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Hypotheses and results

10ww + Agw~+V(z) [wP™  w = 0where w = w(t,z) : RxRY — C

where N >3,p>1land V:RY - R
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Hypotheses and results

10ww + Agw~+V(z) [wP™  w = 0where w = w(t,z) : RxRY — C
where N >3,p>1land V:RY - R

A standing wave is a solution of the form

w(t,z) = eMu(z) where A >0and v : RY - R
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Hypotheses and results

10ww + Agw~+V(z) [wP™  w = 0where w = w(t,z) : RxRY — C
where N >3,p>1land V:RY - R

A standing wave is a solution of the form

w(t,z) = e™Mu(z) where A >0and v : RY - R

For standing waves, NLS reduces to SNLS

Au+V(z) |uP 'y —u=0forz e RY
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Orbital stability of standing waves

Seek solutions of NLS with

we C(0,T), H'RY))nc' ((0,T), H(R")) for some T > 0
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Orbital stability of standing waves

Seek solutions of NLS with

we C(0,T), H'RY))nc' ((0,T), H(R")) for some T > 0

Correspondingly, solutions of SNLS with v € H'(RY,R).
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Orbital stability of standing waves

Seek solutions of NLS with

we C(0,T), H'RY))nc' ((0,T), H(R")) for some T > 0

Correspondingly, solutions of SNLS with v € H'(RY,R).

A standing wave ¢“'u(z) is said to be orbitally stable if,
for any ¢ > 0, there exists ¢ > 0 such that

Sup;>q infoer ||w(t, ) — eieuqu(RN’C) <€
whenever |[w(0, ) — u|| g1 w~ ) < 0.
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Previous work

A. de Bouard and R. Fukuizumi 2005

(D1) V € C(RN\{0},R) with V > 0 but V # 0 and
V e LY(|z| < 1) where § = 2N/{N + 2 — (N — 2)p}.

(D2) There existb € (0,2), C' > 0 and
a>{N+2—-(N—-2)p}/2>b

such that |V (z) — |z|™°| < C |z|~“ for |z| > 1.

(This impliesthatp <1+ (4 —2b)/(N —2) < (N +2)/(N — 2))
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Previous work

A. de Bouard and R. Fukuizumi 2005

(D1) V € C(RN\{0},R) with V > 0 but V # 0 and

V e LY(|z| < 1) where § = 2N/{N + 2 — (N — 2)p}.

(D2) There existb € (0,2), C' > 0 and
a>{N+2—-(N—-2)p}/2>b

such that |V (z) — |z|™°| < C |z|~“ for |z| > 1.

(This impliesthatp <1+ (4 —2b)/(N —2) < (N +2)/(N — 2))
(A) For all A > 0, the SNLS has a positive solution uy € H'(R")
and

(B)if 1 <p<1+4 (4—2b)/N, there exists \y > 0 such that, for
A € (0, ), uy is orbitally stable.
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Previous work

L. Jeanjean and S. Le Coz 2006

(J1) V e LY (RY) for some 6 > 2N/{N +2 — (N — 2)p}.

loc

(J2) There exists b € (0,2) such that lim,) ., [z"V(z) = 1
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Previous work

L. Jeanjean and S. Le Coz 2006

(J1) V e LY (RYN) for some 6 > 2N/{N +2 — (N — 2)p}.

loc
(J2) There exists b € (0,2) such that lim,) ., [z"V(z) = 1

(C) For1 <p <1+ (4 —2b)/N, there exists Ao > 0 such that, for

X € (0, \g), there exists a positive solution u, € H!'(RY) of SNLS
with
|urll g — 0and |luy|l;« —0as A —0

and u) Is orbitally stable
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Previous work

L. Jeanjean and S. Le Coz 2006

(J1) V e LY (RYN) for some 6 > 2N/{N +2 — (N — 2)p}.

loc
(J2) There exists b € (0,2) such that lim,) ., [z"V(z) = 1

(C) For1 <p <1+ (4 —2b)/N, there exists Ao > 0 such that, for

X € (0, \g), there exists a positive solution u, € H!'(RY) of SNLS
with
|urll g — 0and |luy|l;« —0as A —0

and u) Is orbitally stable

More general nonlinearity: V(z)g(u(x)) where
limg oy s Pg(s) = lims gy psP~1g'(s) = 1
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Our hypotheses

(V1) V e CH(RM\{0})
(V2) There exists b € (0, 2) such that

lim |z|°V(z) =1and lim sup |z|° |V (z)| < oco.

|z[—00 |x|—0

Alsol <p<1+(4—2b)/(N —2).
(V3) Setting W(x) =x - VV(x) 4+ bV (z),

lim |z|° W (z) = 0and lim sup |z|’|W(z)| < .

|| —o00 |x|—0

(From (V1)(V2), V € L? for some

loc

0> 2N/{N+2—(N—2)p} = p<1+(4—2b)/(N—2))
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Existence of a branch

There exist \g > 0 and v € C1((0, \g), H'(R")) such that
(A, u(A)) is a weak solution of SNLS for all A € (0, \p),

u(\) = uy € C(RY) N L>®(RY) and
uy > 0on RN\ {0}.
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Existence of a branch

There exist \g > 0 and v € C1((0, \g), H'(R")) such that
(A, u(A)) is a weak solution of SNLS for all A € (0, \p),

u(\) = uy € C(RY) N L>®(RY) and
uy > 0on RN\ {0}.

Furthermore, the following limits exist and are finite

4 —-20— (N =2)(p—1
lim A\™7|Vuy|z2 = L1 > 0 where y = ( )(p— 1)

0
- 2(p— 1) o

lim A7 fup| 2 = Ly > 0,

2 —b
lim \™ ¢ ~ = (0 for an
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Bifurcation

Noting that v > 1 for 1 < p < 1+ %522, the branch (), u,)
bifurcates from (0,0) in H'(R"Y) in thls case,

whereas for 1 + <p<1+ 32, we have asymptotic

bifurcation in L2(RN) as A — 0.

42b
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Bifurcation

Noting that v > 1 for 1 < p < 1+ %522, the branch (), u,)
bifurcates from (0,0) in H'(R"Y) in thls case,

whereas for 1 + 52 < p < 1+ 522, we have asymptotic
bifurcation in LQ(RN) as A — 0.

We also have that |uy|p~@®~) — 0as A — 0 for all
(1 1+ 4— 26)
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Stability

For all A € (0, \g),

d . 4 — 2b
d—)\ RNUA(CE)2d$>OIf1<p<1+T
d 9 . 4 — 2b 4 — 2b
— d 0if 1 14+ —
d)\/RNuA(:c) r < + <p< +N—2
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Stability

For all A € (0, \g),

d , | 42

— d f1 14+ —

o RNu,\(a:) r>0fl<p<l+ N
d , 42 42
— d 0if 1 14—
- RNuA(:c) r < + <p< +N—2

For1l <p< 1+ (4—2b)/N, we have that u, is orbitally stable.

For1+ (4—2b)/N <p<14(4—2b)/(N —2), uy is not orbitally
stable.
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Rescaling: from now on H = H'(RY)

For A > 0, set A\ = k%, k > 0, define S(k) : H — H by

S(k)v(z) = ke1v(kz) fork > 0.
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Rescaling: from now on H = H'(RY)

For A > 0, set A\ = k%, k > 0, define S(k) : H — H by
S(k)v(z) = ke1v(kz) fork > 0.
For u = S(k)v and y = kx € RY, the problem
—Au+ I — V(x)|ulPtu=0

becomes

—Av+v -k V(y/k)|vP"lv=0, veH.
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Rescaling: from now on H = H'(RY)

For A > 0, set A\ = k%, k > 0, define S(k) : H — H by
S(k)v(z) = ke1v(kz) fork > 0.
For u = S(k)v and y = kx € RY, the problem
—Au+ I — V(x)|ulPtu=0

becomes

—Av+v -k V(y/k)|vP"lv=0, veH.

Note that

k0 (/k) = (v Gl — 1

as k — 0 for y £ Q.
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Continuation

Define FF: R x H — H! by

—Av+v—k7V(y/k)|vP~tv ifk >0,
—Av+v— |y|~O|P~ v if k =0,

F(k,v):{

and F'(k,v) = F(—k,v) forall £ < 0.
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Continuation

Define FF: R x H — H! by

—Av+v—k7V(y/k)|vP~tv ifk >0,
—Av+v— |y|~O|P~ v if k =0,

F(k,v):{

and F'(k,v) = F(—k,v) forall £ < 0.
1. FECRx H,H ).
2. D,F e C(Rx H,B(H,H™ 1))
3. FeCY((0,00) x H,H™1).
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Continuation

Define FF: R x H — H! by

—Av+v—k7V(y/k)|vP~tv ifk >0,
—Av+v— |y|~O|P~ v if k =0,

F(k,v):{

and F'(k,v) = F(—k,v) forall £ < 0.
1. FECRx H,H ).
2. D,F e C(Rx H,B(H,H™ 1))
3. FeCY((0,00) x H,H™1).

Find vg € H\{0} such that
F(0,v9) = 0and D,F(0,vg) : H— H~! isomorphism.
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Continuation

Define FF: R x H — H! by

—Av+v—k7V(y/k)|vP~tv ifk >0,
—Av+v— |y|~O|P~ v if k =0,

F(k,v):{

and F'(k,v) = F(—k,v) forall £ < 0.
1. FECRx H,H ).
2. D,F e C(Rx H,B(H,H™ 1))
3. FeCY((0,00) x H,H™1).

Find vg € H\{0} such that

F(0,v9) = 0and D,F(0,vg) : H— H~! isomorphism.
More general nonlinearity: g(z,u(x)) so long as

gy /R, kero(y) — [y To(y) P e(y) as k— 0

and I’ satisfies 1-3 |
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Limit problem

The equation F'(0,v) =0 is

—Av+v— |y P lv=0
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Limit problem

The equation F'(0,v) =0 is
—Av+v— |y P lv=0

There exists a ground state vo(z) = ¢ (r) having the following
properties:
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Limit problem

The equation F'(0,v) =0 is
—Av+v— |y P lv=0

There exists a ground state vo(z) = ¢ (r) having the following
properties:

1. ¥ € C([0,00)) N C3((0,0))

2. 1 >00n0,00)and ¢' < 0 on (0, )

3. 1 decays exponentially as r — oc

4. D,F(0,%): H — H~! has Morse index = 1
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Non-degeneracy of 9

Forv € H,
DyF(0,9)v = —Av +v = ply| [P v =0
Since D,F(0,v) : H — H~! is a Fredholm operator, it is enough

to prove that
ker D, F(0,) = {0}
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Non-degeneracy of 9

Forv € H,
D,F(0,%)v = —Av +v — ply||YP~1v =0

Since D,F(0,v) : H — H~! is a Fredholm operator, it is enough

to prove that
ker D, F(0,) = {0}

If ker D, F'(0,%) # {0} then 0 is second eigenvalue of D, F(0, )

|
A stable branch of solutions of a nonlinear Schrédinger equation — p. 14/21



Non-degeneracy of 9

Forv € H,
D,F(0,%)v = —Av +v — ply||YP~1v =0

Since D,F(0,v) : H — H~! is a Fredholm operator, it is enough
to prove that
ker D, F'(0,%) = {0}

If ker D, F'(0,%) # {0} then 0 is second eigenvalue of D, F(0, )

Let v € H\{0} with D, F(0,v)v =0 Then
1. v € L®°RY)n C@RY)
2. v(x) = ¢(r)

3. ¢ has exactly one zero in (0, o)
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Let

f(r,s) =—s+rsPforr,s >0,
Then
N —1
Y S+ () = 0

and
N —1

¢+ =0 + O f(r )6 = 0.
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Let

f(r,s) =—s+rsPforr,s >0,
Then
N —1
Y S+ () = 0

and
N —1

9" + qu’ + Do f (r, )9 = 0.

It follows that

[ ) - gy dr = 0

0

and

0

[ e < o) odr =

A stable branch of solutions of a n
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For any C' € R,
[t = ter (e - godr =
0

where g(r) = [2r®)(r)! =P + (b — 2)]/(1 — p) is strictly decreasing.
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For any C' € R,
[t = ter (e - godr =
0

where g(r) = [2r®)(r)! =P + (b — 2)]/(1 — p) is strictly decreasing.

Let ro > 0 be the unique zero of ¢.
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For any C' € R,
[t = ter (e - godr =
0
where g(r) = [2r®)(r)! =P + (b — 2)]/(1 — p) is strictly decreasing.

Let ro > 0 be the unique zero of ¢.
Choosing C' = ¢g(rg) the integrand does not change sign.
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For any C' € R,
[t = ter (e - godr =
0

where g(r) = [2r®)(r)! =P + (b — 2)]/(1 — p) is strictly decreasing.

Let ro > 0 be the unique zero of ¢.
Choosing C' = ¢g(rg) the integrand does not change sign.

Contradiction. Hence ker D, F'(0,1) = {0}
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For any C' € R,
[t = ter (e - godr =
0

where g(r) = [2r®)(r)! =P + (b — 2)]/(1 — p) is strictly decreasing.

Let ro > 0 be the unique zero of ¢.
Choosing C' = ¢g(rg) the integrand does not change sign.

Contradiction. Hence ker D, F'(0,1) = {0}

This method of proving non-degeneracy does not require the

particular form f(r,s) = —s + r~sP. We expect to be able to
produce a global continuation in the radial case.
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A branch of solutions

There exist kg > 0 and
v e C([0, ko), H) N C((0, ko), H) such that v(0) = + and
F(k,v(k))=0forall k € [0, ko).
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A branch of solutions

There exist kg > 0 and
v e C([0, ko), H) N C((0, ko), H) such that v(0) = + and
F(k,v(k))=0forall k € [0, ko).

Furthermore, v(k) = v, € C(RY) N L>®(RY) for all k € [0, ko)
v >0  (vg Is not radial if V' is not radial)
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A branch of solutions

There exist kg > 0 and
v e C([0, ko), H) N C((0, ko), H) such that v(0) = + and
F(k,v(k))=0forall k € [0, ko).

Furthermore, v(k) = v, € C(RY) N L>®(RY) for all k € [0, ko)
v >0  (vg Is not radial if V' is not radial)

[vk| 7 remains bounded as k£ — 0.

|
A stable branch of solutions of a nonlinear Schrédinger equation — p. 17/21



A branch of solutions

There exist kg > 0 and
v e C([0, ko), H) N C((0, ko), H) such that v(0) = + and
F(k,v(k))=0forall k € [0, ko).

Furthermore, v(k) = v, € C(RY) N L>®(RY) for all k € [0, ko)
v >0  (vg Is not radial if V' is not radial)

[vk| 7 remains bounded as k£ — 0.

Set \g = k3 and

”LL)\(.CIJ) — S()\l/2)’0)\1/2 (33) — )\2(2?’__b1)2))\1/2()\1/233)

for A € (0, \og)
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A branch of solutions

There exist kg > 0 and
v e C([0, ko), H) N C((0, ko), H) such that v(0) = + and
F(k,v(k))=0forall k € [0, ko).

Furthermore, v(k) = v, € C(RY) N L>®(RY) for all k € [0, ko)
v >0  (vg Is not radial if V' is not radial)

[vk| 7 remains bounded as k£ — 0.
Set \g = k3 and

”LL)\(.CIJ) — S()\l/2)’0)\1/2 (33) — )\2(2?’__b1)2))\1/2()\1/233)
for A € (0, \og)

—Auy + Auy — V(@) |uxP"tuy =0
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Monotonicity of |w) |2

d ., 1.d 1 d
W NILe = oo ful 2k dk
where 6 =14—-2b— N(p—1)]/(p—1) >0

e L A Y
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Monotonicity of ||z

d , 1d 1 d
W NILe = oo ful 2k dk
where 6 =14—-2b— N(p—1)]/(p—1) >0

stk e = (Bl + 2k ko) )

e L A Y
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Monotonicity of |u) |2

d , 1d 1 d
W NILe = oo ful 2k dk
where 6 =14—-2b— N(p—1)]/(p—1) >0

stk e = (Bl + 2k ko) )

Dy F(k,vg) + Dy F(k,vg) %o, = 0

e L A Y
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Monotonicity of |u) |2

d , 1d 1 d
W NILe = oo ful 2k dk
where 6 =14—-2b— N(p—1)]/(p—1) >0

stk e = (Bl + 2k ko) )

Dy F(k,vg) + Dy F(k,vg) %o, = 0

k?)[7. =

— (K |vx[72}

kd%vk — —[DUF(]C, Uk)]_lk‘DkF(k, Uk)
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Monotonicity of |u) |2

d , 1.4 1 d
W NILe = oo ful 2k dk

where 6=4—-2b— N(p—1)]/(p—1) >0
dluk?) 32 = KO {BlorlFa + 2ok, kffon) 1)

Dy F(k,vg) + Dy F(k,vg) %o, = 0

e L A Y

kd%gvk — —[DUF(]C, Uk)]_lkaF(k, Uk)

kDpF (k,vx) = k=W (y/k)o? — 0in H™1
where W(z) =x - VV (x) + bV (x)
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Monotonicity of |u) |2

d 5 1 d 5 B 1 d 3
where 6 =14—-2b— N(p—1)]/(p—1) >0

e lu(k?) 2. = K Blukl3z + 2(vk, kfve) 1)
DiF(k,vt) + D, F(k, vk)%vk =0
kd%gvk — —[DUF(]C, Uk)]_lkaF(k, Uk)

kDpF (k,vx) = k=W (y/k)o? — 0in H™1
where W(z) =x - VV (x) + bV (x)

<’Uk, kd%evl»[,? — ()
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Stability

Selu(k?)|2: = kY Blop|Z: + 2(vk, kfLox) .} Where
okl L2 — ¥z > 0 and (vg, k), — 0.
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Stability

ar (k)22 = K77 Blokl7z + 2{vk, k vk .} Where
okl L2 — ¥z > 0 and (vg, k), — 0.

f3=1[4—-2b— N(p—1)]/(p—1) # 0then %|u(k?)|2. has same
sign as ( for k£ > 0 small enough.
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Stability

ar (k)22 = K77 Blokl7z + 2{vk, k vk .} Where
okl L2 — ¥z > 0 and (vg, k), — 0.

f3=1[4—-2b— N(p—1)]/(p—1) # 0then %|u(k?)|2. has same
sign as ( for k£ > 0 small enough.

B>0forl<p<1+ 252 and uy stable
5<Ofor1+42b<p<1+N and u, unstable
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Spectral conditions required for stability

Let

—A+ A= pV(x) juy[ 0
= 0 A+ A=V o
z) [uxl

For all A > 0 near 0 we need:
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Spectral conditions required for stability

Let

—A+ A= pV(x) juy[ 0
= 0 A+ A=V o
z) [uxl

For all A > 0 near 0 we need:

(H1) There exists a) < 0 such that S(Hy) N (—o0,0) = {a,} and
a) IS simple.

(H2) ker Hy = span{(0,uy)}.
(H3) S(H)) \ {a,0} is bounded away from O in R.
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Spectral conditions required for stability

Let

—A+ A= pV(x) juy[ 0
= 0 A+ A=V o
z) [uxl

For all A > 0 near 0 we need:

(H1) There exists a) < 0 such that S(H)) N (—o0,0) = {a,} and
a) IS simple.

(H2) ker Hy = span{(0,uy)}.
(H3) S(H)) \ {a,0} is bounded away from O in R.

We also use rescaling and the limit problem to check these
conditions for A\ = k? near 0.
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Non-degeneracy: de Bouard et al

de Bouard-Fukuizumi and Jeanjean-Le Coz use an auxiliary
equation

Av + (de7 17l |:1:|_b)v§’F — (1 + e 1#lypP=1Yy = 0 (J-LeC)

where § > 0 1s small.
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Non-degeneracy: de Bouard et al
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Morse index of p(d) is < 1.
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de Bouard-Fukuizumi and Jeanjean-Le Coz use an auxiliary
equation

Av + (de7 17l |:1:|_b)v§’F — (1 + e 1#lypP=1Yy = 0 (J-LeC)

where § > 0 1s small.

1 > 01Is a solution forall 6 > 0
M (9) denotes the Morse index of v
If » degenerate then M (§) > 2

But (J-LeC) has a positive ground state ¢(5) € H'(R") and the
Morse index of p(d) is < 1.

Yanagida’s uniqueness theorem implies ¢(d) = v
Contradiction.
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