the Heisenberg group as
hypersurfaces of the complex projective plane or the complex hyperbolic
plane (see Section 2) and to use a lower bound for the Willmore functional
of surfaces in these four manifolds obtained by Montiel and Urbano [MU].

Theorem 4 classifies completely the compact orientable stable constant
mean curvature surfaces in some Berger spheres (those with the parameters
k and T satisfying 1/3 < 47%/k < 1), proving that they are spheres or
47%/Kk = 1/3 and the surface is the Clifford torus in this particular example
of Berger sphere. Since the Berger spheres appearing in this theorem are
hypersurfaces of the complex projective plane, we can consider, via the first
standard embedding of the complex projective plane in R?, the surfaces of
these Berger spheres as surfaces of R®. Hence, we can use the functions X :
¥ — R®, X being a harmonic vector field on the surface, as test functions to
study stability. The idea to consider harmonic vector fields to study stability
had been used by Palmer [P] and Ros [R2, R3]. The technique developed in
the proof of this theorem can be applied to classify compact orientable stable
constant mean curvature surfaces of certain 3-manifolds which admit good
isometric immersions in some euclidean spaces. So, we give a new proof of
the results of Barbosa, Do Carmo and Eschenburg [BC, BCE] and Souam [S]
mentioned before. Also, we classify the compact orientable stable constant
mean curvature surfaces in the homogeneous 3-manifold S? x S!(r), where
S(r) is the circle of radius r > 1, proving that they are only stable spheres
for 7 > 1 and stable spheres or the Clifford torus S! x S! when r = 1.

Finally, in the last section and, as an application of our results, we solve
the isoperimetric problem for the Berger spheres Sg’(ﬁ, 7),1/3 <47%/k < 1.

The authors would like to thank A. Ros for his valuable comments about
the paper.
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2. HOMOGENEOUS 3-MANIFOLDS WITH ISOMETRY GROUP OF DIMENSION
FOUR

Let P be a simply connected homogeneous Riemannian 3-manifold with
isometry group of dimension four. Then, there exists a Riemannian sub-
mersion II : P — M?(k), where M?(k) is a 2-dimensional simply connected
space form of constant curvature x, with totally geodesic fibers and there
exists a unit Killing field £ on P which is vertical with respect to II. As P is
oriented, we can define a cross product A, such that if {e;, e} are linearly
independent vectors at a point p, then {e, e2,e1 A ea} is the orientation at
p. If V denotes the Riemannian connection on P, the properties of ¢ imply
(cf. [D]) that for any vector field V'

(2.1) VvE=1(V A¢),

where the constant 7 is the bundle curvature. As the isometry group of P
has dimension 4, k—472 # 0. The case k—47% = 0 corresponds to S? with its
standard metric if 7 # 0 and to the Euclidean space R? if 7 = 0, which have
isometry groups of dimension six. Moreover, the case 7 = 0 corresponds
to the product spaces S*(x) x R and H?(k) x R, where S?(x) and H?(k)
stand for the 2-sphere of constant curvature x > 0 or the hyperbolic plane
of constant curvature x < 0.

In this paper we are going to deal with the Berger spheres, which cor-
respond to Kk > 0 and 7 # 0, with the special linear group endowed with
its family of homogeneous metrics, which corresponds to x < 0 and 7 # 0
and with the Heisenberg group, which corresponds to k = 0, 7 # 0. Al-
though the special linear group is not simply connected the projection
7 : Slp(R) — Sla(R) preserves the submersion II : Slo(R) — M?(x) and
so, there exist a fibration IT : Sly(R) — M?(k). The fibration in both cases,
i.e., in the Berger and in the special linear group cases, is by circles.

For the rest of the paper E(k,T) will denote either a simply
connected homogeneous Riemannian 3-manifold with isome-
try group of dimension 4, where k is the curvature of the
base, T the bundle curvature (and therefore k — 472 #0) or

Sly(R).

We will now present the Berger spheres and the special linear group with
more detail. Our purpose is to show that both of them can be embedded as
nice hypersurfaces in the complex projective plane or the complex hyperbolic
plane. For a detail description of the Heisenberg group refer to Tomter [To],
where the author showed that the Heisenberg group Nilg can be isometrically
embedded in the complex hyperbolic plane as a horosphere.

Let M*(c), ¢ # 0 be the complex projective plane CP?(c) of constant
holomorphic sectional curvature ¢ when ¢ > 0 and the complex hyperbolic
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plane CH?(c) of constant holomorphic sectional curvature ¢ when ¢ < 0, i.e.

c 4
() = {[Go,1,30)] |35 € € Sl + a4 o = 2},
2.1. The Berger spheres. Let S* = {(z,w) € C?||z|? + |w|? = 1} be the
unit sphere, ¢ the standard metric of constant curvature 1 on S? and V the
vector field on the sphere given by

View) = (iz,iw),  (2,w) € S3.
On S? there are a 2-parameter family of Berger metrics gy -, £ > 0 and
7 # 0, defined by:

e (6¥) = 2 (s007) 4 (2 1) g vigv) ).

Although it is possible to reduce this family, by an homothety, to a 1-
parameter family of metrics, i.e. gxr = (4/K)gs9-/ /5 We are going to con-
sider here both parameters. We note that g4 = g and that g, .(V,V) =
1672 /2. Throughout the paper we will discover the big difference between
these metrics depending of the sign of x — 472. From now on we will abbre-
viate (S3, gi,r) by Sp(k,T) or simply S;.

Some important and well-known properties of these Riemannian 3-manifolds,
which will be taking into account throughout, are the following:

(1) Sp(k,7), k # 472, are homogeneous Riemannian manifolds with iso-
metry group given by {A € O(4) : AJ = £J A} where J is the matrix

J = (“61 91) and J1 = ({ '). Iso(S}) has two different connected
components U, (2) and U_(2), given by

Us(2)={A€0(4): AJ = JA},

U_(2)={A€04): AJ=—-JA}

and each one is homeomorphic to the unitary group U(2).
(2) The Hopf fibration II : S3(x,7) — S*(1/v/k), defined by

1) = = (s 506 ~ )

is a circle Riemannian submersion onto the 2-dimensional sphere of
radius 1/+/k, with totally geodesic fibers and the unit vertical vector
field € = (k/47)V is a Killing field.

(3) The Ricci curvature S of Sp(k, 7) is bounded by

9> 272, when & — 472 >0,
~ |k —272, when k—47%<0.

(4) The scalar curvature of S} (k, 7) is 2(k — 72).
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Now, we are going to identify these Berger spheres with nice hypersurfaces
of M*(k — 472). This approach to the Berger spheres will be crucial in the
proof of some results in the paper (see Theorems 3 and 4).

Proposition 1. Let F' : Sg(H,T) — M4(k —472), Kk # 472, be the map given

by
2 2
F(z,w) = — [T,z,w] .

VE | V/|k — 472
Then F is an isometric embedding of the Berger sphere S3(r, ) into M*(rk —
47%) and

7.2
F}057) = { 2. 20)] € M1 = 47 o = 27}

is the geodesic sphere of M*(k—472) of center [2/+/|k — 472],0,0] and radius

2 arccos(27/+/k) 2 arccosh(27/+/k)
r= or r= ,
VK — 4712 472 — K

when k — 472 is positive or negative respectively.

We omit the proof of Proposition 1 because it is straightforward. Note
that the Berger spheres S3(r,7) with s — 472 > 0 are geodesic spheres of
the complex projective plane, whereas the Berger spheres with x — 472 < 0
are geodesic spheres of the complex hyperbolic plane.

2.2. The special linear group. We consider Sly(R) as
SL(R) = {(z,w) € C*||2]* — Jw|* =1}

and the trivialization of its tangent bundle given by the vector fields V. ,,) =
(iz,iw), E} = (w,z), E?

(z,w) (z,w

parameter family of metrics {gx |k < 0, 7 # 0} on Sla(R) by

) = (1w,iz). Then, we can define a 2-

R — 1672 , ,
gn,‘r(ElaE]) = 7527" g/{,T(VYa V) = 75 g/{,T(VYa Ez) = 07 1= 1a2-
Observe that, analogous to the Berger spheres, we can reduce this to a one
parameter family of metrics up to homothety, i.e. g, = (—4//-@)9_4727/\/:{.

We will denote by Sly(k, 7), or simply Sla(R), the Riemannian manifold
(S12(R), gx,r). In the next result we describe, without proof again, the more
relevant properties of these Riemannian 3-manifolds.

Let us denote by H?(x) the Lorentz model of the hyperbolic plane with
constant curvature x < 0, i.e. H2(xk) = {(2,y,2) € R} : 22 + ¢ — 22 = 1},

—
where Ri’ stands for the Minkowski 3-space.

Proposition 2. Sly(k,7) is a Riemannian homogeneous 3-manifold with
isometry group of dimension four. Moreover,
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(1) The Hopf fibration II : S1(2,R) — H?(k), defined by

2 1

M) = <2 (s 5022 + ful?) )
is a Riemannian submersion from Sla(k,T) onto the 2-dimensional
hyperbolic plane of constant curvature k, with totally geodesic circu-
lar fibers and the unit vertical vector field & = (k/47%)V is a Killing
field. The bundle curvature is T.

(2) The map G : Sla(k,7) — CH?(k — 472%) given by

s an tsometric embedding with
G(Sly(k,7)) = My.r == {[(20, 21, 22)] € CH?(5—472) | |22]* = 1672 /r(k—47%)}

a tube of radius r = arcsinh(27/v/—k)/V41% — Kk over the complex
hyperplane {[z0, 21, 0] € CH?(x — 472)}.

In general an oriented hypersurface of M*(c) is called pseudo-umbilical
if the shape operator associated to a unit normal vector field 1 has two
constant principal curvatures, A and p of multiplicities 2 and 1 respectively
and Jn is an eigenvector of the shape operator with eigenvalue p, J being
the complex structure of M*(c). Montiel and Takagi classified the pseudo-
umbilical hypersurfaces obtaining the following result:

Theorem ([M, T]). The geodesic spheres, the horosphere and the hyper-
surfaces {My |k < 0, 7 # 0} (cf. Proposition 2) are the unique pseudo-
umbilical hypersurfaces of M*(c). Moreover in all the cases the Killing field
& on the hypersurface is given by & = Jn, where n is a unit normal vector

field.

As we point out at the beginning of this section the Heisenberg group
with bundle curvature 7, Nil3(7), can be identified with the horosphere
in CH?(—472) (cf. [To]), which is a pseudo-umbilical hypersurface of the
complex hyperbolic plane.

To sum up, the Berger spheres, the special linear group and the Heisen-
berg group, can all be embedded as pseudo-umbilical hypersurfaces in the
complex projective and hyperbolic plane. In addition, the second funda-
mental form & of those embeddings (cf. Propositions 1, 2 and [To]) can be
written as

(2.2) (v, w) = <T (v,w) +

where we recall that £ represents the Killing field and J, (,) represent the
complex structure and the metric in M2 (x — 472).

To finish this section, we are going to consider the first standard isometric
embedding ¥ : CP?(k — 472) — R®, k — 472 > 0 of the complex projective

472 —
4T

(0,6) w8} ) J¢
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plane into the Euclidean space R®. The geometric properties of this embed-
ding were studied in [R1] and we emphasize the following one which will be
use in the proof of Theorem 4.

If & is the second fundamental form of the first isometric embedding of
CP?(k — 472) in R®, then

(2.3) (@(@,y),0(0,w) =2 (] = 72) (@ y) (v, w)+

+ (5 =) @)y, v) + (2 0) (g, w) + (o, Jw)(y, Jv) + (@, To)(y, Jw)],

for any vectors v, w, z,y tangent to CP?(x — 472), where J is the complex
structure of CP?(k — 472) and (,) denotes the Euclidean metric of R®.

3. SURFACES IN HOMOGENEOUS RIEMANNIAN MANIFOLDS WITH
ISOMETRY GROUP OF DIMENSION FOUR

In this section we are going to set out some known properties of constant
mean curvature surfaces of E(x, 7), which will be used throughout the paper.
Let ® : ¥ — E(k,7) be an immersion of an orientable surface ¥ and N a
unit normal vector field. We define the function C': ¥ — R by

C=(N,§),

where (,) represents the metric in E(k,7) as well as in 3. It is clear that
C? < 1. If 7 is the 1-form on X given by v(X) = (X, ¢) then, from (2.1), it
is easy to prove that

dy = —27C dA,

and hence, if ¥ is compact, then fz CdA =0.
We can interpret the function C in terms of the embeddings of the Berger
sphere, the special linear group or the Heisenberg group in the complex

projective and hyperbolic plane given in the previous section. In fact, if
is the Kihler 2-form on M*(k — 472), then

(Fo®)"(Q) = CdA.
where F represents, in each case, the embedding in M?(x — 472) of each
S§(k, 7), Sla(k,7) or Nilg(r). This means that C is the Kéhler function of

the immersion F o ®. Hence, if ¥ is compact and k — 472 > 0, we have that
the degree of F o ® : ¥ — CP?(k — 472), which is given by

1
degree (F o @) = 2/ CdA,
T s

is zero.
On the other hand, the Gauss equation of ® is given by (cf. [D])
|of?

(3.1) K:2H2—%+T2+(Ii—47‘2)02

where K is the Gauss curvature of ¥, H is the mean curvature associated
to N and o is the second fundamental form of ®.
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Suppose now that the immersion ® has constant mean curvature, CMC in
the sequel. We consider on ¥ the structure of Riemann surface associated to
the induced metric and let z = z+1iy be a conformal parameter on ¥. Then,
the induced metric is written as e?*|dz|? and we denote by 9, = (9, —i9))/2
and 0z = (0, +10y)/2 the usual operators.

For these surfaces, the Abresch-Rosenberg quadratic differential O, de-
fined by

(32)  O(2) = (2(H +i7)(0(0:,0:), N) = (s = 47°)(2,€)*) (d=)”,
is holomorphic (cf. [AR]). We denote p(z) = (0(0;,0:), N) and A(z) =
(®2,6).

Proposition 3 ([D, FM]). The fundamental data {u,C, H,p, A} of a con-
stant mean curvature immersion ® : ¥ — E(k, T) satisfy the following inte-
grability conditions:

2u
Pz = %(Ii —47%)CA, C,=—(H —it)A—2e"2"Ap
(33) €2u eQu

Conversely, if u,C : X — R with —1 < C <1 and p,A : ¥ — C are
functions on a simply connected surface ¥ satisfying equations (3.3), then
there exists a unique, up to congruences, immersion ® : ¥ — E(k,T) with
constant mean curvature H and whose fundamental data are {u,C, H,p, A}.

Finally, using (3.1), the Jacobi operator L : C*(X) — C*°(X) of the
second variation of the area defined in Section 1 becomes in

L=A+ o> +27% + (k- 47%)(1 - C?)
=A 2K +4H? + k + (k — 47%)C?,

being A the Laplacian of X. It is interesting to remark that, as £ is a Killing
field on E(k, ), C = (£, N) is a Jacobi function on ¥, i.e. LC = 0.

(3.4)

4. STABILITY OF CONSTANT MEAN CURVATURE SPHERES

In this section we are going to study which constant mean curvature
spheres of S}, Slo(R) and Nilz are stable. In the product spaces S? x R and
H? x R the classification of the stable cMC spheres was done by Souam [S,
Theorem 2.2]. It is well known that the constant mean curvature spheres of
those spaces are surfaces invariant under a 1-parameter group of isometries
and their existence was announced by Abresch in [A]. These spheres were
described by Tomter [To] in the case of Nils and, very recently, Torralbo [Tt]
has described and studied them in the Berger spheres and the special linear
group. We know that:

e For each real number H > 0 there exists, up to congruences, a unique
embedded constant mean curvature sphere in Nils with constant mean
curvature H.
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e For each real number H > 0 there exists, up to congruences, a unique
immersed constant mean curvature sphere in S3(k,T) with constant
mean curvature H.

e For each real number H > \/—k/2 there exists, up to congruences,
a unique immersed constant mean curvature sphere in Sla(k, T) with
constant mean curvature H.

We will denote such constant mean curvature sphere by Sy, -(H).
In the case of the Berger spheres all the minimal spheres are nothing but
a great equator in 83, that is, up to congruences

S (0) = {(z,w) € S*|S(w) =0}, Vr>0and 7 #0.

Moreover, almost all the constant mean curvature spheres in SZ’(K,,T) are
embedded surfaces, but in [Tr] it is proved that when 472/k is very close
to zero there are constant mean curvature spheres which are not embedded
(see figure 1). The situation in Sly(x,7) is very similar (cf. [Tr, Corollary

2]).

H

Embedded
CMC spheres

Not embedded
CMC spheres

N

0,04 o

FiGURE 1. Non-embedded region of CMC spheres in
Sp(4,v/@) in terms of the parameter o and the mean cur-
vature H.

Theorem 1.

(1) There ezist o € [0,1] (a9 = 0.121) such that:
o for 47%/Kk > «g the spheres {S..(H) : H > 0} are stable in
Si(k, 7).
o for 0 < 47%/k < «y, there exist H(k,T) > 0 such that the
sphere Sy, -(H) is stable in S}(k,7) if and only if H > H(k,T)
(see figure 2).
(2) All the constant mean curvature spheres in Sla(k, ) are stable.
(8) All the constant mean curvature spheres in Nils are stable.
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Proof. If an orientable compact constant mean curvature surface of E(k, 7)
is stable, then the index of the quadratic form () associated to the Jacobi
operator L is one, because (cf. [MPR, Corollary 9.6]) the index must be
positive and if the index is greater than 1, we can easily find a smooth
function f with [, fdA = 0 and satisfying Q(f) < 0, which contradicts the
stability of . Now, among the constant mean curvature surfaces with index
1, Koiso in [K] (see also [S]) gave the following stability criterion that we
are going to use to prove the theorem.

Theorem ([K, S]). Let ® : X — M3 be a CMC immersion of a compact ori-
entable surface X in a Riemannian 3-manifold M?>. Suppose that ¥ has index
1 and fz fdA =0 for any Jacobi function f, i.e., any function satisfying
Lf =0. Then there exists a uniquely determined smooth function v € ker L+
satisfying Lvg = 1. Moreover X is stable if and only if [y, vodA > 0.

In order to use Koiso’s theorem, we start by proving the following result:

The quadratic forms associated to the Jacobi operators of any
constant mean curvature sphere Sy -(H) (except for H =
7 = 0) immersed in E(k,T) are the same, that is, they are
independent of k and 7. In particular their index is one, their
nullity is three and [ f dA =0 for any Jacobi function.

Let ® : ¥ — E(k, 7) be a constant mean curvature immersion of a sphere.
Then the Abresch-Rosenberg holomorphic differential © (see (3.2)) vanishes
identically and so, from (3.3), we obtain that

__7‘4 2 7_2 K — 7_2 _ 2
» C. = g W + 7+ (5= 4r)(1 = C2)
. 2u
Coo= O W + )+ (r— 47%)(1— CO)P

32(H? 4+ 72)
As [4(H? + 72) + (k — 47%)(1 — C?)] > 0 (it easily follows if k — 472 > 0; in
other case, i.e. k — 472 < 0, we have that [4(H? +72) + (k — 47%)(1 — C?)] >
4H? 4 k > 0 since the surface is a ¢MC sphere), the only critical points
of C are those where A vanishes, i.e., taking into account (3.3), those with
C? = 1. Moreover, using (3.3) again, the determinant of the Hessian of C
in a critical point is (H? + 72)?2 > 0 (we are not considering here the case
H =71 =0). So C is a Morse function on ¥ and hence, it has only two
critical points, p and ¢, which are the absolute maximum and minimum of
C.

Using again (3.3), it is easy to check that log\/(1+C)/(1-C) is a
harmonic function with singularities at p, ¢ and without critical points.
Then there exists a global conformal parameter z on the sphere 3 such

that (log 4/ %)(z) = log|z|, and so the function C' of any constant mean

curvature immersion of ¥ is given by

2> —1 =
C(Z) = W, S (C
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Conversely, let C' : C — R be the function defined above and H a non-
negative real number. We define the functions A,p: C - Cand u: C — R
by

B —2(H +i71)z
AR = G aRE T @ (R L
o — 472 e 2
p(z) — 2([_‘[_:1,”_)142(2:)7 62“(2) — (| ||Z—|z 1) |A(Z)|2

Then it is easy to check that these functions satisfy the equations (3.3) and
so Proposition 3 ensures that there exists a conformal immersion ® : C —
E(k,T) with constant mean curvature H. We note that for any H and for
any E(k, 7) the immersions ®’s have associated the same function C'.

Also, from (3.3) and (3.4), it is straightforward to check that the Jacobi
operator L of the immersion ® is given by

Re—2u(2)
L=A+a, ak) =g

2|2 +1)%
Suppose that $:C— E(k, 7) is an immersion with constant mean curvature
H. Then its Jacobi operator is L = A + ¢, with §(z) = 8e=2%2) /(|z|? + 1)2.
As Ge?* = ge®*, the quadratics forms @ and @Q of ® and ® satisfy

Of) = /C _J(AS +f)e¥idz = /C CH(HAf 1 g f) de
- [C CFEMA S+ qe fydz = Q(f),

for any smooth function f : C — R. Hence, all the constant mean curvature
spheres have the same quadratic form of the second variation. In particular,
all have the same index and nullity. Since the constant mean curvature
spheres of the round sphere Sg (4,1) have index 1 and nullity 3, we get the
result.

To finish the proof of this first step, as E(x, 7) have four linearly indepen-
dent Killing fields and the constant mean curvature spheres are invariant
under a 1-parameter group of isometries, then all the Jacobi functions come
from Killing fields of the ambient space, i.e., if Lf = 0 then there exists a
Killing field V' on the ambient space such that f = (V, N). Now it is clear
that if V' denotes the tangential component of V, then divV " = 2H f, and
hence fz fdA = 0 if the sphere is not minimal. In the minimal case is easy
to prove the same property. Hence the proof of our claim has finished.

Now, from Koiso’s result, there exists a unique function vy € (ker L)+
with Lvg = 1. It is clear that another function v with Lv = 1 is given by
v = v + fo with fo € ker L and hence [fvdA = [gvgdA. So, for the
stability criterion, we can use any function v with Lv = 1.

In order to get a solution of Lv = 1, it is convenient to reparametrize
the spheres by e¢ = z. Then, if ¢ = x + iy, the function C' becomes in
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C(z,y) = tanhz and the induced metric in e?*|d(|?, where
16(H? 4 72) cosh?
[(k — 472) 4+ 4(H? + 72) cosh? ]2
A simple computation shows that the equation Lv = 1 becomes in

2 o() = (H? + 72) cosh?
[(H2 + 72) cosh? 2 + %(fi — 47'2)}2.

eQu(x,y) _ 62u(w) _

U//(x) +

cosh? z

It is straightforward to check that if h(z) = 7%;113 tanh z, then
2

) = 4H? + K !
[1 4 h(x)arctan(h(x))] when x — 472 < 0,

— h(zx)arctanh(h(z))], when x — 472 > 0,
v(z

4H? + K

is a solution of Lv = 1.
Straightforward computations shows that:

87 2(2(H? +72%) — (k — 477)) VK — 472
T2 L N2 3 + arctanh —_—
/ A (4H? + k) VAH? + kVk — 472 VAH? + K
v =
¢ _ 8 ([ 2RUP AT (ko) L VAT -k
(4H? 4 k) VAH? + k\V/AT2 — & VAH? + K

for kK — 472 > 0 and k — 472 < 0 respectively.

When x — 472 < 0, the above integral is always positive and hence, using
the Koiso’s result, the corresponding constant mean curvature spheres are
stable. When x — 472 > 0, the above integral change its sign and it is non-
negative in the non-compact region of the parameter space {x, 7, H} given
by the inequality

ol e2) (o)) E
D(k,7,H) =3+ - - “ 21 arctanh Y ——"_ > 0.

VEE - VEE L

We can describe this region as the disjoint union of the sets {(k, 7, H) :
472 /K > o} and {(k,7,H) : 47%/Kk < ag and H > H(x,7)}, where ayg is
the solution of I'(k,7,0) = 0 and H(k,7) is the function given implicitly
by the equation F(/{, T, H(k, 7')) = 0. The result follows again from Koiso’s
result.

Figure 2 makes clear the above reasoning in the special case Kk = 4 and
2 = a. U

5. EXAMPLES OF STABLE CONSTANT MEAN CURVATURE TORI

In [TU, Theorem 3.1] the authors classified the compact flat surfaces in
E(k, T), proving that they are Hopf tori, i.e., inverse images of closed curved
of M?(k) by the fibration IT : E(k,7) — M?(x) in those cases where the
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Unstable |
CMC

spheres\
|

Round sphere

FIGURE 2. Stability region for cMC spheres in S} (4, /) in
terms of the parameter o and the mean curvature H.

fiber is compact (see Section 2). Since the Killing vector field ¢ is tangent to
a Hopf torus, these surfaces have C' = 0. Now, it is easy to check that such
Hopf torus has constant mean curvature H if and only if the closed curve of
M?(k) has constant curvature 2H.

In this section we are going to study the stability of these cMC Hopf tori
in S}(k,7) and Sly(k, 7). We first analyse the case of the Berger spheres.

Due to the previous reasoning and since the Berger spheres has a fibra-
tion over S?(1/y/k) and the constant curvature curves of the 2-sphere are
intersection of S?(1/4/x) with horizontal planes of R?, we get the following
result.

Proposition 4. For each H > 0 there exists, up to congruences, a unique
embedded flat torus Ty, (H) in S3(k,T) with constant mean curvature H.
Such torus is defined by
Ter(H) = {(z,w) € S| |2|* = r{, [w]* = 1 =3} = S'(r1) x S'(r2)

with ) o

2 2 2

MN=x-+—F—=, m=1-r1

Y2 oykyan? P !
Remark 1. For H = 0 all the tori 7 ~(0) are nothing but the Clifford torus
in S3,

Tar(0) = {(w) € 8| |22 = Juf? = ;} .

Now we are going to determine which of these flat tori are stable as
constant mean curvature surfaces. As K = 0 and C = 0, from (3.4) it
follows that the Jacobi operator of the torus 7 -(H) is given by

(5.1) L=A+4H? + k.

Hence, we need to compute the first non-null eigenvalue of the Laplacian A of
the torus 7. (H). To do that, let ® : R — S}(k, 7) the immersion ®(¢,s) =
(r1€%,r9e"®). Then ®(R?) = T, -(H), where the relation between 7; and H
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is given in Proposition 4. The induced metric is given by g = (g;;) with
gii = (4r?/r)[1+[(472/k)—1]r?] fori = 1,2 and g12 = (47373 /k)[(47% /) —1].
Therefore, the torus 7, r(H) is intrinsically given by T' = R?/A, A being the
lattice in R? generated by the vectors 2wv; and 2mvy where

2 2T 2 2T
v = —=r1 | —=r1,r vy = —=r9 | —=rg, —T
Now, the dual lattice is generated by
. VE [(VE T2 L _VE(VE 1
v =-"— |-, vg =-— | —,——
! 2 \2r'r ) 2 2 \ 217
and hence the spectrum of the Laplacian of 7, -(H) is given by {|mv] +
nvi|?|m,n € Z}.
Now, the first eigenvalue of L, in view of (5.1), is A — (4H? + k), being
A the first non-null eigenvalue of A. Let us observe that for m = 1 and
n = —1 we obtain that 4H? + k is an eigenvalue of the Laplacian. Hence,
the torus 7, -(H) is stable if and only if the first non-null eigenvalue of A
is precisely 4H? + k. It is easy to check that this happens only if

— 1272
k—1272>0 and Hg—‘/g(“ ™)
87V Kk — 872

Hence, we obtain the following result.
Proposition 5. Stability of flat cMC tori in the Berger spheres:

(1) For each k and T with k — 1272 < 0 the constant mean curvature
tori {T.-(H)| H > 0} are unstable in S} (k, 7).

(2) For each k and T such that k—127% > 0 the constant mean curvature
torus T +(H) is stable if and only if H < Vilr127%) (see figure 3).

87V Kk—872
H
Unstable CMC flat tori
Stable
CMC flat
tori \

( 1/3 1 @
Round sphere

FIGURE 3. Stable cMc flat tori in S} (4, /a) in terms of the
parameter a and the mean curvature H.

Remark 2. For each Berger sphere Sg(/{, 7) with & — 1272 > 0, the Clifford
torus 7y, -(0) is stable and in S3(1272,7) the Clifford torus is the only stable
constant mean curvature flat torus.
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We will close up this section by studying the stability of constant mean
curvature tori in Sly(R). In this case we have the following result:

Proposition 6. For every H > \/—k/2 there exists, up to congruences, a
unique constant mean curvature H embedded flat torus Ty, -(H) in Sla(k, T).
Such torus is defined by:

Ter(H) = {(2,w) € S(R) : [2]* = r{, Jw|* =3}
where 1 = 1 + J#ﬁ and r3 = 1 —r?. Furthermore the torus T -(H) is

stable if and only if
< V=r 1272 — &

H
T2 47872 — gk

Since the proof is very similar to the Berger case, we will omit it.

6. STABILITY OF COMPACT SURFACES

In this section we are going to study compact orientable stable constant
mean curvature surfaces of the Berger spheres, the special linear group and
the Heisenberg group. We start showing the known results. First (see Sec-
tion 2.1), the homogeneous space E(k, 7) has non-negative Ricci curvature
if and only if kK — 272 > 0. Ros [R2] bounded the genus of a compact stable
constant mean curvature surface of a 3-dimensional Riemannian manifold
with non-negative Ricci curvature. This fact, joint with the classical result
by Barbosa, Do Carmo and Eschenburg, becomes in the following result:
Theorem 2 ([BCE],[R2]).

(1) The only orientable compact stable constant mean curvature surfaces
of the round sphere S? = 82(47'2, T) are the umbilical spheres.

(2) If ¥ is an orientable compact stable constant mean curvature surface
of the Berger sphere S3(k,7) with k — 272 > 0 then the genus g of &
15 g < 3.

Now, we prove two stability theorems and the more important ingredi-
ent to do that will be to consider the constant mean curvature surfaces of
Sp(k, 7), Sla(k, 7) and Nils(7) as surfaces in M*(x —472) or even in R® when
k — 472 > 0 (cf. Section 2 for further detail).

Theorem 3. Let ¥ be a compact, orientable and stable constant mean cur-
vature H surface immersed in a 3-manifold M. Then

If M =S} (k,7): There exist a constant oy ~ 0.217 such that if a; <
47% /K < 4/3 then ¥ is either a sphere or an embedded torus satisfy-
mng

(4H? + k)Area (X) < 16w, when oy <47%/Kk < 1,
H?Area (X)) < 4, when 1< 47%/k < 4/3.

If M = Sly(k,7): There exist a constant 3y ~ 0.1 such that if —472 /K >
Bo and H? > 372 — K then ¥ is either a sphere or an embedded torus.
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If M = Nil3(7): If H? > 372 then ¥ is either a sphere or an embedded
torus.

Remark 3. The results in the first and second cases are optimal in the
following sense: in the first case for oy < 472/k < 1/3 we know that there
exist stable spheres and tori (cf. Theorem 1.(1) and Proposition 5); in the
second case we also know that for H? > 372 — k and —47%/k > [y there
exist stable spheres and tori (cf. Theorem 1.(2) and Proposition 5).

Proof. We use a known argument, coming from the Brill-Noether theory, to
get test functions in order to study the stability. Using this theory, we can
get a non-constant meromorphic map ¢ : ¥ — S? of degree d < 1+[(g+1)/2],
where [.] stands for integer part and g is the genus of ¥. Although the
mean value of ¢ is not necessarily zero, using an argument of Yang and
Yau [YY], we can find a conformal transformation F : §* — S? such that
Js(Fop)dA =0, and so the stability of ¥ implies that 0 < Q(F o ¢). From
(1.1), the Gauss equation (3.1) and as |F o ¢|? = 1 it follows that

/|V(Fogf>)|2dA2/(4H2+/{—K+(/¢—47-2)02)d/1.
% %

But [y, |[V(Fog)|* dA = 8rdegree (Fog) = 8mdegree (¢) < 8m(1+[(9+1)/2]).
Hence, using the Gauss-Bonnet Theorem, the above inequality becomes in

(6.1) o <2 —g+ [gglb > /E <H2 + g + %(H — 472)02> dA.

First, if Sg(n, 7) has non-negative Ricci curvature, i.e., K — 272 > 0, then
as C? < 1 it follows that (k — 472)C? > —k and hence (6.1) becomes in

2m(2—g+[(g+1)/2]) > /EHQdAz 0,

because the function C? cannot be identically 1 on ¥. The above inequality
implies that the genus g of ¥ is ¢ < 3. This proves the result of Ros [R2] in
the case of the Berger spheres (Theorem 2.(2)).

Now, in order to prove the theorem, we use the following result of Mon-
tiel and Urbano [MU]. We first recall that M?(c) stands for the complex
projective or complex hyperbolic plane with constant holomorphic sectional
curvature ¢ (see Section 2).

Let ® : ¥ — M*(c) be an immersion of a compact surface

and p its mazimum multiplicity. If H is the mean curvature
vector of ® and C the Kdhler function, then

/ (uffy? +i4 |C||C|> dA > drp.

= 2 2

Moreover the equality holds only for certain surfaces of genus
zero.
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In [MU], the above result was proved only when the ambient space was the
complex projective plane, but, as it was indicated in [MU], slight modifi-
cations of the proof would prove the result also for the complex hyperbolic
plane.

As we point out in Section 2, we can immersed S3(r,7), Sla(k,7) or
Nil3(7) in M*(x —472). This allows us to consider ¥ as an immersed surface
of M*(k — 472) with constant mean curvature H. Then, from (2.2) it is easy
to see that

~ 1
|H|? = H* + 612 (127’2 — k- (477 - H)VQ)Z,
and so, equation (6.1) joint with the inequality of Montiel and Urbano, after
a straightforward computation, becomes in

g+1 H? K2
2 o (2 —g— 1) > i F)dA

where

472\ 2 472
;) +2(C* — 4€|C| +3) (;) —(1-C2)?

F = —(C*"+2C?% —8€|C|+1) (
being € the sign of x — 472.

We are going to determined, in each case, for which values of 472/k the
function F' is non-negative. In that case, equation (6.2) ensures us that,
besides the surfaces of genus zero, only the following possibilities can happen:
g=1lu<2o0rg=2,3u=1. But except for the case g =1 and =1, in
the other three possibilities (¢ = 1,4 = 2 and g = 2,3, u = 1) the equality is
attained in the above inequality. In particular, the equality is also attained
in the Montiel-Urbano inequality which is impossible because the genus is
not zero. To sum up, if the function F > 0 then X is either a CMC sphere
or X must be an embedded CMC torus.

Since 0 < |C| < 1 and C? = |C|?, the condition F > 0 is equivalent to
find for which values of a = 472/x the second degree polynomial P;(«), for
t € [0, 1], given by

Pi(a) = a(t)a® +b(t)a + d(t)
is positive for every t € [0, 1], where a(t) = —(t* + 2t> — 8e|t| + 1), b(t) =
2(t* — 4et| +3) and d(t) = — (1 —t2)2. We want to remark the following two
important properties of the second degree polynomial P;(«):
(1) Pt(l) =4,Vte [07 1]7
(2) the discriminant of P; is given by 32(t — €)?(1 + t?) and so, for each
t € 10,1], P, have two roots except when ¢t = 1 and € = 1.

Now, we are going to analyse this polynomial in each case.

Case Sj(k,7): Firstly, we consider the case € = —1 and, since « represents
472 /K, this implies o > 1. In this case a(t) < 0,V € [0, 1], and the root a(t)
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of the above polynomial given by

. th 4t + 342014 1)/2(1 + 12)
o(t) = #1122 + 8t + 1
is always greater than 1. Hence for each ¢ € [0,1], P;(a) > 0if 1 < o < «(¥).
Hence if o < miny¢(g 1) a(t) = 3 then P,(a) > 0, V¢ € [0,1]. This proves that
Pi(a) >0if 1 <a<4/3 forall t € [0,1].

Secondly, we consider the case e = 1, i.e., @ < 1. In this case there exists
a unique to €]0,1[ (to =~ 0,1292) with a(t9) = 0. Moreover if 0 < ¢ < ¢
(respectively tgp < ¢t < 1) then a(t) < 0 (respectively a(t) > 0). Now, the
root «(t), t # to, of the above polynomial given by

th— 4t +3-2(1 —t)/2(1 +12)

44+ 2t2 — 8t +1
satisfies 0 < a(t) < 1. Hence for each 0 < ¢ < t¢, and as in this case a(t) < 0,
it follows that Pi(a) > 0 if a(t) < o < 1. Also, if ty < ¢t <1 it is easy to see
that the other root of the polynomial

. th— 4t +34+2(1 —t)/2(1 +12)

plE) = th 262 -8t + 1

satisfies 5(t) < a(t) and hence, as in this case a(t) > 0, it follows also that
P(a)>0if a(t) <a < 1.

Hence Pi(a) > 0,Vt € [0,1] if o > maxyepo ) a(t). It is clear that the
function a(t) with ¢ € [0, 1] has only a critical point which is a maximum.
We define an = maxe(o ) @(t) = 0.217. Hence P(a) > 0, V¢t € [0, 1] when
a < a<l.

Finally we have proved that, for every t € [0,1], Pi(a) > 0if a1 < @ <
4/3. Hence, taking into account that o represents 472/k, we get the result.
The estimation of the areas comes directly from (6.1) and (6.2).

a(t) =

Case Sla(k,7): This case is quite similar to the previous one and we omit
the proof.

Case Nil3(7): In this case, as k = 0, the inequality (6.2) becomes in

2 2
27r<2—g—u+ [gj;lD 2/ (I;—;(1+8|C\+202+C4)> dA >
3

1
> §Area(2)(H2 —37?),

where we take into account that C? < 1. Hence, if H? > 372 the left-hand
side of the above equation is non-negative and the result follows from the
previous reasoning. O

Now, to finish this section, we are going to classify the orientable compact
stable cMC surfaces in the Berger spheres S3(k,7) for 1/3 < 472/k < 1 and
in S x S!(r), for r > 1, begin S!(r) the circle of radius r. The technique we
are going to developed will allow us to give a new proof of the classification
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of the compact stable cMC surfaces in R? (Barbosa and Do Carmo [BC])), in
S* (Barbosa, Do Carmo and Eschenburg [BCE]) and in S x R (Souam [9]).

We first prove a general stability criterion that it would be applied for all
the previous mentioned manifolds.

Lemma 1 (Stability criterion). Let X a compact orientable surface with pos-
itive genus immersed in a Riemannian 3-manifold M with constant mean
curvature H and X a harmonic vector field on . Let ¢ the second funda-
mental form of an isometric immersion of M in the Euclidean space R™. If
> is stable in M then

2
L+ pxPans 3 [ fatene)PIxEaa

1,j=1

where p stands for the scalar curvature of M and {e1, e} is an orthonormal
reference in TY.

Proof. From the Hodge theory we now that the linear space of harmonic
vector fields on 3 has dimension 2¢g. So let X be a harmonic vector field of
>.. Then it is well-known that

(6.3) divX =0 and A*X =KX,

where div is the divergence operator of & and A* = 322 {V_.V,, — Vv, e}
is the rough Laplacian of 3, being {e1, ea} an orthonormal reference in X.

For any non-null vector a € R", from (6.3) it follows that div ((®, a)X) =
(X,a),and so [(X,a)dA = 0. We are going to use the functions (X, a), a €
R™ as test functions, i.e., we consider the vectorial function X : ¥ — R" as
a test function. Now, the stability of ¥ implies that the quadratic form @
satisfies Q(X) = >°7_; Q((X,a;)) > 0 for any harmonic vector field X on
¥, being {a; : j =1,...,n} an orthonormal basis of R”. We are going to
compute Q(X). If V is the connection of R” and {ey, ea} is an orthonormal
reference on ¥, then the Gauss equation of the immersion P says

Ve, X =V, X +o(e;, X) +5(ei, X),
begin ¢ the second fundamental form of ¥ in M3. Hence

(AX,X) = <E{veivei - Vveiei}X,X> -

=1
2
= (A% X, X) — > {lo(ei, X)I? + |5 (er, X)) =
=1

2
= KIX12 =Y {lo(es, X)I? + [a(er, X) 2},
=1

where we take into account (6.3).
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If Jy is the complex structure on the Riemann surface X, it is clear that
X* = JpX is another harmonic vector field on ¥ and outside the zeros of
X, {X, X*} is an orthogonal reference of 7% with |X| = |X™*|. Therefore

2
(AX, X))+ (AX*, X*) =2K|X > — || X|* — |X|? Z |5 (e, €5) .

3,j=1

Hence, using the Gauss equation, we finally get

2
Q(X)+Q(X*):—/E]X]2 2K + [of? + 2Ric(N) = 3 [5(es,e5)[? | dA

2
:/ S (5 (es e — 4H2 — p | |X[2dA.
b

ij=1
Since Q(X) + Q(X™) > 0 because X is stable, we get the result. O

Theorem 4. Let X a compact, orientable surface immersed in a Riemann-
ian 3-manifold M with constant mean curvature H. Then:

(i) If M =R3, ¥ is stable if and only if it is a geodesic sphere (cf. [BC]).

(i) If M = S3, %3 is stable if and only if it is a geodesic sphere (cf. [BCE]).

(i) If M = S? x R, ¥ is stable if and only if ¥ = S? x {to}, to € R, if
H =0 orX is a cMC sphere with H > Hy, being Hy a positive constant
(Hop ~ 0.18). (cf. [9])

() If M = S3(k,7) with 1/3 < 47%/k < 1, S is stable if and only if it
is either a sphere S, (H) or 472 /k = 1/3 and ¥ is the Clifford torus
Tizr2..(0) in Sp(1272, 7).

(v) If M = S% x S'(r), where S'(r) is the circle of radius r, with r > 1,
Y is stable if and only if it is either a stable constant mean curvature
sphere (see (iii)) or r =1 and ¥ is the totally geodesic torus S' x S*.

Remark 4.

(1) The number «; appearing in Theorem 3 satisfies a; < 1/3. So to
prove Theorem 4.(iv) we can assume that our surface is an embedded
torus. However, for completeness, we will prove the result without
this assumption.

(2) Ttem (v) gives a new proof of the isoperimetric problem in S? x S!(r),
r > 1. This was previously solved by Pedrosa and Ritoré in [PR,
Theorem 4.3]: the isoperimetric regions in S? x S'(r), » > 1, are the
balls bounded by the stable cMC spheres (not all of them are stable,
cf. [S, Theorem 2.2]) or the sections bounded by two slices.

Also, it is interested to observe that the flat cmc tori ST(R) x S!(r)
in S? x S'(r), 0 < R < 1, are stable if and only if R > 7. In the
case 7 = 1 the only stable flat torus is S! x S' as it is proved in the
theorem.
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Proof. We are going to apply the previous stability criterion (Lemma 1) in
each case.

[Case (i)] If the genus of 3 is zero the Hopf theorem [H] ensures that ¥ must
be a geodesic sphere which is stable as a ¢cMC surface. On the contrary, if
the genus of ¥ is greater than zero, consider R? embedded into itself. Then,
Lemma 1 says

/ —4H*X|dA >0,
%

where X is any harmonic vector field on . This implies that H = 0, which
is impossible since there is no minimal compact surfaces in R3.

[Case (ii)] As in the previous case, if the genus of ¥ is zero then it must
be a geodesic sphere, which it is stable in S? as a cMc surface. If the genus
of ¥ is greater than zero, Lemma 1, considering S? isometrically embedded
as a totally umbilical hypersurface in R*, ensures that

/ —4(1+ HY)|X|? >0,
b

being X any harmonic vector field on ¥. This is a contradiction.

[Case (iii)] Due to [S, Theorem 2.2], a cMC sphere in S? x R is stable
if and only if it is minimal or it has constant mean curvature H > Hy,
being Hy a positive constant (Hy ~ 0.18). Hence, suppose that the genus
of ¥ is greater than zero and consider S? x R isometrically embedded in
R3 x R = R*. Applying them Lemma 1 we get

/ —(4H? + (1 - C?))|X|*dA,
>

begin X any harmonic vector field over ¥. Since C? < 1, it follows that
H =0 and C? = 1, i.e.,, ¥ must be the slice S? x {to}, to € R, which is a
contradiction.

[Case (iv)] Firstly, Theorem 1 and Proposition 5 say that for 1/3 < 472 /k <
1 any constant mean curvature sphere is stable and that the Clifford torus
Ti2-2.+(0) is also stable in SP(1272,7). Suppose now that X is stable and
that the genus g of ¥ is g > 1.

As k — 472 > 0 by hypothesis, we consider the embedding F : Sg(:‘i, T) =
CP?(k — 472) (cf. Proposition 1) and the first standard embedding ¥ :
CP?(k — 472) — R® (see Section 2). So we will consider our surface im-
mersed in R, by<i>:\IJoFo<I>:E—>R8.

We now apply Lemma 1 to the immersion ®. Let us observe that, in this
case, p = 2(k — 72), & = 6 + &, where & is the second fundamental form
of S(k,7) in CP?(k — 472) and & is the second fundamental form of the
first isometric embedding of CP?(k — 472) in R8. Hence, after a long but
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straightforward computation, we get

2 2
> (e e)l* =D {lo(ei ) +1o(ei )’} =
i,j=1 i,j=1
(k — 47%)2
1672
where we take into account equations (2.2) and (2.3).
Therefore, given a harmonic vector field X on ¥, Lemma 1 ensures that

—4 2\2
0< / <—4H2 — 472y (“162)(1 - 02)2> IX[2dA <
) T

= —67%+ 2k + (1-C%?

1
2 2 2 2
§/2[4H +16T2(K—12T )(k + 41 )] | X7 dA <

< / —4H?|X|?dA
P

where the first inequality holds since C? > 0 and the second one because
47%/Kk > 1/3 by hypothesis. Hence, we have got that if ¥ is stable and the
genus g > 1, then C = 0, 47%/k = 1/3 and H = 0. But C = 0 means
that the Killing field £ is tangent to ¥ and hence it is parallel. So ¥ is flat
and, from Proposition 4, ¥ is a finite cover of the Clifford torus ;5,2 ;(0)
in S3(1272,7), and so ¥ is the Clifford torus. This finishes the proof in this
case.

[Case (v)] Firstly, the stable cMc spheres of S? x S!(r) are the projection
by 7 :S? x R — S§% x S!(r) of the stable cMc spheres of S? x R. Also, it is
easy to see that the torus S' x St € S§? x S! is stable (cf. Remark 4.(2)).
Suppose now that @ is stable, ¥ has genus greater than zero and consider
S? x St(r) isometrically embedded in R? x R2. Applying Lemma 1 we get

0< —/2 <4H2+(1—02) [(1— %2) + (1+:2)02D X%,

where X is any harmonic vector field on S? x S'(r). The last equation
ensures us, since C2 < 1 by definition and r > 1 by hypothesis, that r = 1,
C = 0 and the immersion is minimal, that is, ¥ is the torus S! x S!. O

7. THE ISOPERIMETRIC PROBLEM IN THE BERGER SPHERES

The isoperimetric problem can be stated as follows:

Given a Berger sphere S}(k,7) and a number V with 0 <
V < wvolume (S3(k, 7)) = 32772 /K2, find the embedded com-
pact surfaces of least area enclosing a domain of volume V.

In this setting (S3(x,7) is compact) the problem has always a smooth
compact solution, which is a stable constant mean curvature surface. Since
Theorem 4 classified the orientable compact stable constant mean curvature
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surfaces of the Berger spheres S} (r,7), 1/3 < 47%/k < 1, we can solve the
isoperimetric problem in these 3-manifolds.

Corollary 1. The solutions of the isoperimetric problem in Sg(/ﬁ:, 7),1/3 <
472 /K < 1 are the constant mean curvature spheres {Sx(H)|H > 0}.

Proof. From Theorem 4 the above result is clear when 1/3 < 472/k < 1.
When k = 1272, besides the spheres, the Clifford torus is the only sta-
ble constant mean curvature surface. The Clifford torus divides the sphere
in two domains of the same volume 1677%/k?. Now, among the constant
mean curvature spheres of Sj(127%,7), only the minimal one Sj,2 ,(0) di-
vides the sphere in two domains of the same volume. Since the area of
the Clifford torus is A; = 27%/3V/372, the area of Sjy,2,(0) is Ay =

8m(1+ % arctanh (v/2/+/3))/127% and A; > Ag, we finish the proof. O

For 472 /k > 1 we think that the spheres Sy (H) are not only the solutions
to the isoperimetric problem but the only compact stable constant mean
curvature surfaces in S} (k, 7).

When 472/k < 1/3, the problem seems to be quite different, because on
the one hand there are unstable constant mean curvature spheres and on
the other hand there are examples of stable constant mean curvature tori.
To illustrate the isoperimetric problem in this case (472/k < 1/3), we have
fix kK = 4 and 72 = a and we have drawn in figure 4 the area of the spheres
Sy, a(H) and the tori 7y 7(H) in terms of their volumes for four different
Berger spheres (cf. [Tr]).

A A
—_—— - z, N
- = Py N
“d Vs N
7 \
\
/ \ I' \
\ \
a = 0.06 \% a=0.14 \%
A A eemeee -
/’ ~\
= ~ ’ S
- ~ N
L ~\~ J N
P N ’ N
,' . 4 A
, N ’ ‘
. N A v
’ A 1 v
A \ B \
) v 1 '
n ‘I \
a = 0.166 \Y a=0.25 \%

FIGURE 4. Graphics of the area of S, /5(H) (solid line) and
T4, ya(H) (dashed line) in terms of the volume for different

Berger spheres S3(4, /).



COMPACT STABLE CMC SURFACES IN HOMOGENEOUS 3-MANIFOLDS 25

When o = 0,25 < 1/3, the spheres S, ,(H) are the candidates to
solve the isoperimetric problem. But we can find a Berger sphere Sj (4, \/a)
(v ~ 0,166) for which the minimal sphere S; /7(0) and the Clifford torus
74,,/a(0), which divide the Berger sphere into domains of the same volume,
have the same area. So both are candidates to solve the isoperimetric pro-
blem. When a = 0, 14 all the spheres S; 7 (H) are stable because ay < 0,14

(use Theorem 1), but there is an interval of volumes centered at 72,/ for
which the tori 7y z(H) are the candidate to solve the isoperimetric pro-
blem. Finally, when o = 0,06 (in this case there are unstable spheres),
the tori 7y 7 (H) are again candidates to solve the isoperimetric problem

when the volume is neither close to 0 nor 272,/a. In this case there are
non-congruent spheres enclosing the same volume.
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