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Abstract

We prove the convex hull property for properly immersed minimal hypersurfaces in a cone
of R"™. We deal with the existence of new barriers for the maximum principle applications
in non compact truncated tetrahedral domains of R3. As a consequence of our analysis, we
describe the space of such domains admitting barriers of this kind. Non existence results
for non flat minimal surfaces with planar boundary are obtained. Finally, new simple closed
subsets of R® which have the property of intersecting any properly immersed minimal surface
are shown.

1 Introduction and Notation

For a thorough explanation and subsequent development of the main results in this paper, the
following notation is required.

1.1 Notation

As usual, C = C U {oo} is the Riemann sphere, D = {z € C : |z| < 1} is the unit disk and
U={z€C : Im(z) > 0}U{oc} is the upper half plane. We label st : S> — C as the stereographic
projection. By definition, a circle or straight line v € C is a great circle if and only if it is the
stereographic projection of a spherical geodesic, i.e., v = st(S? N II), where II is a plane in R3
passing through the origin.

Given that A C R™, the convex hull of A will be denoted as £(A). Given that v = (v1,... ,vp) €
R™ and A € R, the hyperplane {P € R™ : (P,v) = A} will be denoted by {d 1", v;z; = A}.
Likewise, we define the sets {d "1, v;z; > A(< A\, > A, < A}, and if A > 0, {| X0 vizs| > A (<
A, > A, < A)}. The symbol L means orthogonal, and || means parallel.

By a wedge W C R? we mean the intersection of two closed half spaces Hy,, Hy{;, with distinct
boundary planes d(Hw ), O(Hjy ). If v (resp., v') is the normal vector of O(Hw ) (resp., O(Hyy))
pointing to W, the angle of W is the number a(W) = 7 — arccos({v,v)) € [0, 7]. Then, slabs are
wedges of angle zero, and half spaces are wedges of angle 7. If a(W) €]0, 7], the axis of W is the
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straight line [(W) = 0(Hw) N O(Hyy, ). In case a(W) = 0 (resp., a(W) = m) an axis (W) of W
is any straight line in the only plane which is parallel to O(Hyw ) bisects W (resp., any straight
line in (W)). The associated bisector plane II(W) of W is the plane containing (W) and which
splits the wedge into two symmetric pieces. We call the wedges W such that II(W) = {z2 = 0}
and {(W)L{xs = 0} vertical. Likewise, the wedges W which satisfy II(W) = {z3 = 0} and
(W) L{ze = 0} will be called horizontal. We call the family of horizontal (resp., vertical) wedges
containing the positive x1-axis W (resp., W'). The wedge in W (resp., W) of angle 6 €]0, ] (resp.
p €]0,7]) whose axis is the zo-axis (resp., the z3-axis) will be denoted by Wy (resp., W;.)

F(0)

Figure 1: A domain C € ¢8 and two domains C, Cy € € such that C; < Cy

Let ¢’ denote the set of triads (W, W', H), where W and W' are wedges and H is a closed half
space, which satisfy that: (W) LI(W'), I(W)LIW’), O(H)||I(W), O(H)||I(W"), and (HNW N
W N (II(W) NII(W’)) consists of a half line. For technical reasons, the triads in which either
a(W)=m,a(W')=0or WNW’'NH is a wedge of R are excluded. The triads (W, W', H) and
(R(W), R(W'), R(H)), where R is a rigid motion, will be identified. Hence, and in the following,
we will assume that

Wew, W eW and H = {z; > 0}.

Then, we define
T={WnW' nH: (WW ,H)edc, a(W)<r}

Any C € T has five faces, labeled as Fy(C), F1(C), F»(C), FT(C) and F~(C). We always suppose
that Fy(C), F»(C) c 9(W), FT(C), F~(C) C 9(W') and Fy(C) C H. The face Fy(C), the only
compact one, is a rectangle (that eventually degenerates into a segment or a point). We write
the planes containing F;(C), j = 1,2, F™(C) and F~(C), as IL;(C), j = 1,2, I (C) and II~ (C),
respectively. By definition, I1o(C) = {z; = 0}. We label the following edges of C as: £ (C) dof
F,(C)NnF*(C), £; (O) def F,(C)NF~(C),i=0,1,2.If v;7 € {x1 > 0} and v; € {z1 > 0} are unit
vectors parallel to £ (C)) and ¢; (C), respectively, i = 1,2, we label
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the angles made by ¢ (C), ¢, (C), and ¢ (C), ¢35 (C), respectively. Finally, we define
T(C) = Ui (¢F (C) u 7 (O)),

and observe that £(T(C)) = C. We denote by h(C) < [|¢1(C)|| = [|¢5 (C)]| and o(C) <" ||F(C) N
Fo(O)|| = ||F2(C) N Fy(C)|| the width and the height of the base of C, respectively. We also call
HC) et a(W) and o(C) dof a(W') the angles of C. The numbers h(C), o(C), 9(C) and o(C)
determine C, and so, we refer to Cg:; as the only C' € T such that 9(C) =6, o(C) = p, 0o(C) =0
and h(C) = h.

Concerning the case a(W') = w, we denote
Wo={WnWn{z; >0} : WeW, W eW aW)=n}cCc.

For every C = WNW' n{z1 > 0} € W, it is clear that W’ contains {z1 > 0}, and thus,
C = W n{z; > 0}. Hence, the height of the base H(C) > 0 and the angle of ¥(C) = a(W) are
well defined and determine C. For this reason, given € [0,7[ and h €]0, +oc[, we write W} as
the only C' € 20, such that ¥(C) = 6 and h(C) = h. The planes II;(C), i = 0, 1,2, and the faces
F;(C),i=1,2, are well defined on 2y too. However, this is not the case for the width of the base
0(0), the faces F+(C), F~(C), Fy(C) and the edges ¢, (C), ¢; (C), i =0,1,2. To get a consistent

definition of these objects, we have to slightly modify the nature of 2. Indeed, we define
2 = {(C",0) : C" €W, o€ [0,+00[}.

For every C' = (C',0) € 20, where C' = W N {z; > 0}, we denote by Fy(C), F*(C) and F~(C)
the planar domains W N {z1 = 0, |z2| < o}, WN{zy = 0,22 > o} and W N {z; = 0,22 < —o},
respectively. Of course, F;(C) def F;(C"), i = 1,2, and then, the planes II;(C), j = 0,1,2, IT*(C),
II~(C), the edges Zj' (C), £;(C), j =0,1,2, and the configuration of straight lines T(C') are defined

as above. Moreover, §(C') def h(C") and o(C) L5, Likewise, Cg’ﬁ is the only C' € 20 such that

9(C) =6, o(C) = 0 and h(C) = h. When considered as a subset of R3, we look at Cg’:: and Wah as
being the same. 7
Finally, define
C=%U,

and consider the natural analytical (and so, topological) structure in € induced by the one to one
map

F: € —0,4+00[x]0,+00[X[0,7[x]0, 7] — {h=0=0}U{h=0, p=m7})
F(C) = ((C),0(C),9(C), o(C)) -

Define
¥ cee o@)=0), Y cee : pO)=1}
L cee, : h)=0}, el e nel.
Up to rigid motions, €9 is the family of tetrahedral symmetrical half cones, and so, the map
(9,0) : €8 —]0,7[x]0, [ is one to one. If C € €, we denote q(C) as the only domain in &
such that (h(q(C)), 9(q(C)), o(q(C))) = (h(C),V(C), o(C)) . For C € &y, we simply write £o(C) =
G(C) =6 (C).

Given Cp, Cy € €, we say that C; < Cy if and only if h(Cy) < h(Cs), 9(Cy) < I(C2),
0(C1) > 0(Cy), and o(C1) > o(Cs2). In other words, Cy < Cj if and only if Co is higher and
narrower than C;. For every C' € T such that 9(C) > 0, !C denote the only domain in ¥ such that
h(tC) = 0(C3), o(*C) = h(C), I(*C) = o(C), and o(*C) = I(C). Up to scaling, any domain C' € €
such that h(C) # 0 can be considered in €!. In order to simplify the statements of some results,
this normalization will be often used.



C

Figure 2: A domain C' € €) and two domains C;, Cy € € such that C; < Cs

1.2 Introduction

Schwarz, Weierstrass and Riemann studied minimal surfaces in R?® bounded by straight lines,
obtaining existence results for surfaces with boundary a given polygon (where the sides of the
polygon could be of finite or infinite length). See the Darboux treatise [3] for a good reference.
This problem is closely related to the classical conformal mapping theory, and so, the Weierstrass
representation plays a fundamental role here (see [2].) Jenkins and Serrin [7] and H. Karcher
[8], among others, have used different methods to construct a large family of examples bounded
by straight lines or planar geodesics, generating by successive Schwarz reflections new interesting
complete minimal surfaces.

In this paper, we use these classical ideas to produce a new family of properly immersed minimal
surfaces in non compact truncated tetrahedral domains C' € €, that can be used as new barriers
for the maximum principle application. In the previous paper [9], and following a Rosenberg’s
suggestion, the authors carried out a similar analysis for surfaces in a wedge of a slab. The
procedure works as follows.

Figure 3: A barrier for a domain C € ¥.

The first step deals with the existence of minimal surfaces B satisfying that: (i) B = X (),
where X : N — R? is a proper minimal immersion of a surface N homeomorphic to D — {E1, Ey}
and {E1, B2} € 9(D); (ii) B C C € € and 9(B) = Y(C); (iii) there exists a compact subset K € R3
such that B — K = A; U Ay, where A; is a graph over II;(C) asymptotic at infinity to this plane,



j=1,2; (iv) if o(C) > 0, then B is embedded, and in the case o(C) = 0, the only self intersections
of B occur on £y(C) where two sheets of B meet transversally.

We should point out that the aforementioned Plateau’s problem can be solved only for particular
domains C' € €. In this case, we say that C' admits a barrier and that solution B is a barrier for
C. Any barrier B = X (V) has finite total curvature. Furthermore, N is conformally equivalent to
a closed disk with piecewise analytic boundary minus two boundary points, and the Gauss map of
X extends continuously to the two ends. An thorough analysis of these facts can be found in, for
instance, [10].

Figure 4: Up to rescaling, a discrete view of a continuous family of barriers for a domain C € €}.

A more elaborate concept of barrier it is also useful. A domain C' € €, h(C) > 0 (up to scaling,
we always suppose C € €1) admits a continuous family of barriers if there is a curve of pairs F =
{(Cy, By), : t €]0,1]}, where (Cy, B:) consists of a domain C; € €' and a barrier B; for Cy, t €]0, 1],
satisfying that: (i) there exists a surface N homeomorphic to D — {Ey, Ex}, {E1, E»} € (D), and

a continuous map ¥ :]0,1] x N — R? such that ¥;(P) def U(t,P), P € N, is a proper minimal
immersion, ¥ (N) = By, t €]0,1]; (i7) C1 = C, ¥(Cy) = ¥(C) and o(Cy) = o(C), t €]0,1]; (iii) the
map o(t) et 0(C}) is continuous and lim;_,g 0(t) = 0; (iv) {B.} converges uniformly on compact
subsets, as t — 0, to F1(Co) U Fo(Co) U £y(Ch), where Cp M Yimy o Cy = q(C) € €}; (v) for all
open subset U C R? containing £o(Cp), there exists t(U) €]0,1] such that, for every t €]0,¢(U)],
By — U = A;(t) U Aa(t), where A;(t) and Aa(t) are disjoint graphs over the planes IT; (Cy) and
115 (Ch), respectively.

We label 07 % Maximum{o(t) : ¢ €]0,1]}, and Cr def C',, where tg €]0, 1] satisfies 0(tg) = or.

If C € €} admits a continuous family of barriers, we define

(1) 0 X Maximum{o(C") : q(C’) = C, C' admits a barrier}.

(o]

As we will see later, 0 = 0 < 400, for every continuous family of barriers F of C.



A natural question is to decide whether or not a domain C' € € admits a barrier (or a continuous
family of barriers). This matter is specially interesting for domains in €y, and comprises the most
technical part of the paper.

The main theorems we have proved are the following:

Figure 5: A barrier for a domain C' € c.

Theorem A

(i) The space of cones in C admitting barriers consists of a properly embedded curve
¢ C € with the following properties:

Ve 2 ¢ =0, 7, g : ¢ —]0, [
are analytical diffeomorphisms, and the function
(0¢) o (9)c) ™" 10, w[=]0, [

increases. Moreover, limy_,oo v(C)) = 0, for every divergent sequence {Cj} C c.

(ii) Labeling ¢! = {C € &€} : (9(C),0(C)) € (9,0)(c)}, the space s of domains in €}
admitting a continuous family of barriers is given by:

s= | J{C'ee;: C'<C C#£C)
Cect
Moreover, the function o is positive and continuous in s, and the following monotonic-
ity formula holds
C,Cy€s C1<Cy = o<1 < 0©2,
(iii) Label s' = {C € € : q(C) € 5, 0(C) = 09},
(1) If C' € € admits a barrier and there exists C' € ¢ such that either C' < C or
C<C, thenC' =C.
(2) If C' € € and admits a barrier, and there exists C € s' such that C' < C,
then C = C".
(3) Let C € € such that q(C) € s. Then, C admits a barrier if and only if
0(C) < 09(©),



Figure 6: The projection on the (6, p, h)-space of ¢ and s.

The main goal of this paper is to use these surfaces as new barriers for the maximum principle
application. Therefore, we can obtain some nonexistence results for non flat minimal surfaces with
planar boundary. To be more precise, we have proved the following result:

Theorem B Let S be a connected properly immersed minimal surface lying in C € €,
and suppose that one of the following conditions holds:

(i) C €c, S is compact and O(S) C ((F1(C) U F>(C) —Y(C)).
(11) There exists C' € ¢ such that C < C" and 9(S) C (FH(C)UF~(C)) — Y(C)).
+ 0=

(iti) There ezists C' € s' such that C < C'" and (0(S) — ({5 (C) UL, (C)) C (FF(C)U
F=(C)) —T1(0).

Then, S is a planar domain contained in a face of C.

This paper is laid out as follows. In Section 3, we prove that properly immersed minimal
surfaces in a half cone satisfy the convex hull property. Moreover, we use the maximum principle
to obtain some theoretical results about properly immersed minimal surfaces with planar boundary
in a cone of R3. From the existence of barriers, we infer non existence results of minimal surfaces
whose boundary lies in 9(C), C € €. In Section 4, we deal with the general existence of barriers
for domains C' € €, and in Section 5, we study the space of domains in € admitting a barrier and
a continuous family of barriers. As a consequence of the preceding analysis, in Section 2 we prove
Theorems A and B.

2 Proof of the Main Theorems

Proof of Theorems A: To see (i), we use the notation of Theorem 5.3 and define ¢ = {Cg’g
Po

6 €]0,7[} C €5. From Theorem 5.3, any C € ¢ admits a barrier, the map 6 — p, is an increasing
. . . . 0,0 \ _ 1: 0,0 \ _
analytical diffeomorphism and limg_.o v(Cy, ) = limg—.» v(Cy’, ) = 0.
e e

Observe that (ii4)(1) is a consequence of Lemma 3.4. So, the only domains in €3 admitting a
barrier are the ones of ¢, which completes the proof of ().

To prove (ii), let ¢! and s as in the statement of Theorem A. Using the notation of Theorems
5.3 an 5.4, we observe that s = {C;’g : (0,p) € A}. From Theorem 5.3, any C' € s admits a



continuous family of barriers. Moreover, if C' € €} — s admits a barrier, from (i) in Theorem A
we can find C' € ¢ such that o(C) = o(C”) and ¥(C) < HC’), i.e., C < C’, and so by (ii7)(1) in
this theorem, we infer that C'= C”, which is absurd. Therefore, the only domains in €} admitting
a barrier (and a continuous family of barriers) are the ones of s. From Corolary 3.2 (see Remark
3.2), 0¢ is well defined and is equal to oz, for every continuous family of barriers F for C' € s.
The continuity and monotonicity of o in (i¢) of Theorem A are a consequence of Theorem 5.4 and
Corollary 3.3. Moreover, Theorem 5.4 gives 0¢ > 0, C € s.

To complete the proof of Theorem A, it remains to prove (7i7)(2) and (i¢7)(3). Note that (ii7)(2)
follows from Corollary 3.2. To see (i44)(3), let C' € €' such that q(C) € s and o(C) < 09(“). Then,
take a continuous family of barriers F = {B, : t €]0,1]} for q(C), where B, is a barrier for a
domain Cy € €' and {0o(C;) : t €]0,1]} = [0,09(®)]. By an intermediate value argument, there is
' €]0,1] such that Cyy = C, and so By is a barrier for C. Conversely, if C € €1, q(C) € s and C
admits a barrier, (iii)(2) gives that o(C) < 09(®). This completes the proof. O

Proof of Theorem B: Let C € ¢. From Theorem A, C' admits a barrier, and so, (i) and (i)
in Theorem B follow from Lemma 3.3. The general version of (i7) in Theorem B holds trivially if
o(C") = o(C). Let us assume that o(C") < o(C). In this case, any connected component of SN C’
must be a planar domain in F*(C”) or F~(C") ((7) in Theorem B has been proved for domains
in C’ € ¢), and so S must be a planar domain in IT*(C”) or I~ (C"), which is absurd. Therefore,
SNC’" =, and then, a connection argument and Theorem 3.1 get that S is a planar domain in a
face of C. To prove (iit) in Theorem B, use Theorem A to get the existence of a continuous family
of barriers for C, and then, take into account Lemma 3.5. O

1,0 1,0
Remark 2.1 For every C € s, Theorem A gives that o€ > 0%l > 0% > 0, i.e., there exists a

positive lower bound for the set {0€ : C € s}. In [9] is dealt with thoroughly the particular version
of Theorems A and B for wedges of a slab (i.e., domains such that 9(C) = 0.)

Some closed subsets of R are natural obstacles in the sense that they meet any properly
immersed minimal surface. For instance, by using a suitable compact piece of the catenoid as a
barrier, we can find a cone in R? satisfying this property. Hoffman and Meeks [6] have proved that
two non flat properly immersed minimal surfaces must intersect, and so, every surface of this kind
is an obstacle in the above sense. We are going to show a new family of simple obstacles which do
not disconnect R3. First, we need to introduce some notation.

Define

ef A
O {(@r,2,3) ¢ || < tan(F)]y/ad + 23]}, A €]0,x

1 A
O {(@r,2,w3) = Ja] < 5+ tan(5)(y/af +a3 — 1), \Ja? +ad > 1), A 0,7l >0,

and denote by Dy = {Cy : A €]0, [}, Dy = {C} : A €[0,x[,t > 0}.

Let P = {W' ... W2} k > 2 be a finite partition of R® by wedges satisfying: (1) I(W7)
is the xz-axis, 7 = 1,...,2k; (2) the interior of the W7, j = 1,...,2k, are pairwise disjoint; (3)
U2k, W7 = R?; (iv) they are laid end to end, i.e., two consecutive wedges W/, W/t! meet in a
common face, and the same hold for W' and W?2*. Denote p; as the angle a(W7), and label R; as
the rotation around [ such that R;j(WJ) € W' (that is to say, such that R;(IL(W7)) = {z2 = 0}),
ji=1,...,2k Given Q € D; UDs, and for j =1,...,2k, call:

(2) C; = (0 Ry) (EWTNNY)

where 7; is the only translation such that C; € € (if Q € Dy, 75 is the identity map).
We say that Q € Dy (resp., Q € Ds) is special, and that P is a good partition for € if



. . 1
(a) For odd j € {1,...,2k — 1}, there is C} € ¢ (vesp., C; € s') such that C; < C7.

(b) For evenlj € {2,...,2k}, there is C} € ¢ (resp., C} € s') such that ‘C; < Cf (resp., 'Cj <
o(Cj) - Cj)'

In this case, we label

Ap = (9(Q) — U, (F1(Cyy) U F(Cyy)).

Figure 7: 9(Q)p for € Dy and Q € Ds.

Theorem 2.1 There exist special domains in D1 and Ds.
Moreover, if M is a connected properly immersed minimal surface in R3 without boundary,
Q€ Dy UDy is a special domain, and P is a good partition for Q, then M NO(Q)p # .

Proof: Let us prove the first part of the theorem. Since limy_. (C},) = 0, where {C} }(remy C ¢
is any divergent sequence, then the number

vo = Maximum{v(C) : C € ¢}

is well defined and positive. We want to prove that Cy is special, for all A €]0,14]. Indeed, take
A €]0, 1], and let C\ € ¢ be a domain such that v(Cy) > A. Then, consider a sequence of wedges
P = {W!, ... , W2k} satisfying the above conditions (1), (2), (3) and (4), and the corresponding
sequence of domains {C1,...,Ca} given in (2). Label p; = a(W7). We can make the choice of
wedges in such a way that: p; > o(C)), j odd, and p; was as small as we want, j even. Hence,
C; < Cy, j odd, and we can suppose that there exists C’; € ¢ such that 'C; < Cj’., j even. By
definition, Cy is a special domain and P is a good partition for Cj.

Let us prove that Dy contains special domains. It is clear that v(C) < v(C'), provided that

C < ', C, C € ¢ Since the function C — v(C) is continuous in €, it is not hard to see that

sy € {C es : v(C) > A} is non empty, A €]0,1[. Moreover, we know that o€ > 0Cor > 0,

C € s, and so
c

2 sin(@)

1,0
OCO,W

:CEesyt> > 0.

def
7y = Infimum{

We want to prove that C§ is special, for A € [0, o[ and ¢ > rj.

Let C{ € s, be a domain such that 0%h < 2t Sin(g(%i)). Reasoning as above, consider a
sequence of wedges P = {W!, ... W2k} satisfying (1), (2), (3), (4), and the corresponding domains
{C1,...,Co} given in (2). Label p; as the angle of W7. We can make the choice of wedges in such
a way that: p; > o(C%), j odd, and p; was as small as we want, j even. Therefore, 0o(C;) > o(C%),



and so, C; < C%, j odd, and if j is even, we can assume that there exists Cj’- € s' such that
*C; < o(Cy) - €. By definition, C§ is a special domain and P is a good partition for C5.

To prove the second part of the theorem, let P = {W1 ... W?2*} be a good partition for ,
and consider {C4,...,Cq,} C € like in (2). Reasoning by contradiction, we assume that M is a
properly immersed minimal surface without boundary and disjoint from 9(2)p. Let us see that
MNQ =90 ie, MNC; =0, j =1,...,2k. Suppose j is odd, and assume that M N C; # (.
Since M NA(Q)p =0, M NI(C;) C (FF(Cj)UF~(C;)) —Y(Cy)). Since P is a good partition,
Theorem B implies that M N C; is a planar domain in a face of C}, and so M is a plane. But no
plane is disjoint from 9(2)p, which gets a contradiction.

Therefore, M N C; = 0, j odd. If j is even and M N C; # 0, we get that M N 9(C;) C
(FT(*C;) UF~('C))) — T(*Cy)), and in a similar way Theorem B leads to a contradiction.

Hence, M C R? — Q. Write M = MT U M~, where M+ = M N {x3 > 0} and M~ N {z3 < 0}.
Since M is properly immersed, (M ™) and d(M ~) are compact and consist of a finite number of
compact properly immersed curves. Moreover, M T and M~ lie in a half cone, and so, by Theorem
3.1, M+ and M~ are compact. Therefore, M is compact, which is absurd. O

As an elementary corollary, given a special domain Q € D;UDy, there are no properly immersed
minimal surfaces contained in 2.

3 The convex hull property for minimal surfaces. Minimal
surfaces with planar boundary in a cone.

In this section we use the maximum principle to establish some theoretical results about properly
immersed minimal hypersurfaces in a cone of R™, n > 3. First, we prove that any such hypersurface
satisfies the convex hull property, i.e., it lies in the covex hull of its boundary. On the other hand,
assuming that C' € € admits a barrier or a continuous family of barriers, we derive some non
existence results for properly immersed non flat minimal surfaces in R? whose boundary lies in
a(0C).

In accordance with the maximum principle, no interior point of a non flat minimal hypersurface
in a polyhedral domain of R™ lies in the boundary of the domain.

We need the following notation. Let IT be a hyperplane in R”, n > 3, D C II, and P, a point

in R™ — II. Then, we write Cp, (D) et {Po+tP : P e D, t>0}. If Dis a convex compact

domain in II, then we say that Cp, (D) is a half cone of R™. By an open half cone we mean the
interior of a half cone. If D is a polyhedral domain, Cp, (D) is a polyhedral half cone. Consider
D=E({Py,...,P,}), where Pi,...,P, €Il are in a general position (i.e., they do not lie in any
linear subspace of dimension n — 2). Then, the set Cp, (D) is a simple polyhedral half cone. The
sets F; = Cp,(E{Pr,..., P} —{PF;})) and E; = Cp,({P;}) are the i-th face and the i-th edge of
D, respectively, 1 =1,... ,n.

By using the ideas of Hoffman-Meeks in [6], we can prove the following lemma:

Lemma 3.1 Let M be a proper connected minimal surface in R™ with (maybe empty) boundary
O(M). Assume that M lies in a simple polyhedral half cone C, and suppose that O(M) lies in a
face of C. Then, M 1is a planar domain in a face of C.

Proof: Since the proof is a straightforward generalization of the case when n = 3, we only consider
this special case. First, put C = Cp,(T), where T = £({Q1, Q2,Q3}), and write F; = Cp, (E(T —
{Q:}), E; = Cp,({Q:}), i = 1,2,3. Up to a suitable rigid motion, we will suppose that the cone
C lies in the half space z3 > 0, the vertex Py is the origin of R?, and the face F} lies in the plane
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First, note (M —9(M)) N (F> U F3) = (). Otherwise, the maximum principle implies that M lies
in Fy or F5, which contradicts that 0(M) C Fj.

Let € > 0, and let P, denote the point F; N {x3 = €}. Since P. ¢ M and M is closed, there is a
s > 0 small enough such that the Euclidean ball By = {P € R? : |[|P — P. — 5(0,0,1)|| < s} does
not meet M. It is clear that By lies in the half space {x3 > €}.

Consider the curve Ay = 9(B;s) N J(C) = 9(Bs) N (Fy U F3), and consider a compact minimal
disk A bounding A;. It is clear that there is a plane Iy containing F4; and disjoint from C' — Ej,
such that Ag has a bijective projection on a convex curve in IIy. Therefore, we can suppose that
A is a graph over a convex planar domain in ITg.

In accordance with the convex hull property, A € Bs N C, and so AN M = (). Label A; =
{P.+t(P—P.) : P e A}, t>1, and observe that 0(A;) = {P. + (P —P.) : P € A;} C
(F1 U Fy) Nn{xs > €}. So, 9(Ay) N M = (. Furthermore, since z3(P) > € > 0, for every P € Ay,
then A; N Fy = 0. Hence, Ay NA(M) = 0. Therefore, Ay N M = (A — (A)) N (M — (M), t > 1.
Since A = A; is disjoint from M, an application of the maximum principle gives that none of the
surfaces A; can contact M, t > 1.

On the other hand, it is not hard to see that {P € C' : x3(P) > €} C Ugs14A. Thus, M lies in
the slab {0 < x5 < €}. Since € > 0 is arbitrary, M lies in the plane x5 = 0, which concludes the
proof. O

Now, we can state the following theorem.

Theorem 3.1 Let M be a proper, connected, minimal hypersurface of R™ lying in a half cone C.
Then, M C E(O(M)). As a consequence, I(M) # 0.

Proof: As above, we only consider the case n = 3.
Let H be a closed halfspace disjoint from 9(M), and suppose that H N M # (). In accordance

with the maximum principle, M does not lie in R3— Icl)f (otherwise, M would be a planar domain in
O(H), which contradicts that (M )NH = 0). Moreover, the boundary of any connected component
My of HN M lies in 9(H) N C, and so, it is not hard to find a simple polyhedral half cone C’
containing My such that 9(Mpy) lies in one of its faces. In accordance with Lemma 3.1, My is a
planar domain contained in 9(H), and so M C 9(H), which is absurd. Therefore, H N M = {.
Since H is an arbitrary closed half space disjoint from 0(M), we deduce that M C E(O(M)). O

Corollary 3.1 Let M be a proper minimal hypersurface in R™ whose boundary O(M) (which may
be empty) lies in a half cone. Then, E(M) is one of the following sets: (1) R™, (2) a closed halfspace,
(3) a closed slab between two parallel hyperplanes, (4) a hyperplane or (5) a closed conver domain
contained in a half cone (in this case, M C E(O(M)).)

Proof: For the sake of simplicity, we suppose n = 3.

Suppose that the cases (1), (4) and (5) listed in the proposition do not occur. Let H; and Ho
be distinct smallest closed half spaces containing M, and suppose that 9(Hy) and 9(Hz) are not
parallel planes. We shall obtain a contradiction. Since O(M) lies in a half cone, it is not hard to
find a closed halfspace Hj such that:

e O(M)NO(Hsz) =10,
° 8(M) C Hi N Hy ﬁ[’[g7
e if n; is the normal vector of H;, i = 1,2,3, then {n,ng, ng} are linearly independent.

Since (4) and (5) do not hold, the maximum principle implies that the interior of M cannot
have common points with d(H;) U d(Hz). Moreover, since (5) does not hold, M does not lie in the
half cone H; N Hy N Hs.
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Therefore, M N J(Hs) # 0. Furthermore, as M N d(Hs) only contains interior points of M and
(4) does not hold, then the maximum principle implies that M N (R® — H3) # 0.

Let My be any connected component of (R3 — Hs) N M. Observe that My is contained in the
simple polyhedral half cone H; N Hy N (R3 — H3). By Lemma 3.1, My is a planar domain of 9(Hs),
which contradicts that M N (R® — Hj) # 0. O

In the following, we will suppose n = 3. As a consequence of Theorem 3.1, any properly
immersed minimal surface in a domain C' € ¥ satisfies the convex hull property.

We will need the following version of the maximum principle at infinity for minimal surfaces in
R3.

Lemma 3.2 Let n be a nonzero vector, and define 1 = {P € R® : (P,n) =0}. Let p : R® — 11
denote the orthogonal projection over I1. Let G and S be two properly immersed minimal surfaces
satisfying that: (i) p|la : G — p(QG) is one to one and (P,n) > 0, for every P € Gj (i1) there exists
a compact subset K C R3 such that (0(G) — K) C II; (ii4) lim, o distance(P,,,11) = 0, for every
divergent sequence {P,,} C G (as a consequence, p(G) is closed); (iv) p(S) C (p(G) — I(p(G))),
9(S) C G and S lies between G and 11, i.e., if PL € G, P, € S and p(P1) = p(P,), then (Pi,n) >
<P2, n) > 0.
Then, S C G.

Proof: Define G* = G — An, A > 0, and let \; be large enough such that G* NS = (), for A > \;.

Reasoning by contradiction, suppose that S ¢ G and take Ay > 0 small enough such that
G*N S # 0, for A € [0, \g]. Hence, the number X = Supremum{\ >0 : G*N S # 0} > 0 is well
defined. Since S and G* are properly immersed and S does not touch G* at infinity, A > 0, we
deduce that SNGY #£ 0. As X > 0, then G NG = 0, and so G* NA(S) = 0. Furthermore, since

p(S) Cp(G) and p(A(GM)) = p(8(G)) = d(p(G)), we infer that (G*) N S = @. Therefore, G
touches S only at interior points.

In accordance with the maximum principle, S and G*' must coincide in a neighborhood of any
point of SN GN. As a(S)n G =0, then G* C 8, which is absurd. This proves the lemma. O

The domains C' € ¥ admitting a barrier are quite especial. For instance, we have:

Lemma 3.3 Let C € TN &y, ¥(C) > 0, admitting a barrier, and let C' be a domain in T such
that H(C") =0 and C' < C.
Let S be a connected properly immersed minimal surface in Wé(c,), and assume that either

(i) H(C) =0, S is compact and I(S) C ((F1(C)U F»(C)) — Y(C)), or
(ii) 9(S) C (FFH(C)UF~(C")) = Y(C)).

Then, in case (i), S is planar domain contained in Fy(C) or F5(C), and in case (i), S is a planar
domain lying in FT(C") or F~(C").

Proof: From Corollary 3.1, we get S C £(9(S)), and so S C C (case (i)) or S C C’ (case (i7)).

Let X : N — R3 be a barrier for C, and label B = X (N).

Since o(C) = 0, then the only self intersection points of B occur in the segment ¢o(C). Observe
also that the tangent plane of B at any of the two points of X ~1({(0,0,0)})) contains ¢o(C) and
splits C' into two connected components (if h(C) = 0, one of these regions is empty). Let W/, be
the wedge of R3 contained in W;(C) and bounded by the tangent planes of B at the two points of
X~1((0,0,0)).

Moreover, for every t > 0, define B, = {tP : P € B} and C; = {tP : P € C}.

From the definition of barrier, it is clear that
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e BB, splits C into two connected components, ¢t > 0.

o Ifh(C) =0, then: (a) C, =C, t > 0, and U;»oB;, = éUT(C); (b) {B:} converges uniformly on
compact subsets of R3, as t — +o00, to the set F(C)UF~(C); (¢) {B:} converges uniformly
on compact subsets of R?, as t — 0, to the set F1(C) U F»(C).

e If h(C) > 0, then: (a) {B;} converges uniformly on compact subsets of R3, as t — 400, to
the set F* (W), )UF~(W/,), where F*(W/,) and F~(W},) are the two faces of W,; (b) {B:}
converges uniformly on compact subsets of R?, as t — 0, to the set F;(Cp) U F5(Cyp), where
Cp is the only domain in €J such that 9(Cp) = 9(C) and o(Co) = 0(C).

First, suppose that (i) holds, and assume that S is not a planar domain lying in either Fy(C) or
F5(C). Since h(C) = 0 and S C £(I(9)), it is straightforward to check that there exists ¢t; > 1
large enough such that B; NS = (), for ¢ > 1.

Moreover, there exists ¢y €]0,t;[ small enough such that B; NS # ), for t < to.

Note that B, NS is disjoint from 9(S) U 9(B;), for ¢t > 0, and label

to = Supremum{t >0 : By NS # 0}.

Taking into account that S and By, are properly immersed and that S does not touch B, at
infinity, we deduce that B, NS # 0. An application of the maximum principle gives that S and
B;, must coincide in a neighborhood of any point of By, NS # (). This implies S = B;,, which is
absurd.

Assume that S satisfies (i7), and suppose that S is not a planar domain contained either in
FH(C") or F~(C").

Let us see that there is t; > 1 large enough such that B, NS # (), for ¢ > ¢;. If not, reasoning by

[e]

contradiction, S would lie in one of the (at most two) connected components of C'— W, . Since S
is connected, 9(.5) would lie in one face of C’, and by Theorem 3.1, S would be a planar domain,
which contradicts our assumption.

We assert that there exists g > 0 small enough such that B; NS = 0, for every ¢ €]0, %]
Indeed, let e €]0,distance({x1 = z2 = 0},5)[. Since B is a barrier, we can take ¢y > 0 small
enough such that By N {||(z1,22)|| > €} consists of the disjoint union of two simply connected
components, G1(t) and Ga(t), ¢ €]0, to]. Furthermore, we can assume that Gy (t) C {x5 > 0} (resp.
Ga(t) C {z5 < 0}) and G1(¢) (resp. Ga(t)) is a graph over the domain Fy(Ct) N {||(x1,z2)|| > €}
(resp., Fo(Co)N{||(z1,x2)|| > €}), t < to. Hence, SNB, = B:N(G1(t) U Ga(t)) , t < to. Reasoning by
contradiction, assume that B;NS # (), where ¢ €]0, to]. Then, either G1(¢)NS # § or G2(¢) NS # 0.
Moreover, observe that 9(G1(t)UG2(t))—Y(Cy) C {||(z1,z2)]| > €}, and so I(G1(t)UG2(t))NS = 0.

Assume that G1(t) NS # 0, t €]0, to].

As G1(t) splits Cy N {]|(x1,22)|| > €} into two connected components or regions, then the set
S — G1(t) meets the top one, that is to say, the region of (Cy N{||(z1, z2)|| > €}) — G1(t) containing
F1(Cy) n{]|(x1,z2)|| > €} in its boundary. Otherwise, S would lie below G;(t) and would touch
this set at interior points. Hence, an application of the maximum principle would imply that
Gi(t) C S, and so S = By, which is a contradiction. Let Si(t) be a connected component of
S — G1(t) between G1(t) and F1(Ct) N {||(z1,x2)|] > €}, and note that 9(S1(t)) C G1(t) — T(Ch).
We can use Lemma 3.2 for the graph G1(t) over the plane II; (C;) and the surface Si(t), getting a
contradiction. Analogously, Go(t) NS = ), for ¢ €]0, to], which proves our assertion.

To finish the proof, let # = Supremum{t >0 : SNB; =0} > 0. If SN By # 0, then, as above,
S would touch By at interior points, and so the maximum principle would imply that S C By,
which is absurd. Therefore, we can suppose that S N By = (. This means that S touches By at
infinity (this case only could occur when ¢(C) = 9(C”) and h(C) = 0). In other words, we can
find a decreasing sequence {t,,} — t, t,,, > ¢/, such that SN B, # 0, m € N, and the sequence

m
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of non empty subsets {S N By} diverges to infinity (i.e., for every compact subset K C R?, there
exists m(K) € N such that (SN B, ) N K =0, m > m(K)).

In accordance with the definition of barrier, it is not hard to see that there is an ¢ > 0 large
enough such that, for m € N, B, N{x1 > €'} consists of the disjoint union of two simply connected
components, G (ty,) and Gz (). Moreover, we can also assume that Gy (tm) C {zs > 0} (resp.
Ga(tm) C {z3 < 0}) and G1(tn,) (vesp. Ga(tm)) is a graph over the domain Fy(Cy, ) N{x1 > €'}
(resp., F2(Ctm) n {1[,'1 > 6/})a m € N.

Since S touches By at infinity, there exists m(e’) large enough such that (SNB;,,) C {x1 > €'},
m > m(e€'). As in the proof of the above claim, Lemma 3.2 leads to a contradiction, which proves

(4i). This concludes the proof. O
The following lemma shows that only particular domains C' € ¥ can admit a barrier.

Lemma 3.4 Let C, C' € ¥, satisfying ¥(C), ¥(C") > 0, o(C) = h(C’") =0 and C' < C. Suppose
that both C and C' admit a barrier.
Then C = C".

Proof: Let B and B’ denote two barriers for C and C’, respectively.
Claim 1: o(C") = o(C) and o(C") = 0.

Suppose that either o(C”) > o(C) or o(C”") > 0. Observe that the planes II* (C') and I (C) meet
¢ (C") U £y (C") if and only if o(C’) = 0. In this case, o(C") > o(C), and so these planes meet
transversally B’ at the point {(0,0,0)} = £yo(C"). Hence, in both cases: o(C”) > o(C) and o(C") > 0
there exists a connected component S of C'N B’ which does not contain the origin. Since S C C
and 9(S) C ((FT(C"Yu F~(C")) = Y(C")), where C"” = C N C’, we can apply Lemma 3.3 (case
(74)) and infer that S is a planar domain in a face of C”. This is obviously absurd and proves the
claim.

Claim 2: h(C) =0 and 3(C) = H(C").

As above, we reason by contradiction, and suppose that either h(C) > 0 or ¥(C) > 9(C”). Recall
that Claim 1 gives o(C’") = o(C) and o(C") =

As in the proof of Lemma 3.3, define C; = {tP : P € C} and B, = {tP : P € B}. We also
denote W), C W,y as the wedge of R3 determined by the tangent planes of B at the two points of
X~1((o, 0, 0)), where X : N — R? is a proper minimal immersion such that X (V) = B. Moreover,
we have: (a) limy—o{B:} = F1(C") U F»(C"), where C" € ¥ is the only cone such that §(C") =
o(C") = 0, )(C") = I(C), o(C”) = o(C); (b) if K(C) > 0, limy—oe{B:} = FFH(W},) UF~ (W),
where F*(W/,) and F~(W),) are the two faces of W,; (c) if h(C) = 0 (and thus J(C) > 9(C")),
then C; = C and lim;_,oo{B;} = FT(C) U F~(C).

For taking limits we consider the uniform convergence on compact subsets of R3.

Let us prove that there exists ¢; > 0 small enough such that B; N B’ = {(0,0,0)}, ¢ €]0,¢1].

If we put B = Y/(N'), where Y : N — R? is a proper conformal minimal immersion, then the
tangent planes at the two points lying in Y =1((0,0,0)) are IT* (C’) and 11~ (C”). Therefore, there
exists € > 0 small enough such that B’ N {z1 < €} is the union of two disjoint simply connected
graphs A’ and A’ over F*(C’) and F~(C"), respectively. Moreover, note that the limit tangent
planes of B’ at the two points of Y =1((0,0,0)) are IIT(C") and 11~ (C"). In Section 1 we commented
that B, has finite total curvature and the limit tangent planes of B; at the two ends are well defined.
In this case, these planes are II;(C;) and I (Cy). Since the first two planes meet transversally the
second ones, we can choose € > 0 and ¢; > 0 small enough such that, for t < t; : (a) B:N{x1 > €}
is the union of two disjoint graphs A;(¢) and Az (t) over the planes Fy(Cy) and Fy(C}), respectively;
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(b) the two curves in B’ N {x; = €} lie in the compact planar domain of {; = ¢} bounded by the
two curves of B; N {x1 = €}, and the curves F(Cy) N{z1 =€}, F~(Cy) N{x1 = €}.

Let us prove that there are no points of B’ between A;(t) and II;(C). Observe that A (¢) is
a graph over Fy(Cy) N {z1 > €} asymptotic at infinity to II1(Cy), B’ lies below II;(Cy), and from
(b), B'N{x1 = €} lies below A;(t) N {z1 = e.} If the set B’ — A;(¢) has a connected component
S between A;(t) and II;(C:), we can apply Lemma 3.2 to the graph A;(¢) over II; (Cy) and the
surface S to get a contradiction. Analogously, there are no points of B’ between Ay (t) and IIz(C).

To see that the only point of B; between A’ and II*(C;) N {x1 < €}, and between A and
I~ (Cy) N {z1 < €}, is the origin, use (b) above and Lemma 3.2 once again. Therefore, B; N B’ =
{(0,0,0)}, for t €]0, t1].

On the other hand, {B;} converges, as t — 400, to either F*(W/,)UF~(W),) (if h(C) > 0) or
FH(C)UF~(C) (if h(C) = 0). Since B’ is connected, it is not hard to find ¢ large enough such
that (B, N B') — {(0,0,0)} # 0, for t > to.

Therefore the number t, & Supremum{t > 0 : B;nNB = (0,0,0)} is well defined. If
(B, N B') —{(0,0,0)} # 0, the maximum principle gives that By, = B’, which is absurd. Hence,
(B, N B') — {(0,0,0)} = 0, and since By, meets B’ transversally at the origin, By, touches B’
at infinity. This means that given a sequence {t,,} — to, tm > to, for every m € N, the sets
{(B:,, " B') —{(0,0,0)} : m € N} are non empty and diverge, as m — oo, to infinity. Let ¢ > 0
large enough such that By, N{x1 > €'} = Ay (tm) U Aa(ty), where Ay (t,,) and As(t,,) are disjoint
graphs over the planes IIy(C,,) and II2(Cy, ), m € N. Then, we can find m € N large enough
such that (B, NB’) — {(0,0,0)} lies in {x1 > €'}. Reasoning as above (use Lemma 3.2), the set

(B, NB') —{(0,0,0)} must be empty, which is a contradiction too. This proves Claim 2.
By using Claims 1 and 2, 9(C') = 9(C"), o(C) = o(C"), and h(C) = h(C") = o(C) = o(C”") = 0.
Thus, C = C’, which concludes the lemma. O

Remark 3.1 The ideas in the proof of Lemmas 3.3 and 3.4 can be used to obtain a uniqueness
theorem for barriers. Suppose C' € T, h(C) = 0, admits two barriers B and B', and define B, = t- B,
Bi=t-B',t>0. As above, (BN B') —Y(C) =0, t <1 small enough, and so by the mazimum
principle (B, N B') —Y(C) = 0, for t €]0,1|. Analogously, (B, N B) — Y (C) =0, for t €]0,1[, and
so we infer that B=B'.

We can also obtain information about properly immersed minimal surfaces whose boundary
lies in opposite faces of a domain C' € € which admits a continuous family of barriers.

Lemma 3.5 Let C € €}, and assume that C' admits a continuous family F = {(Cy, B;) : t €]0,1]}
of barriers.
Let S be a connected properly immersed minimal surface satisfying:

(i) S C Cr.
(it) 0(S) — (b5 (CF) ULy (Cr)) C (FH(Cr)UF~(Cr)) = T(Cr).
Then, S is a planar domain contained in F*(Cx) or F~(Cx).

Proof: Assume that B, is a barrier for C; € €, ¢ €]0,1]. If C; # Cz, the maximum principle gives
that S NA(Cy) = 0. Thus, B; N S lies in interior of both surfaces.

Let U C R? be an open subset containing ¢o(C) and disjoint from S. From the definition of
continuous family of barriers, we can find t(U) > 0 such that, for ¢ €]0,¢(U)[, B:—U = A1 (t)UA2(1),
where A;(t) and Ay(t) are disjoint graphs over the planes IT; (C) and I3 (C), respectively. Thus,
SNB; C (A1(t) U Ax(t)), and so, from Lemma 3.2, SN B, = 0, t €]0,¢(U)].

An application of the maximum principle and Lemma 3.2 give that in fact SNB; = 0, o(t) < o,
and SN B, C (g (Cr) ULy (CF)), o(t) = ox. Indeed, if ' = Supremum{t €]0,1] : Sy N B, C
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(tg(Cr) ULy (CF))} < 1, then By must touch S either at an interior point of both surfaces, or at
infinity. In the first case, the maximum principle get a contradiction, and in the second one, Lemma
3.2 leads to a contradiction. A similar argument gives that B; does not touches S neither at an
interior point nor at infinity. As a consequence, B; NS = . Let W’f, be the wedge of R? contained
in W;(C) and bounded by the tangent planes of B; at the two points of this surface meeting at the
origin. Let F*(W/,) and F~ (W}, ) denote the two faces of W7,. The surfaces sB; = {sP : P € B},
s > 0, converge on compact subsets of R?, as s — oo, to F*(Wlﬁ,) U F~(W,,). In accordance with
the maximum principle, sB; does not touch S, s > 0, and so SN (FH(W/))U F~(W},)) = 0.
Therefore, S lies in one of the two regions of Wlﬁ, N C'z. Since these two regions lie in a half cone,
Theorem 3.1 implies that S is a planar domain in F'*(C) or F~(C). O

Corollary 3.2 Let C € €} be a domain admitting a continuous family of barriers F and C' € €
a domain such that C' < Cr. Assume also that C' admits a barrier.
Then C' = Cr.

Proof: Suppose that B’ is a barrier for C’ and C’ # C'z. Suppose that o(C") > 0. Up to a suitable
homothetical shrinking of C’, we can assume that h(C") < 1, and 6(C”") > ox. Hence, any connected
component of CzNB’ satisfies the hypothesis of Lemma 3.5, which leads to a contradiction. Hence,
0(C") = o#. The same argument implies that h(C’) = 1, #(C) = ¥(C’) and o(C) = o(C"), because
otherwise B’ N C'x satisfies the hypothesis of Lemma 3.5). O

Remark 3.2 From Corollary 5.2, if F is any continuous family of barriers for C € €}, then

0“ = og,
and so 0o is finite (see equation (1)). Therefore, the number ox and the cone Cx do not depend
on the continuous family of barriers F for C.

Corollary 3.3 Let Cy, Cy € €} such that Cy < Cy. Suppose that Cy and Cy admit a continuous
family of barriers. Then,
0% < ocl,

and the equality holds if and only if C1 = Cs.

Proof: Suppose that 0¢2 > 0©1, and let F; a continuous family of barriers for Cy. Consider C’ € F,
such that o(C’) > 0“1. Applying Corollary 3.2 to the pair C = Cy, C’ we get a contradiction. O

4 General Existence of barriers.

The main goal of this section is to construct a family of minimal surfaces bounded by straight
lines and planar geodesics by classical methods. We will observe that these new surfaces provide
barriers and continuous families of barriers for domains in €. See [8] and [5] for two interesting
references about the general study of Schwarzian chain problems.

Let X : M — R? be a conformal minimal immersion. We label g : M — S? as the Gauss map
of X. The Weierstrass representation of X is denoted by (g,n), where g = st o g is a meromorphic
function and 7 is a holomorphic 1-form on M. These meromorphic data determine the minimal
immersion X, up to translations, as follows:

P
3) X(P) = (X1(P), X2(P), X3(P)) = Re </P (¢1,¢2,¢3)>
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where Py € M and
)

51+ ), b3 = gn.

(4) 61 = 50—, 62 =
The three 1-forms ¢; are holomorphic on M and have no common zeroes.

Suppose that M, Q C C are simply connected compact planar domains bounded, respectively,
by pieces of great circles and pieces of straight lines parallel to {x = +y}, {x = 0} or {y = 0}. Let
q: M — Q be a conformal transformation.

By definition, a point V € (M) is a vertex of (M,(,q) if and only if either V = 71 N 72,
where 7y, and v, are pieces of distinct great circles in (M), or q(V') = I1 NIz, where I; and Iy are
pieces of distinct straight lines in 9(Q2). We label may €]0, 27 as the angle of M at the vertex V.
Likewise, we define 70y € {7, 5, , ‘%”} as the angle of 2 at the point ¢(V'). We say that V is a
finite vertex if and only if 28y > ay. Otherwise, we say that V is an infinite vertex or a boundary
end. We label {Fy,...,F,,} and {E1,..., E,} as the sets of finite vertices and boundary ends in
O(M), respectively.

Then, we define

_ dq
(5) M:M_{Ela"' 7En}7 g(z):z, ﬂ(z):_(E)Qa
and consider the Weierstrass data (M, g,n). Observe that (M) = (M) — {Ey,... ,E,}.

The following Lemma studies the basic geometrical properties of the surfaces associated to
these Weierstrass data.

Lemma 4.1 Consider (M, g,n) as in (5) and é1,¢2 and ¢z as in (4). Following (3), and for

PeM-—{E,...,E,}, define
P
X(P) = Re (/P (¢1,¢2,¢3)>,

where Py € M — {F1,...,E,}, Then, the minimal immersion X satisfies:
(i) X is proper.

(ii) The boundary ends E; are flat. In fact, there exists a neighborhood W (E;) of E; in M such
that X(W(E;) —{E;})) is a graph over the limit tangent plane X(FE;) of X at E;. Moreover,
this graph is asymptotic to an infinite planar sector in Y(E;) of angle (ap, — 208p,)7 (if
ap;, = 20g,, this means that X (W (E;) — {E;}) is asymptotic to a half strip in 3(E;)).

(iii) Let v € O(M), and put v = st(S*> N1I), where 11 is a plane in R* containing the origin. If
the segment [ def q(y) C 9(Q) lies in a straight line which is parallel to either {x = y} or
{x = —y} (respectively, which is parallel to either {x = 0} or {y = 0}), then X(v) is a

straight line orthogonal to I (respectively, a planar geodesic contained in a plane parallel to
I1.)

Proof: Since O(M) — {F1,... , Fy} is analytical and the Weierstrass data extend analytically be-
yond O(M) — {Fi,...,F,}, it is obvious that X is well defined at any point of M which is not a
finite vertex. Let us prove that X extends continuously to the finite vertices. Indeed, let F' be a
finite vertex.

Up to composing with a Mdbius transformation induced by a rigid motion of R?, we can suppose,
without loss of generality, that V' = 0 € C and two straight line segments 71, 72 contained in 9(M)
meet at 0 at an angle of map. Furthermore, we can suppose that 41 € R. The ¢-images ¢(v1) and
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g(72) are segments in 9(€2) which meet at ¢(0) at an angle of 73r. Hence, there is a small enough
neighborhood W of the origin such that

BE 1 BFr
q(z) = q(0) + z°r (h(z MF)) . zewnM,

where h is holomorphic on W, h(0) # 0. So,
dq

- ¢ dz
n= dz

)?dz = (q(2) — Q(U))2h1(zl/”);,

where hy is holomorphic on W and h1(0) # 0. Looking at (4) and (5), we get that 22_22_2% is
bounded on W N M, and taking into account that 28r > ap and (3), we deduce that X is well
defined at F.

Suppose now that E is a boundary end of M. As above, we can suppose that £ = 0 and that
two segments v; C R, and 2 in (M) meet at 0 at an angle mag. Label 785 as the angle that
q(y1) and ¢q(y2) make at ¢(F). If we write ® = (¢1, @2, ¢3), then it is not hard to see that

)
(6) t(z) = 2720 P s analytical and bounded on W'(E)N M,

where W’(E) is a small enough neighborhood of E = 0. Moreover, ¢ extends continuously to 0 and
t(0) = (A, iA,0), where A # 0. Since E is a boundary end, 20 < ag, and so from (6) and (3) we
get lim,_o X (z) = oo (i.e., X is proper at E = 0) and that

t

is finite (i.e. E' is a flat end). Let 3(E) = {23 = 0} denote the limit tangent plane of X at the end
E, and label p as the orthogonal projection on X(E). From (6), it is straightforward to check the
existence of a small enough compact neighborhood W(E) C W/(E) of 0 such that:

e p(X(W(E)N M)) lies in a planar sector of angle (ag — 20g),
e W(E)C{zeC : |z| <1}.

Therefore, X| o is a local homeomorphism, and so it is not hard to deduce that
(W(B)N(M-0(M))
OPXW(E)YNM))) C p(X(OW(E)NM))). On the other hand, p(X (W (E) N 9(M))) lies in
the boundary of a planar sector S contained in the above one and of the same angle, and so, up to
reducing W (FE) if necessary, we can suppose that p(X (W (E)NM)) is a convex subset of S. Hence,
the orthogonal projection p|x w (g))nar) is a proper local homeomorphism, and so, it is one to one.
Finally, assume that v € 9(M) is a piece of the great circle st(S? N1II), where II is a plane in R3
containing 0, and label I = ¢(y) € 9(2). Up to a rigid motion, we can suppose II = {z3 = 0}, and
so v lies in the real axis {y = 0}. If l||{z = y} or {||[{z = —y} (respectively, [||{x = 0} or I|[{y = 0}),

then Re ((%)2) = 0 (respectively, Im ((%)2) = 0). Since g(z) = z and n(z) = —(%)de, from
(4) and (3) we easily deduce that X (v) lies in a line parallel to 1 = x3 = 0 (respectively, is a

planar geodesic in a plane parallel to z2 = 0). This concludes the proof. a

4.1 Construction of the fundamental piece

In this subsection we use Lemma 4.1 to solve some Plateau’s problems. This is the key step for
establishing the general existence result of barriers for truncated tetrahedral domains in €. The
idea is to construct the fundamental piece of the barrier, which will be generated later by successive
Schwarz reflections about straight lines or planar geodesics.

To proceed, we have to describe the domains M, , and the conformal transformation ¢ : M —
Q mentioned above.
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4.1.1 The domain M

Let 7 € [0,1] and « € [1/2,1], and consider the following pieces v;, j = 1,2, 3, of great circles
in C:

® V= [T7 1]7

e To define s, let v C C denote the only great circle which meets the real axis at r, making
an angle of 7w :
T er it
= {1 — erairg
Label ¢ as the only point in yN{z € C : |z| = 1, Im(¢) > 0}, and define 2 as the connected
arc in v NU joining r and (.

. t € RU {oo}}.

e The curve 73 is the connected arc in {z € C : |z| =1, Im(z) > 0} joining ¢ and 1.

Label M = M(a,r) as the compact domain bounded by 71 U2 U3, and denote by 73 the
angle that 7. and 73 make at (.
Obviously 8 and ¢ depend on « and 7 :

B=per), ¢(=((ar).

As a matter of fact, a long but straightforward computation gives:

(1 +72)cos (ma) +i(1 — 72) sin (1) .

2 — 2rsin =
(7) (r" + 1) cos (7) = 2rsin (ra), ¢ /14144 2r2 cos (2ma)

Hence,a<1gives%§a<6+%§1,anda:11mpliesﬂ:%.

4.1.2 The polygonal domain 2

Next step is to define the polygonal domain 2. Let s €]0, 1], and consider the holomorphic map on
. w:U—-C

w(u) = A/Out‘l/Q(t )V — 1)1 2y,
where

A7l = — (/O_Oot—lﬂ(t — ) VAt — 1)_1/2dt) .

We have used the holomorphic branches of z/2, 21/ in C — {t € R : t < 0} satisfying 1'/2 =

1'/4 = 1. So, integrating along the interval | — oo, 0], we get arg(A) = 2%,

It is not hard see that w : Y — C is injective. Moreover, !
2 o),
is a compact convex domain bounded by a polygonal curve with four vertices
Wi =w(0) =0, Wy =uw(s) iR, Wy=w(l)elU, Wy=w(c0)=-1.

Moreover, Im(W3) > 0 and Re(W35) < 0, Note that s = 1 implies Wo = W3, and W # W3
otherwise.

By an analytic continuation argument, we infer that the angles 78y, of Q at W;, i =1,2,3,4
are:
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b Ifs#176W1:1/2a 6W2:3/4a 6W3:1/2; ﬂW4:1/4
o IfS:]., 5W1:1/2, 5W2:]./4, 5W4:]./4.

Thus, Q is bounded by either four (s # 1) or three (s = 1) pieces of straight lines which are parallel

to {x =y}, {xr =0} or {y =0}.
Note that the domain © depends on the parameter s : Q = Q(s).

4.1.3 The map ¢, the Weierstrass data and the associated Plateau’s problem

Let £ : U — M denote the only conformal map satisfying £(0) = 1, £(1) = ¢ and &(c0) = 7, and
label ¢ : M — Q as the conformal map ¢ = w o 1. The points r, 1, o = &(s) and ¢, are the
vertices of (M, €, q), and the angles of M at these vertices are 7o, 7/2, m and 73, respectively.

If « # 1 and r # 0, it is straightforward to check that r is a boundary end, and 1, (o = &(s)
and ¢ are finite vertices, for s €]0,1]. The same holds if s # 1 and either a =1 orr=0.If s =1
(ie., (o = () and either & = 1 or r = 0, then r and ¢ = {y are boundary ends, and 1 is a finite
vertex.

Remark 4.1 In the following, we assume that |s — 1|+ |r|, [s — 1| + |a — 1| # 0. Therefore, r is
the only boundary end of (M,,q), and the parameters («,r, s) take values in the domain

D=1[1/2,1] x [0,1[x]0,1] — {(a,7,8) : a—1=5—-1=0 or r=s5—1=0}.

— 2
Define the Weierstrass data M = M — {r}, g(z) = 2z, and n = — (%) dz, and following (see (3)

and (4)), consider the associated minimal immersion

® X(:) = (30, X, Xa)(2) = 0.5.0) + Re ([ (on,62.00)).

(9) 0= 2Re (/140 ¢2> .

The geometrical meaning of parameter o will be studied in Subsection 4.2. Note that X depends
on a,r,s. From Lemma 4.1, X (M) is a solution for certain Plateau’s problem. Next proposition
is devoted to study it.

Label v4 (resp. ~4) as the arc in 73 joining ¢ and (o (resp. (p and 1).

Proposition 4.1 The minimal immersion X defined in (8) verifies:
(1) X is proper.
(2) X3l is injective and
X(35) = {(0.5.0) +#(0,0.1) : € [0, X5(0)]}-
Moreover, X3(¢) >0 (=0 if and only if s = 1) and X (¢) = (0, §, X3(()).
(8) X\, is injective and X (7y2) is the half line

{X(¢) +t((1 — ) sin(ra), —(1 4 r?) cos(ma), 2r sin(ma)) : t > 0}.
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(4) X(v§) is a planar geodesic contained in the plane {x3 = 0} and joining the points (0, 5,0) and
X (1). Furthermore, Xi|,y is injective and positive.

(5) X(m1) is a divergent planar geodesic in {x2 = 0} and starting at X (1). Furthermore, X1|,,
and Xs|y, are injective and positive.

(6) There exists a neighborhood W C C of r such that X(W N M) is a graph over ¥, = {2rz; +
(r? — Daz + (1 — r?)X3(¢) = 0}, and it is asymptotic to the infinite planar sector of angle

(= 3)m in By N {xy > 0} determined by the lines X (72) and X1 N {xs = 0}.

Proof: The proof is a consequence of Lemma 4.1. To complete the details, we are going to study
carefully the behavior of X on 0(M).

First, consider the curve v4 C 9(M). Introduce the new parameter ¢ given by it = log(z).
Suppose s # 1. Up to a suitable choice of the branch of log(z), and taking into account the
definition of ¢, we can suppose: t(74) = [arg(¢o), arg(¢)] C]0, +oo[, g(t) = €' and % = (—1+1)h(t),
where h(t) is holomorphic and h(t) > 0, t €]arg((p),arg(¢)[. Therefore, n = 2h(t)%e~dt, and
so ¢3(t) = 2h(t)?dt. Moreover, ¢1(t)/dt, ¢2(t)/dt € iR, for t €]arg((o),arg(¢)[. This gives that
X1(t) = Xa(t) — § = 0 and the third coordinate function X3(t) is increasing in [arg((o), arg(¢)],
which proves (2). If s = 1, it is clear that { = (p. Since « — 1 and r # 0, { = (o is a finite vertex
and so X (v3) = (0, 5,0).

To study X|,y, introduce as above the change it = log(z). Here, t(v3) = [0, arg(¢o)] C [0, +o00],
g(t) = e and % = th(t), where h(t) is holomorphic and h(t) > 0, ¢ €]0,arg(¢o)[. Thus, n =
—ih(t)%2e~dt, and so

p3(t)/dt € iR, ¢1(t) = —h(t)?sin(t)dt, ¢o(t) = h(t)* cos(t)dt.

Therefore, X (7%) is a planar geodesic lying in z3 = 0, and X;(¢) is a decreasing function of ¢,
t € [0,arg(¢o)]. Hence, X1(t) > 0, which proves (4).
Consider now X|,,. In this case % > 0, and since 7, = [r, 1], then

¢1(2)/dz <0, @2(z)/dz € iR, ¢3(z)/dz <0,

for z €]r,1[. Hence, X (v1) lies in the plane x2 = X2(1) = 0, and X35(z), X1(2) are decreasing,
z € [r,1]. This proves (5).

Finally, we study X|,,. Introduce the change ¢ = e*iafz—_fl, and observe that in the t-plane:

(a) t(r) =0, t(¢) > 0, and t(y2) = [0,¢(¢)]; (b) 4 = (=1 —4)h(t), where h(t) is holomorphic and

Qo . 2o—iagia g 1)2
Bt) > 0, £ €10, Q)] () g(t) = FEent, y = —gg M0 et

Therefore,

(r? — 1) sin(ra)

T2 ,cos(ma), —

2r sin(mar)
1472 )7

Re (61 (8)/dt, 6 () dt, o () /dt) — (1 + 2)h(t)? <

for t € [0,t(¢)], and so ¢;(t)/dt < 0, t € [0,¢(¢]. This implies that X|,, is injective and X (y2) is
the half line

{X(O) + M(1 = 7} sin(ra), —(1 4 %) cos(ma), 2r sin(wa)) : A > 0}.

Hence (3) holds.
Lemma 4.1 gives that X is proper and that r is a flat end of M. Since g(r) = r, then X (M)
is asymptotic at infinity to a plane ¥; whose normal vector is (2r/(1 + r2),0, (r? — 1)/(1 + r?)).
Moreover, ¥; contains the half line X (y2), which is equivalent to say that X (¢) = (0, §, X3(¢)) €
¥.1. Therefore,
¥y = {2rz + (r* — Das + (1 —r?)X3(¢) = 0}.
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Moreover, from Lemma 4.1 there exists a large enough compact subset KX C R? such that X (M —K)
is a graph over the planar sector determined by the orthogonal projection of X (9(M) — K) over
% (i-e., by the straight lines X (y2) and ¥ N{xz2 = 0}.) This proves (1) and (6), and concludes the
proof. O

4.2 Construction of the barriers.

Let R and R’ : R? — R? denote the reflections about the planes x5 = 0 and x5 = 0, respectively.
From Schwarz’s reflection principle, the set X (M) U R(X (M)) is a minimal surface, that is to say,
there is a minimal immersion X’ : My — R3, M C My, which extends X : M — R? and verifies
X'(Mp) = X(M)UR(X(M)). Likewise, there exists a minimal immersion X” : M; — R? such that
M C My and X" (M) = X(M)U R'(X(M)). In a similar way, the set X'(My) U R'(X'(My)) =
X"(M1)U R(X"(My)) is a minimal surface and there is a minimal immersion

X":N—R®

such that M, My, M; € N, X"'(N) = X'(Mp) U R'(X'(My)) and extends the immersions X, X’
and X",

In the following we write X : N — R? instead of X"/ : N — R3, for the sake of simplicity.

We label R,R’ : N — N as the antiholomorphic involutions induced by the rigid motions
R, R, respectively. The surface N is conformally diffeomorphic to a closed disc with piecewise
analytic boundary punctured at two boundary points, and

X(O(N)) = Ui (1] uly),
where
lg = X()UR(X(13)), lg = R'(Ig), I = X(72), Iy =R'(I), I =R(Y), I; = R'(I3).

The parameter r is the stereographic projection of the limit normal vector at the end of M.
In accordance with Proposition 4.1, 31 = {2rzq + (12 — 1)x3 + (1 — r%)X3(¢) = 0} and ¥y =
{2rz1 + (1 = 7?)z3 + (1 — r%)X3(¢) = 0} are the limit tangent planes at the two ends of N. Note
that l;f Ul lies in 35, j = 1,2. Write ¥ = (1 +72) cos(ra)z 4 (1 —r?) sin(ra)(z2 — §) = 0} and
¥~ = R/(X7) the only planes containing I; Ul Uly and Iy Ul; Ul , respectively. Observe that
the straight lines of R® containing the half lines /" and I; meet at an angle of (2a — 1)m.

A straightforward computation gives:

. l;r and [; meet at an angle of o/, where

2 —1)% +4r?cos(2
(10) o/ = arccos ((r )" & dr” cos( omr)) , i=1,2.

(r2 4 1)2

e 3 and Xy (resp. 1 and ¥7) meet at an angle of = 0(r), 6 € [0, 7 (resp. p = p(a,r),
p € [0,7]), where:

1,2 2r% + (1 + ) cos(2an)
11 6 =2 5,2 = B '
(11) arccos (1 T 7,2) » P T Areeos ( 1474+ 2r2 cos(2am)

In the following, 6 and p will be refered to as the angles of X (V).
The map

(6, p)(0) [, 1] [0,1[= [0, 7]x[0, ]
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is an analytical diffeomorphism. Hence, we can substitute the parameters o and r for the new
ones 6 and p. Note also that the limit » — 1 corresponds to the degenerate case § — 7. Moreover,
a =1 if and only if p = 7.

On the other hand, define:

(12) h=2X5(C)

The number o defined in (9) gives the oriented distance between the vertical segments I and [ .
This means that: (a) |o| = distance(l, 1y ); (b) 0 < 0 if and only if I NI; #0,i=1,2; (c) 0=0
if and only if [J =1y . If 0 = 0, we label lp = T =1 .

The number h is always greater than or equal to zero (see Proposition 4.1), and it measures
the length of Ij and I, . For these reasons, we call h and o the height and the opening of X (N),
and refer to

h(a,r,s), o(a,r,8) : D — R
as the height and opening functions of the arising family of surfaces, respectively.

The numbers 6, p, o and h determine the boundary X (9(N)) of X (V). If o > 0, and we label
C as the only domain in € such that h(C) = h, o(C) = 0, 9(C) = 6 and o(C) = p, (i.e., C = Cg,’;),
then Proposition 4.1 and equations (9) and (12) give:

X(9(N)) =71(C),
¥, =15(0), j=1,2 Lt =1"(C), &~ =1 (C),
I =050), I =¢;(0), j=0,1,2.

j
Moreover, if & < 1 (i.e., p < m), we have E(X(9(N))) = C. Hence, the height, opening and the
angles of X (N) are the same as the ones of C.

If we fix the angles 6 and p, the parameter s controls the behavior of the opening and height
functions. However, the parameters 6, p, o, and h do not determine the surface X (N). In fact, as
we will see later, the Plateau problem associated to T(Cg,’;) has not, in general, a unique solution.

The following two lemmas study geometrical properties of X (M) and X (N), and let us prove
that X (V) is a barrier for C’(;L”po, provided that o > 0 and p > 0.

We need the following notation:

Let Wy be the closed wedge in R? determined by the planes {z = Minimum{0, ¢}} and X,
containing X (0(M)) (see Proposition 4.1.) Since the only end of X (M) is asymptotic to the plane
%1, there exists a closed slab in R® containing X (M) parallel to ¥;. Let S denote the smallest one
satisfying these properties.

Lemma 4.2 The following assertions hold:
(i) The set X(M) lies in S N\ Wy and X (M) C £ ((X(M))).
(ii) If p < 7, X(N) C E(X(A(N))). So, if 0> 0 then X(N) C Cys.
(iii) If p =7, X(N) C Wy(h).

Proof: From Proposition 4.1, X (M) lies in a wedge of a slab parallel to 3; of angle less than or
equal to 7. Hence, by Theorem 3.1 (or [9]), X (M) C £ (O(X(M))) . We deduce that the set X (M)
lies in a half cone of R?, and so, from Theorem 3.1, it lies in the convex hull of its boundary. Hence,
taking into account Proposition 4.1, X (Mp) lies in the wedge Wy, and so € (0(X (M))) lies in the
set WoN'S. Thus, X(M) C Wy NS, which proves ().
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By using (i), we deduce that X(N) C R' (WoNS)UR((WoyNS))). If p < 7 (ie., & < 1) the
angle of Wy is less than 5, and so X (N) lies in a half cone. In accordance with Theorem 3.1,
X(N) C E(X(D(N))) = CyY, which proves (ii).

Suppose p = 7. In this case, (X (M) U R(X (M))) C Wy, and it is clear that o = 1 implies that
Wo U R'(Wy) = {x1 > 0}. Therefore, X(N) C {z1 > 0}.

Let us see that £; C 9(S). Otherwise, there would be a non void connected component Sy
of X(M;) — %1 in a slab parallel to ¥; whose boundary lies in 3;. The circle of ideas around
the strong half space theorem imply that a such surface does not exists (see [11], [4]), getting a
contradiction.

Since X (M) is contained in the slab S, then X (N) lies in S U R(S), and thus, X(N) C
(SUR(S)) Nn{x1 > 0}. Taking into account that ¥; C 9(S), we get X (N) C Wy(h), which proves

(#9¢) and the lemma. O

Lemma 4.3 (i) If p < then X(My) is a graph over the plane x5 = 0.
(i5) X (M) —1d is a graph over the plane x3 = 0. So, X (M) is embedded.
(i4) If o > 0, then the surface X (M) — (I7 Uly) is a graph over the plane x3 = 0.

(iv) The immersion X : N — R? is an embedding if and only if o > 0. Furthermore, if o = 0, the
only self-intersections of X (N) occur on the vertical segment lar =l , where two sheets of
X (N) meet transversally.

Proof: To prove (i), denote as ps : X (M) — {w2 = 0} = R? the orthogonal projection. From
Proposition 4.1 and Lemma 4.2, we deduce that pa|x(s(ar,)) is injective and § = p2 (X (9(Mo))) is
the union of two properly embedded disjoint curves of R? which are homeomorphic to R and split
the plane into two open connected components W7 and Ws5. Without loss of generality, suppose
that Wi N pQ(X(MQ)) £ 0.

Since X is proper and p < w, Lemma 4.2 implies that ps is proper. Moreover, from the
definition of M, the image under the Gauss map of My — d(My) is disjoint from S? N {zo = 0},
and so pa : X (Mg — 9(Mp)) — R? is a local diffeomorphism. Then, A = pa(X (M — 9(My))) is a
planar open domain.

Let us observe that po(X(M)) N Wy = 0 and Wi = A. Indeed, let i« € {1,2}. It is clear that
ANW, is an open subset in W;. Moreover, since ps is proper, ANW; is a closed subset in W;. As W;
is connected, either W; C A or W;NA = ). However, Lemma 4.2 gives that X (M) C £ (9(X (Mp))) ,
and so A C £(§). Hence, A is not the whole plane, and since po(X(M)) N W, # (), we get easily
ANWy = P and A = W1. In other words, pQ(X(MO)) NWy = ? and pQ(X(MO)) =W U§.

Since X (1) is a properly embedded planar geodesic in the plane 25 = 0, and the image under
the Gauss map of 9(My) — 1 does not contain any vector of {x2 = 0} (recall that p < ), then it
is not hard to deduce that ps : X (Mp) — (AU S) = W, is a proper local homeomorphism.

Elementary topological arguments give that ps : X (My) — W is a covering, and since W is
simply connected, it is a homeomorphism.

Let us prove that X (M) — I is a graph on the plane {z3 = 0} (which corresponds to (47).)
Indeed, label p3 : X(M) — {z3 = 0} = R? as the orthogonal projection. From Proposition 4.1
and Lemma 4.2, we deduce that ps|x(a(ar)—~y) is injective and § = p3(X(9(M))) is a properly
embedded curve homeomorphic to R splitting the plane into two open connected components Uy
and U,. Without loss of generality, suppose that Uy N p3(X (M)) # 0.

As X is proper and the limit normal vector at the only end of M is not horizontal, then the
projection p3 is proper. Moreover, the Gaussian image of M —d(M)) is disjoint from S?N{x3 = 0},
and so pg : X (M — 9(M)) — {x3 = 0} is a local diffecomorphism. Thus, A = p3(X(M — 9(M))) is
a planar open domain.
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Reasoning as in the preceding case, p3(X (M))NUz = 0 and Uy = A. In other words, ps(X (M))N
Uy =0 and p3(X(M)) = Uy UG.

Since X (7%) is a properly embedded planar geodesic in the plane x3 = 0, we deduce that
ps : X(M) — X(v4) — ((AUé) —{0}) = Uy — {0} is a proper local homeomorphism. Hence,
ps : X(M) — X(74) — Uy — {0} is a covering, and since U; — {0} is simply connected, it is a
homeomorphism. Now, it is easy to deduce (ii).

From Proposition 4.1 and the fact X (M) C € (9(X (M))) (Lemma 4.2), we infer that (X (M) — I§)N
(R'(X(M)) —15) =0 if and only if 0 > 0. From (ii) we get (iii).

To prove (i), define A = X (My) N R'(X(My)). From (i), X (My) is embedded, and since
X(v1) U R(X(71)) is a planar geodesic in {x2 = 0}, the only self intersections of X (NN) occur
in A— (X(y1) UR(X(m)))- If o > 0, Proposition 4.1 and (i) in Lemma 4.2 imply that A =
X(m)UR(X (7)), and so X () is embedded. Let us study the case o = 0. Remember that
If = X(v4) UR(X(74)) and Iy = R'(I{). If 0 = 0, we have Ij =[5 = lo, and so, by the maximum
principle, Proposition 4.1 and (¢) in Lemma 4.2, we get A = X (1) U R(X(71)) U lo. So, only two
sheets of X (N) meet transversally at [ = [ .

Finally, if o < 0, a connection argument yields that the surfaces X (M) and R’ (X (Mp)) must
intersect. O

As a consequence of Proposition 4.1 and Lemmas 4.2, 4.3, we can state the general existence
of barriers result.

Theorem 4.1 Assume that o > 0. Then:
o Ifp<m (ie., a < 1), the minimal surface X (N) is a barrier for E(X(O(N))) = Cgi’po S
o Ifp=m (i.e., a=1), the minimal surface X (N) is a barrier for (Wy(h),0) € 20.

5 Determining the domains admitting barriers.

In the preceding section we have constructed a large family of barriers for domains in €. The aim
of this section is to study, in depth, the space of domains in € admitting a barrier or a continuous
family of barriers.

To do this, we have to get some information about the behaviour of the height and opening
functions, defined in (9) and (12).

First, we are going to obtain a new formula for the Weierstrass data of the barriers in terms of
classical hypergeometric functions.

The following notation is required. We denote I'(z) : C—{n € Z : n <0} — C as the classical
gamma function, defined by

nln?

F@ = ln G2 Grn)

Given a, band c€ C—{n €Z : n <0}, F(a,b,c,z) is the only solution of the hypergeometric
differential equation

d*u du

z(z — 1)@ +(c—(a+b+ 1))5 —abu =0

which is regular at 0 and satisfies F'(a,b,c,0) = 1. If S denotes the algebraic curve {(z,w) € T -
w? = (z—1)} and N = 271(C — [1,+00]), where [1,+00] = {r € R : r > 1} U {oco}, then the
Riemann surface A of the analytic function (of z) F(a,b,c, z) contains in a natural way N. Then,
the function F(a,b, ¢, z) can be extended holomorphically to the interior of N, and continously to
N. A complete reference for these topics is, for instance, [1].
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Let M = M(a,r) and Q = Q(s) be the domains described in Paragraphs 4.1.1 and 4.1.2, and
consider the maps

w:d—Q, E:U—-M and q=woé 1:M—Q
given in Paragraph 4.1.3. Define X : M — R? as in this paragraph, and remember that the

— 2
Weierstrass representation of X (M) is (M = M —{r}, g(z) =2z, n=— (%) dz).

After the change of variables u = £71(z), the Weierstrass representation of X (M) becomes:

Mo=U— {0}, glu)=E(w), n=- (du) (jﬁ) du.

Basic conformal mapping theory (see, for intance, [1, p. 163]) gives:

i — go
13 =3
( ) g Z—l-go’
where 342a-28 3-2a-28 3
4o def g2 0 B )
0 =
F(1+22726;1722725a%au)

The constant B is determined by the equation go(1) = zm Indeed, from equation (7), we deduce
that

¢ = cos(am) csc(Bm) + i cot(B) \/—1 + sec(B7)” sin(am)?.

Thus, taking into account that F'(a,b,c,1) = %, it is straightforward to check that

_ V2y/—cos(2am) — cOS(Qﬂﬂ)I‘(3—2(Z+2[3)F(3+2(Z+2[3).

14
(14) I‘(l_QZHB)F(HQZHB) (cos(am) + sin(Bm))

On the other hand, [1, p. 165] gives

90 _ B

du 9 /(1 —u)\-AF(At2a=28 1-2a-25 1 )

29

and taking into account that fl—“ =

A
W2 (D) /2 (u_s)1/3 WV get

B(1-u)’vVu—su

Up to scaling, we can suppose A2 = ¢, and so

2
i A2 (z’F(HQi_Qﬁ,l_Qi_Qﬁ 1 u)+BﬁF(3+22_26,3_22_26,§ u)) ]

n= u.

2ZF(1+204 28 1-2a-248 1 u)F(3+2(y—26 3—20-28 3 w)

15 b1 = Y WL i oW,
(15) (l—u)ﬁ\/u—s

1420-28 1-2a-28 1 2 34+2a-28 3-2a-28 3 2
—F( Z 67 Z 6,2,u) —|—BQU,F( a ,3, ?1 ’3,—u)

B(l-u)’Vu=svu

[ V)

(16) P2 = —i

du,
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142a—28 1-2a-2 2 3+2a-28 3-2a-23 : 2
(P(2g=28, 1226220 1 )" 4 B2 P(324720, 3226220 4 o))

4 4 . 4 }du
B(1-w’va—svu

(17) ¢3 =

Therefore,

X () = (X1 (), Xa(u), X3(u)) = (0, Re ( I @) 0)+Re [ (61.02.00),
u €U —{oo}.

5.1 Behaviour of the height and opening functions.

We want to study the analytical properties of the functions h and o. Looking at the equations (15),
(16) and (17), it would be better to substitute the parameter r for another one, for the sake of
simplicity. Normally, the first attempt would be to use the parameters (a, 3, s) instead of («a,r, s).
However, this choice does not work because it excludes the case a = 1, r € [0, 1] (which corresponds
toa=1and 8= 3).

A good choice is the function k(«,r) : D — R defined by

2k(1—a)=1-24.

241 _ _sin(r(1-a)) 241 _ sin(r(1-a))
From (7)’ 7n2r - sisn(7r(5+10/t2))’ and so 7n2r - s?n(ﬂn(lfo(a))' ThU.S,

2rsin( (1 — a))) |

1 :
(18) k(a,r) = p arcsin ( T

This formula makes sense for a € [1/2, 1] and r € [0, 1], and it is clear that x € [0, 1[. Furthermore,
if we fix a € [1/2, 1], then s(a,-) : [0,1[— [0, 1] is a diffecomorphism. If we take the limit o — 1,

e . 2
1 s = 2

and so k(1,-) : [0,1[— [0,1] is a diffeomorphism too. This means that we can substitute the
parameter r for k. As a matter of fact, this change will simplify the subsequent analysis. Note that

r—0 (resp.1) <= Kk — 0 (resp.1)
We start with the following lemma:
Lemma 5.1 The constant B = B(«,r) is positive on D. Moreover,
o lit(a,r)—(ap,1) Ble,7) =0,

¢ B(a,0) =aq,

def ;. - .
o B(1,7) E lima) (1) Blonr) = \/1ered = 722

o B(},r)= 20,

Proof: If o # 1, the equation (14) and the definition of k give:

cos(am)+cos((—1+a) k)
F( (—1+(y)2(—1+/€) ) F( 1+a+(51+a) r@)

. 2 \/1 _ 2 cos(am) I—\(2+OL(—21+R)—/€) F(2+OL+(;1+O¢)/€)
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Observe that « € [1/2,1[ and & € [0, 1], imply that \/1 — @ W)isg:(((oi)Jra) = is positive. More-

over, I'(x) > 0, provided that z > 0, and so I‘(2+a(721+“)7“) F(2+a+(;1+a)“), I‘((71+°‘)2(71+”))
and T'( W) are positive.
Taking into account that lim, .oz I'(z) = 1, it is not hard to prove that:

)

1— k(1 1—
B(1,r) def lim B(a,r) = K(1, 7o) = "o
(a,;r)=(1,r0) 1+x(1,m79) 14710

> 0.

To prove lim (4 1y (ag,1) B(a,r) = 0, it suffices to show that lim, .1 B(a, k) = 0. To do this,
just use that lim, 0z T'(z) = 1.

Finally, observe that
20(1 - $) (1 + 3) tan(2F)

RN

B(a,0) =

The classical simplification rules of the Gamma function give that this limit is equal to «, which
1.
2r(5-"2)  1-k(dro)

w(Lorg). T 2
F(i7 24 = )

proves the lemma. A similar argument lead to lim,, (1 ) Bla,7) =
O

[e]
Proposition 5.1 The opening function o(a,r,s) : D — R is continuous in D and analytic in D .
Moreover, taking limits from D :

(1) im (g 6)—(ao,r0,0) 0(, 7, 8) > 0, for (ap, 7o) € [1/2,1] x [0, 1].
(ii) lim(q . 6)—(a0,0,1) 0(@t, 1, 8) = —00, for o €]1/2,1].

(iti) lims 1 o(3,0, s) > 0.

(iv) Bim,. 5 (ry,1) 0(1,7,5) = —00, for ro € [0, 1].

(v) im g 1y (1,r9) 0(t, 7, 1) = —00, for o €]0, 1].

(vi) lim g,y (1 ) 0,7, 1) >0, for o € [0, 1],

(vit) im gy 6)—(ag,1,1) 0(Q, 7, 8) = 400, for ag E]%, 1].

Proof: Let (a, 1, s) € D. Following (9) and (16), and writing x = k(«, ), we have

1
S _i(1—w) 2trmer atrk—ak k—a(l+k) 1
:2 —_ —
ole ) /0 B\uy—=s+u (=F( 2 ’ 2 ’Z’U) *
1 — —((—1 1
+ B (A ( +‘2)‘)( +”)),g,u)2)du.

From Lemma 5.1, the constant B is a positive real number, and so this integral converges if and
only if (r,s) = (x,s) # (0,1) and (e, s) # (1,1), that is to say, o(a,r,s) is well defined and
continuous at any point of D, and analytic in the interior of this domain.

It is clear that

1
o(a,r,s) = 2/ fla,r, s, t)dt,
0

where
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—i(l—st)_%'m_aﬁ at+k—ak k—a(l1+k) 1

= —F —.st)?
f(Oé,?“,S,t) B\/T-f—t\/l_f ( ( 2 ’ 2 7278t) +
+B2stF(1+O‘+2”_O‘”, _((_H‘;) (”“)),g,st)?).

Since B(a,r) > 0 (see Lemma 5.1),

1 .
i
lim ola,r, s :2/ ———dt > 0,
(a,r,8)—(v0,70,0) ( ) o ByvV—1+tVt

for every (ag,79) € [1/2,1] x [0, 1], which proves (i).

In the following, we deal with the case s — 1.

—lik—ar

Let ag E]%, 1], and observe that f(«,r,s,t) = %H(a,r,s,t}, where H(a,r,s,t) is
bounded on a neighbourhood of {(a,0,1,¢) : t € [0,1]}, ap E]%, 1]. Moreover, taking into account
that B(ag,0) = ag and elementary simplification rules for hypergeometric functions, it is not hard
to check that H(ap,0,1,1) = %‘){‘)M) < 0. Therefore,

1
1
lim o(a,r,s =2/ —— H(ap,0,1,t) dt = —oc0.

(a7,8)—(00,0,1) ( ) 0 Vi(l—t) (a0 )
This proves (i7).

Now, suppose that ag 6]%, 1[, and as above, note that B(«,r) H(a,r,s,t) is bounded on a
neighbourhood of {(ao,1,1,t) : t € [0,1]}, ap €]1,1]. Taking into account that B(ag,1) = 0, it is
not hard to check that

, (1 -yt
lim B(a,r) H(a,r, s,t) = —————
(et,r,8)—(c0,1,1) \/]_f

Y

and so
lim o(a,r,s) = +o0,
(a,r,8)—(0,1,1)
ap €)%, 1], which proves (vii).
To prove (iii), suppose that r = 0 (i.e., K = 0). Hence, B(a,0) = «, and by elementary
simplification rules of hypergeometric funtions we get

cos(2 a arcsin(y/st))

a,0,s,t) = .
ul ) a1 —t\/t\/1—=st
Therefore, if ag = 1/2,
li (1 0,s) /1 i >0
im o(=,0,s) = —_— .
s—1 2 o VI—tVt
Assume now that a = 1. In this case, the classical simplification rules of hypergeometric

functions give:
—i (—1+ (14 B(1,7)?) st)
B(l,r) V=1 +tt\/1—st’

1 2
—-1+t+ B(1 t
lim  o(l,7,s) = 2/ _ it Bllro)t —00,
(r,8)—(ro,1) 0 B(1,r9) (1—1) Vit

f(,rs,t) =

and so
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for ro € [0, 1, which corresponds to (iv).
Finally, note that the function of o and r defined by

1 B
A <f(avr71at)+m>

is well defined and uniformly bounded on D N (U x {1}), where U is a neighbourhood of (1,79),
ro > 0. Hence, since
—1+t+ B(1,r9)?t
lim  f(a,r1,t)=— +t+ Bl 7o) ;
(o) —(1,70) B(1,7r9) (1 —1) vt

for ro €]0,1[ and ¢ €]0, 1], we get lim(, 4)—(ry,1) 0(c, 7, 1) = —00, for r¢ €]0, 1[. This proves (v).

From Lemma 5.1, B(%,7) = 152, and so it is not hard to check that WM g ) (1) Sl 7, 1,1) =

2
FEEESs e M
! 4
lim  o(a, 7 1) = / T > 0,
() =(3,m0) o (I—r(5,7m0))\V/t(1—1)
for every rg € [0, 1[, which proves (vi) and concludes the proof. O

Proposition 5.2 The height function h(a,r,s) : D — R is continuos in D and analytic in % .
Moreover h(a,r,s) > 0, for every (a, s) lying in D, s # 1.

(1) im (o o) (ao,ro,0) P, 7, 8) = 400, for (ag,m0) € [1/2,1] x [0, 1].
(i) M (q,r ) (ag,ro,1) P, 7, 8) = 0, for (ao, o) € [1/2,1[x]0,1[.
(iii) lim,. ¢)—(ro,1) P(1,7,8) > 0, for ro € [0,1].
(iv) lim(q, 5y (aq,1) M@, 0,5) > 0, for ag € [%, 1].
Proof: From (2) in Proposition 4.1, h(a,r,s) > 0, for every point (a,r,s) € D, s # 1. We write

k= k(a,r).
In accordance with (17), we have

2 ’ 2 bR
= d .
& Byuv—s+u "

Therefore, from the definition of h (see equation (12)):

1 2 P 2
(1 _u)—§+"‘€—0¢"f (FCDHFK?QH sma ) 1 u) +B2UF(1+Q+;7aKa 7((71%;)(1%{)); %au) )

1 1
h(a,r,s)zZ/ q53:2/ jla,r, s, t)dt,
s 0
where
(o 5.1) = (1—s)ﬂ_(m(1—t)_%+”_aR(F(a+li—ozﬁ k—a(l+k) 1 s+t—st)2—|—
j ) ) ) - B\/gm 2 ) 2 ,2,
1 - —((-1 1 3 2
LB (s4t—st) ptatnzan Z((Elra) A+m) 3 0,

2 ’ 2 2
This integral converges for every («, r, s) € D. Therefore, h is continuos in this domain and analytic
in its interior.
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Moreover, it is clear that

j(aﬂrﬂ()? t) =

2 2
- (1 _ t)* +r—akK (F((y-’-ﬁ;a}g, I{*Otél‘i’li)’ %,t) + B2tF( 1-‘,—0/-‘,—2,&;—@;{,’ 7((714’(;) (1+I{))’ %,t) )
= Bt Y
and so, using that B > 0 (see Lemma 5.1), it is not hard to deduce that lim g, s)— (ag,r0,0) P(ct, 7, 8) =
+oo, for every (ag,ro) € [1/2,1] x [0, 1[. This proves (7).
On the other hand, we have

[N

j t 1 —¢)-2tr—ar
hm j(Oé,T,S, ) _ ( ) 2 }'{(aﬂn)7
s—1 (1 _ S)n—om \/%

where K (a,r) does not depend on t and is positive, for every (a,r) € [%, 1[x]0, 1[. Hence, we get

lim h(a,r,8) =0T,
(ev,r,8)—(o,r0,1~
for every (ap,79) € [1/2,1[x]0, 1], which proves (it).

. 1—(=14B?) s (=1+t)+(—-1+B?)t
Ifag =1, j(1,rs,t) = ( B\/)ert—fst\/tf(T )

, and so

1
lim  h(l,r,s)= /
(ry8)—(ro,1) ( ) 0 Vit—t2
for ro € [0, 1[. This corresponds to (iii).
Analogously, r = 0 gives
o? + B? + (o — B?) cos(2 arcsin(y/s + ¢ — st))

(o, 0,8,t) =
i ) 202B+/s+t—st\t—t2

)

and so, taking into account that B(a,0) = «,

1
2
lim  h(a,0,s :/ 2,
(a,5)—(ao,1) ( ) 0o aoVt— 12
for every ag € [3,1]. This proves (iv) and concludes the proof. O

5.2 Existence of continuous families of barriers.

Throughout this section, we have fixed a and r, o # % For a more thorough and systematic
explanation, we label X* : Ny — R? as the minimal immersion arising from the values a, r and
s €]0,1]. Denote

Ye: N, —R?
as the minimal immersion defined by:

1 S
h(a,r, s)X (P),

s €]0,1[. Since s < 1, then h(«a,r,s) > 0 and so Y¥(Ny) is well defined. In the following, and for
the sake of simplicity, we write o(s) = o(w, 1, s), h(s) = h(a,r,s). As in (11), 6 and p will denote
the angles of X*(N;) (which do not depend on s), and we write C' = Celjg.

o(s)

ph<_5> admits a continuous family of barriers, s €]0, 1],

Y*(P) =

1,
We are going to prove that the domain Cp
provided that o(s) > 0.
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Theorem 5.1 The following assertions hold:

(i) The family of surfaces {Y*(Ns)} converges uniformly on compact subsets of R®, as s — 0, to
Fi(C)U Fy(C) Uy (C).
(ii) Given an open subset U C R® containing lo(C), there exists s(U) €0, 1] small enough such

that, for s €]0,s(U)], Y*(Ns)N(R3 —U) = A1 (s)UAa(s), where A1(s) and Aa(s) are disjoint
graphs over the planes Pi1(C) and Pis(C), respectively.

Proof: Let ¢1, ¢2, and ¢3 be the meromorphic 1-forms on U — {co} given in the equations (15),
(16) and (17), and write ® = (¢1, 2, ¢3). During the proof, and for every s €]0,1[, we label

U5 (u) = 5 05(w), § = 1,2,3, U° = (¢, 95, ¢5), and

o(s)
" 20(s)

vo(u) = (0, 2%L 0) 4 Real (/:ww)dw), wel — {oo}.

To prove (i), and taking the symmetry into account, it suffices to check that the family of
surfaces Y*(U — {o0}) = {Y*(Ns) N {z2, 3 > 0}} converges, as s — 0, to (F1(C) U (C)) N
{332, I3 Z O})

The classical theory of hypergeometric functons gives

T'(c)T'(b—a) _
1 F =——2(—2)"%F(a,1— 1- 1
( 9) (a‘7b7c72) I\(b)l—\(c_a)( Z) (a) c+a7 b+a/5 /Z)+
T'(e)l'(a — b) b
- F(b,1— b,1— b,1
z € U, and so, it is not hard to check that
(—u)ori1

¢j(u) = m(% + Hj(u))du,
where: (a) c3 € R — {0}, c1 = $(1/r —r)cs and ¢z = £(1/r +7)c3; (b) for every j € {1,2,3}, the
function H;(z) : U — {0} — C, is continuous, does not depend on s, and is analytic in U — O(U);
(c) there exists € = e(a, 5) > 0 such that lim,_. u%“Hj(u) = 0, and so, lim, . Hj(u) = 0,
j=1,2,3; (d) if V. C U is a bounded open subset such that 0 € V, then the function ua"’ﬁ_%Hj (u)
is bounded in V| j =1,2,3.

For every s €]0, 1[, we introduce the change u = h(s)?azi—lv, and write

()5

Pj(v) = (cj + Hj ,(v))dv,

(h(s)T2 —0v)B (v—sh(s)T=23 )

where H} (v) = Hj(h(s)%v)7 j =1,2,3. Obviously, the new parameter v takes values in U too.
To avoid any ambiguity, we will distinguish between the the upper half v-plane V and the upper
half u-plane U. We also define Z°(v) = Ys(h(s)Tz—lv), veV—{oo}.

As lims_ h(s) = oo (see Proposition 5.2) and Hj(oco) = 0, the function H} (v) uniformly
converges on compact subsets of V — {0}, as s — 0, to 0. Then, the 1-form %7 (v) uniformly

converges on compact subsets of V — {0}, as s — 0, to ¢; (—v)a*%dv, ji=1,23.
Claim 1: Let {ur} C U, {sx} CJ0,1[ sequences satisfying: limp_oo{ur} = uo € U,
limg 0o v = 0 and limg_. o sk = 0, where vy, = h(sy) s U

Then, the sequence {Z**(vi)} = {Y**(ur)} is bounded in R3, and so, up to taking a
subsequence, it converges. Moreover,
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(1) If up # 0, limj—oe Y** (ug) = (0,0, 3).
(2) If up = 0, limp—oo Y (ug) € (0,0) x [0, 1].

Note that Y*(1) = (0, %, 1), s €]0,1[, and remember (see Proposition 5.1) that lim,_.oo(s) €

10, +o0[. Hence, lim,_.o Y*(1) = (0,0, 3).
- 1 ) . i

Observe that ¢;(u) = mGj (u)du, where G (u) does not depend on s and is bounded
on any compact subset of U — {oco}, j = 1,2,3. Thus, if ug # 0,00, the sequence {X$(1) —
X3 (ug)} = {Re (fulk ¢j)} is bounded, j = 1,2,3. Hence, limg_,oo (Y°*(1) — Y% (ug)) = 0, i.e.,
limy o0 Y (uy) = (0,0, 1).

Suppose now that ug = oo. Take v’ € U — {0}, and use that

1 o C]( )a+57%

(X3 (ur) — u(sp —u)(1 —u)?

lnn { du} =1

w1

to deduce that {WWZ)—;—W))} coverges to a nonzero complex number, j = 1,2, 3. Since {v;} — 0,

a1

that is to say, {urh(sy)T2= 2&} — 0, we deduce that {h( } — 0. Therefore, {Y* (uy) — Y**(u')}

converges to 0, and since Y (u’) — (0,0, 1), we conclude the proof of (1).
To prove (2), assume first that {%} is bounded. Then, write ¢;(u) = ———A;(u)du,

v u(u—s)

where A; does not depend on s and is bounded in a neighbourhood of 0 in U, j = 1,2,3. Since
{Re (fob’“ \/t(iAj(skt)) dt} is bounded, the same holds for {X?®(uy)}. Therefore, {Y** (ux)}
converges to (0,0, 0).

Assume that {{*} diverges to infinity. From (15),(16) and (17), we deduce that

(20) N (—21'\/6(1 +uky (),

u(u — s

1

i.(1 + uKs(u)), B

B (1 +uK3(u))) du,

where K;(u) is well defined in ¢/ — {1}, does not depend on s, is holomorphic at 0 and K;(u)(1 —
u)? is bounded around 1, j = 1,2,3. Since {ux} — 0 and {o(sg)/h(sr)} — O, {YS’C(uk)} is
. . Uk
bounded (resp. converges) if and only if the sequence {Re ( 0 . W ( 2i\/u, L 55 B) du}
is bounded (resp converges) Moreover, if they converge they do to the same limit. It is clear
— [k
that [, m fo t(t 5 dt Since lim, . log:c Iy \/t(t—ldt € R—{0}, we deduce that

{—1og(“—’c) Jo ¥ @} converges to a point (0, iz, z),
Sk

(ug)} converges to (0,0, z).
On the other hand, taking into account that h(s) = 2Re (fol ¢3) , it is not hard to see from
. log(s)
(20) that lims_o h(g) f \/m € R — {0}, and so lim, .o 222 ¢ R — {0}.

h(s)
Since 0 < log “" < 1, then, up to taking a subsequence, {log ""} converges to a real number,

and so toa (. ) do. Now, it is clear that Y**(uy) is bounded, and up to taking a subsequence,

log 9
it converges to a point (0,0,y) € R3. Since {E(Y*(Ns)) N {z2,23 > 0}} converges uniformly on
compact subsets, as s — 0, to C N {x2,x3 > 0}, we deduce that y € [0, 1], which concludes (2) and

the claim.

Claim 2: Ifvg € V — {0, 00}, then the limit lims_.o Z°(vo) exists.
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Indeed, take U C U an open subset such that 0, 1 € U, U4 — U is connected and it is non
void. Consider ug ¢ U. Let s(U) €]0,1[ be a point such that [0,s(U)] C U, and observe that

—a+t3 a4 3
{W}SE]O,S(U” is uniformly bounded on U — U. Write Fs(u) = W

From Claim 1, if {Z°(vo) — Y*(uo)} converges as s — 0, then {Z®(vy)} converges as s — 0. We
have

2
voh(s)Za—1 1

2°(w) = Y*(w) = e | [ P | =

wh(s) T 5 vo 1 s,
—R — w3 F,(w)du | =R S0 3 F (v)do |
e /u h(s)u s(u)du e /uoh(s)ﬁ 5 T (v)dv

0

where F!(v) = FS(h(s)ﬁv).

To compute the last integral, we can choose a path (which depends on s) lying in V —
(h(s)ﬁU). However, as there exists K > 0 such that |Fs(u)| < K, for v € U — U, and any
s €]0, s(U)[, we infer that |F.(v)| < K, for s €]0,s(U)[ and v € V — (h(s)ﬁU). Therefore, it is
not hard to see that {Z*(vo) — Y*(ug), : s €]0,s(U)[} is bounded and converges, as s — 0, to a
point of R3. So, {Z*(vg)} converges, as s — 0, to a point of R?, which proves the claim.

In the following, we label P(vg) = lims_.0 Z%(vg), for every vy € V — {0, 00}.

Claim 3: Let Ps = Z*(vs), vs € V — {00}, and suppose that {Ps} converges in R? as
s — 0. Then the set {vs} is bounded in V — {oo}.

Let vg € V — {0,00}. From Claim 2, the family of points {Ps} converges as s — 0 if and only if

{Ps — Z*(v9)} converges as s — 0. This means that {Re ( [, * ¥*(v)dv)} converges as s — 0. Since

1;(v) converges on compact subsets of V —{0} to cj(—v)a’%dv, j =1,2,3, the claim follows easily.

Claim 4: Let Ps = Z%(vs), vs € V — {00}, and suppose that {Ps} — P € R? as
s — 0. Assume that we can find a sequence {sy} — 0 such that {vs,} — 0. Then,
P € (0,0) x [0, %] Furthermore, any point of (0,0) x [0,1] is the limit of a sequence

)2
Z%% (vs, ), where s, — 0 and vs,, — 0.

Label u,, = h(sk)T{lvsk, k € N. Without loss of generality, we suppose that up — v’ € U, as
k — oo. Claim 1 gives that {Z%(vs,) = Y** (us,)} converges, as k — oo, to a point of (0,0) x [0, 3].
To conclude the claim, take s — 0 and label ¢; the only point in [sk,1] C U such that

Y*r(ty) = (0, %,t), t € [0, 3]. Defining {vs, = h(sk)ﬁtk}, then {vs, } — 0, as k — oo, and

the sequence {Z°%(vs, ) = Y% (t) = (0,0,t)} converges to (0,0,1).

Claim 5: Let Py = Z°(vs), vs € V — {00} and suppose that {Ps} — P € R3. Assume
that we can find a sequence s — 0 such that vs, — v/ € V — {0,00}. Then, P €
(F1(C) N {z2 > 0}). Furthermore, any point of F1(C) N {xe > 0} is the limit of a
sequence Z*°*(vg, ), where v, — v € V —{0,00} and s — 0.

From Claim 2, if vg € V — {0,00} then {Z%(vg)} converges, as s — 0, to P(vg) € R3. Since

%(v) converges on compact subsets of V — {0, 00} to Z(—v O‘7%dv7 then
J 2

{P(v) : veV—-{0,00}} = (F1(C)N{z2 > 0}) + Qo,
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where Qg € R3.

Moreover, since {E(Y*(N,) N{z2,x3 > 0})} converges uniformly on compact subsets, as s — 0,
to C'N{xa, x5 > 0}, we conclude that F;(C)+Qo C C. But it is clear that P(vg) € ¢ (C), provided
that vy €]0,4+00[C V (note that Z°(vy) € ﬁlf = 1 l"’(oz,r7 s), s > 0, and ﬁlf‘(a,r, s)

)N {xe > 0}) + Qo = F1(C) N {x2 > 0}, which

converges, as s — 0, to £ (C)). Therefore, (F;(C
proves the claim.

Now we can conclude the proof of (¢). Indeed, let P, € Y% (N,, ) N {x2,z3 > 0} = Y** (U —
{o0}) = Z%+(V — {o0}), k € N, and assume that {sx} — 0 and {P;} converges to P € R3. Write
P, = Z°*(vy,), and use Claim 3 to get that {v;} is bounded in V—{oo}. Up to taking a subsequence,
we can suppose that {v;} converges. Claims 4 and 5 give that P € (Fy(C)U4y(C)) N{z2,x3 > 0}
and that any point of this set is the limit of a sequence of points {Py} as above. By using the
symmetry of Y*(Ny), (i) holds.

Let us prove (i¢). Taking into account the symmetry of Y*(Nj), it suffices to find U and s(U)
such that £o(C) C U and Y*(U — {oo}) N (R3 — U) is a graph over I1;(C), s €0, s(U)].

Reasoning by contradiction, suppose there exist a sequence s — 0 such that the set Y (U —
{oo})N(R3—~U) is not a graph over Pi;(C). Hence, we can find a point P, € Y ({—{oc0})N(R3*-U)
whose normal vector lies, up to translation, in II; (C). Write P, = Y% (uy,).

Since g(u), u € U — {o0}, does not depend on s and the limit tangent plane of Y*(Ns) at
infinity is Pi1(C), then there exists a neighbourhood W of oo in U such that the normal vector of
no point in Y*(W — {oo}) lies, up to translation, in II; (C), for every s €]0, 1[. Thus, the sequence
ug is bounded in U — {oco}. Without loss of generality, suppose that wyg — g, ug € U —{oo}. Claim
1 above gives that P}, converges to a point in (0,0) x [0, 1], which contradicts that £o(C) C U and
{P.} CR3 - U.

From the symmetry of Y*(V;s) and taking into account that these surfaces are embedded, we
infer that Y*(Ny) — U consists of two disjoint graphs, s small enough. O

As a consequence, we have proved the following theorem:

Theorem 5.2 Let s €]0, 1] such that o(s) > 0. Then, the family F = {Y**: N, — R? : t €]0,1]}

1,2
is a continuous family of barriers for the cone Ce ) ).

5.3 The family of cones admiting barriers.

In the preceding section, we have obtained general existence of barriers for some truncated tetra-
hedral domains in €. However, as we have shown in Section 3, these results are specially interesting
for domains with a vanishing width of base. In this subsection we study the space of such domains
which admit barriers and continuous families of barriers.

For a more thorough and systematic explanation, we label X$ , : N,, — R3 as the minimal
surface arising from the values a, r and s in Section 4. If h(a,r, s) >0 (1 e., s €]0,1[), we denote
Y;ﬂ" = h(ozl,v",s) X(iﬂ"

We can prove the following theorem
Theorem 5.3 There is an increasing analytical diffeomorphism [0, 7[— [0, 7], @ — pg, such that:

(1) For every p €]p,,n the cone C’;:g admits a continuous family of barriers.

(2) If 0 > 0 (and so, p, > 0), then the cone Cg’g admits a barrier, and no cone Cg’g admits a
Py :
barrier, p # p,.

(3) img o n(CJ2 ) = limg . v(C ) = 0
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Proof: Suppose that § = 0, and let us prove that, for p €]0, 7], the domain Cé”g admits a a
continuous family of barriers. From (11), it is easy to see that 6(r) = 0 if and only if r = 0,
and p(a,0) = (2a — 1)m. Fix a €]4,1]. From (i), (i) in Proposition 5.1 and an intermediate
value argument we get that the function o(a,0,-) vanishes at a point s, €]0, 1[. Assume that s,
is the first zero of o(a,0,-) in ]0,1[. Then, o(a,0,s) > 0 for s €]0, s,[, and from Proposition 5.2,
h(a,0,s) > 0 for s €]0, so[. Hence, by Theorem 5.1, the family {Y;Sa : t €]0,1]} is a continuos

family of barriers for C’é:g(%o). Since {p(,0) : « €]3,1]} =]0, 7], we are done.
Hence, it is natural to define pg = 0.

Let us prove that, for every 6 €]0, n[, there exists an only p, €]0, 7| such that the cone Cg’g

e

admits a barrier. Following equation (11), let rg €]0, 1[ be the only real number such that cos(%) =

2
1—r2

ir,2- In accordance with (v), (vi) in Proposition 5.1 and an intermediate value argument, the
"o

function o(-,rg, 1) vanishes at a point of ag €], 1[. Since h(ag, g, 1) = 0, the immersion X}, is
a barrier for the cone C’g’g(ae ry)> Where plag, rg) is given in (11). Taking into account that p(-,7¢)

is strictly increasing, C’g’g(a, o) < C’g’g(a,, ro)? provided that o” < o’.

Thus, by Lemma 3.4 we infer: (a) o(-, g, 1) vanishes at an only point ay €] %, 1], and o(c, 79, 1) >
0 (resp., < 0) if and only if a €]3, g (resp., a €]y, 1[); (b) if we label p, = p(ag,79), then C’g:g

does not admit a barrier, for every p # p,; (c) for every p < p, and h > 0, Cg’g < Cg’l?, and so
Py ;

Cg’l? does not admit any barrier and o(«, 79, s) > 0, for all @ < ap and s €]0, 1].

Let us see that 091:0 admits a continuous family of barriers, for every p €|p,, n]. For every « €
Jaa, 1], (2) in Proposition 5.1 gives that lims_,g o(«, rg, s) > 0. Moreover, if a €]Jayg, 1], we have seen
that o(«, rg,1) < 0, and in case & = 1, from (iv) in Proposition 5.1, we get lims_, o(1, 79, s) = —o0.
Therefore, and for every o €]ay, 1], there exists sg.o €]0,1[ such that o(a, g, s6,o) = 0. Without
loss of generality, we suppose that sg o is the first zero of o(«,rg, ) in |0, 1[. Thus, o(a,rg,s) > 0

and h(a,rg,s) > 0 for s €]0,s¢,4[- So, from Theorem 5.1, the family {vizee . t€0,1]} is a
continuos family of barriers for Cel 72((1 ro)? where p(a,79) is given like in (11). Moreover, from (1),

1,
observe that 00912“*’"'9) > 0. Since {p(a,719) : «a €lay, 1]} =|p,, 7], we deduce that 001:2 admits a
continuous family of barriers, for p €]p,, 7).
Obviously, Lemma 3.4 implies that the function § — p,, 6 € [0, 7], is increasing.
Since {(0,p,) : 6 €]0,7[} is the set of zeroes of the analytic function («,r) — o(w,r, 1), it is
easy to check that 8 — p, is analitic too.
Let us see that limg_,g p, = 0, limg_,» p, = 7, and limy_,, Z/(Cg,pg) =0.

To check the first limit, we reason by contradiction. Suppose there exists a sequence {0} — 0

such that {pg et Po, } — p' €]0,m[. Label 7y, et Tor, Ol et ag, - Since {0y} — 0, {rp} — 0, and

from (11) we deduce that {ar} — o = %(%/ + 1) €]3,1[. However, o(ou,k, 1) = 0, k > 0, which
contradicts that limq,, s)—(a’,0,1) 0(@, 7, 8) = —00, (see (i) in Proposition 5.1).
Obseve that limg_,g p, = 0 implies that limg_,o v (Cg’g ) =0.
Po
To check the second limit, note that (#¢) and (vi¢) in Proposition 5.1 imply that lim,_¢ o(c, 7, 1) =
—o00 and lim, 1 0(a, 7, 1) = o0, for a €]%,1[. Therefore, we can find r, €]0,1] such that
ola,14,1) = 0, « E]%, 1[. Following (11), denote by 6, € [0, 7] the only real number satisfying

2
cos(%’) = L:g,

and so we deduce that Supremum{p,, : 6 € [0,7[} = 7.} Taking into account that p, is con-
tinuous and increasing, we infer that limg_,, p, = 7, limy_,1 P, — T, and lim,_,1 0, — 7, (ie.,
limy_17q =1).

To check the third limit, use (10) to get lim,—1 &/ (a, 7o) = 0, and since o' («, 1) = Z/(Campea ),

and observe that p, = p(a,74). But from (11) once again, lim,—1 p(a, 7o) — 7,
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then limg_, Z/(Ce’pe) =0.
Now it is clear that the analytical map 6 — p, extends continuously to [0, 7], taking the values
0 and 7 at the points 0 and 7, respectively. This concludes the proof. O

In the following, we denote by p — 6, the inverse map of 8 — p,.

Theorem 5.4 Call A= {(0,p) : 6 €[0,x, p €]p,, 7|}, and for every (0, p) € A, define

CI,O

e 0
0y, =000,

Then, the map (0, p) — o, , is well defined, positive and continuous in A.
Moreover, if (0,p), (0',p') € A, and 6 > 0", p < p’, then og, > 0g/ .

Proof: 1t (0,p) € A then 091:2 admits a continuos family of barriers (see Theorem 5.3), and so

the number 00;52 is well defined. Moreover, as we have seen during the proof of Theorem 5.3,
1,0

0% > 0.
If o €]5,1], r € [0,1] are the only real numbers such that 8 = 6(r), p = p(6,r) (see (11)), then

Corollary 3.2, equation (1) and Remark 3.2 imply that

o(a,r,s)
h(a,r,s)

%o = Maximum{ : 5 €)0, 1]}

Therefore, the map (0, p) — o, , is continuous.
The monotonicity is consequence of Corollary 3.3. O
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