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ferLi ()

# Solution by “duality method" (p =
unigueness,

we Wyl(Q),1<q<

[Stampacchia, 1965 ]

2): existence,
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fe L'

#® The solution in the sense of distributions is not unique

[Serrin, 1964]
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ferLi ()

» Solution In the sense of distributions :

existence

we Wr(Q), 1<q< el

[Boccardo - Gallouét, 1989, 1992],
[Del Vecchio, 1995]
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#» Approximated problems
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In €,
on 0f2,

L*-strongly
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#» Approximated problems

—Apun = [y, In €,
Up =0 on 0f2,

fn€CPQ),  fo— [  L'-strongly

# Apriori estimates for |Vu,| which imply u,, — u

#® Passage to the limit

u IS a Solution Obtained as Limit of Approximations
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—Apu=f In €,
u =0 on 0,

# Solution Obtained as Limit of Approximations:

existence, unigueness

[Boccardo - Gallouét, 1989, 1992], [Dall’Aglio, 1996]
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#» Solution Obtained as Limit of Approximations:

existence, unigueness

[Boccardo - Gallouét, 1989, 1992], [Dall’Aglio, 1996]

# Entropy solution : existence, unigueness
[Bénilan - Boccardo - Gallouét - Gariepy - Pierre -
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—Apu=f In €,
{ u =0 on 0,

#» Solution Obtained as Limit of Approximations:

existence, unigueness

[Boccardo - Gallouét, 1989, 1992], [Dall’Aglio, 1996]

# Entropy solution : existence, unigueness
[Bénilan - Boccardo - Gallouét - Gariepy - Pierre -
Vazquez, 1995], [Boccardo - Gallouét - Orsina, 1996]

# Renormalized solution : existence, unigueness
[Murat, 1993], [P.-L. Lions - Murat]
L [Dal Maso - Murat - Orsina - Prignet, 1999] J
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—div(a(x,Vu)) = f in ¢

u =0 su 0f,

# Existence
# Unigueness
# Continuity with respect to the data

of Solution Obtained as Limit of Approximations

[Alvino - M., 2007], [Alvino - M., in preparation]
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—div(a(x, Vu)) = f+b|VulP~! In Q

u =0 Su 0f,

# Existence
# Unigueness
# Continuity with respect to the data

of Solution Obtained as Limit of Approximations

[Alvino - M., 2007], [Alvino - M., in preparation]
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Rearrangements
A/\/
>
u” spherically decreasing u” decreasing
rearrangement rearrangement
4 A
> >

pt) =ReeQ:ju(z)] >3], t=>0
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Rearrangements

Uu u spherically decreasing rearrangement

pt)=ReeQ:jul@)| >t ,t=>0
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Rearrangements

u u4 spherically increasing rearrangement

p(t)=ReeQ:jul@)| >t ,t=>0
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EXISTENCE and UNIQUENESS RESULT via
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#® Approximated problems
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Un = 0 on o),

fn€CF(Q),  fu—f  LY9)-strongly
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symmetrization

#® Approximated problems

—div(a(z,Vu,)) = f,, N,
Up = 0 on 0f,
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# Apriori estimates for |Vu,| in LY, 0<qg< NJS,p__f) & —
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Apriori estimates for |Vu,| in LI(Q)

D o) p’ N —p
[/Q Vuul? i(un @D dz < CUFI o> N(p_n}

energy estimate
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Apriori estimates for |Vu,| in LI(Q)

D o) p’ N —p
[/Q Vuul? i(un @D dz < CUFI o> N<p_1J

energy estimate

4

/ Vuntde < ClIf|7T 0<q<
Q

[Talenti, '79],
[Boccardo-Gallotet, '89 ], ........

o -
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Energy estimate: idea of the proof

D o) p’ N —p
[ b e < U > s
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Test function:

Energy estimate: idea of the proof

| [tn (),
d(z) = S|gn(un)/O u(t)]%dt, a>0

C Ba) e LX@QNWIP(Q)

/Q\Vunlp p(fun (2))]" do < || o< || ]|
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Energy estimate: idea of the proof

+00 2
@]~ < / ()] dt = a / sy (5) ds
0 0
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Energy estimate: idea of the proof

+00 ]Q|
@ < / ()] dt = a / sy (5) ds
0 0

o vy \ 7 [l AT
(Holder) < « / s"TNG-D ds / u, ($)[Ps* N ds
0 0

VP [1fun(2)))° dx)

D=

(Hardy-Sobolev) gO(

con d
- N

a> o1 Wyt () € LPP(Q) , [Alvino, 1977] o
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Energy estimate: idea of the proof

/Q\Vun\p fun () )]™ da <[] oo | fll 1
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Energy estimate: idea of the proof

/Q\Vun\p fun () )]™ da <[] oo | fll 1

1

ol <€ ([ 190l llluna)f* de )

4
Uﬁ Vun | [p(un ()] do < Cl\fllzi,l}

energy estimate
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Energy estimate: idea of the proof

Uﬁ V[P [1(|un(2) )] do < CHfIIZZlJ

energy estimate
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Energy estimate: idea of the proof

9l e s < U

energy estimate

’ a
[/ {|Vun|#} (CUN’:E’N)OZ dr < / ‘Vun|p [M(’un(x)’)] dxj
Q# N
Hardy-Littlewood inequality
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Energy estimate: idea of the proof

Uﬂ V[P [1(|un(2) )] do < CHfIIZZlJ

energy estimate

[/Q# “VUM#F(WN’%!N)O‘MS/Q\Vun|p 11| ()])]° dxj

Hardy-Littlewood inequality
Y

p /
[ [vual#] el ao < 1
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Energy estimate: idea of the proof

Uﬂ V[P [1(|un(2) )] do < CHfIIZZlJ

energy estimate

[/Q# “VUM#F(WN’%!N)O‘MS/Q\Vun|p 11| ()])]° dxj

Hardy-Littlewood inequality
Y

p /
[ [vual#] el ao < 1

norm in a Lorentz space J
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orentz spaces L%" (1)

L99(Q) = LI(Q)

anl(Q) C - C anT(Q) C - C anoo(Q)7

0 < g < o0, 0<r<oo

L9%°(Q) ¢ L™(Q),

q>rT




. .

orentz spaces L%" (1)

)
00 r ds 1/r

(/0 [g (s)sl/q} ?) : 0<q,r <-4

HQHW =
\ ili% g*(s)sl/qa O<Q§—|—OO,T:—|—OO,

1/q
oo = ( [ lo1 o)
Q

L7 .
L dn —>g<:>n11_>HgOHgn—g||q,7«:O. J
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The energy estimate implies apriori estimate: idea of the proof

[ [vuaf#] ¥ e -

norm in a Lorentz space
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The energy estimate implies apriori estimate: idea of the proof

#17 (Na 7. p < P’
/Q | IVual| el de = 1V unll”, < CIFI,

D
1+’

norm in a Lorentz space
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The energy estimate implies apriori estimate: idea of the proof

D
1+’

#17 (Na 7. p < P’
L[%[wmm\} 2N do = [[|Vua| |7, < CIFIE,

norm in a Lorentz space

%
1+«

4

A]v%wscwmg, 0<q<

q <

N(p—1)
N —1
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Test function:

Apriori estimates in Marcinkiewicz spaces

|un ()]
o(z) = sign (un(x)) /O o(ult)) dt

where
(o fo<r<s,

s If r > s,
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EXISTENCE and UNIQUENESS RESULT via
symmetrization

#® Approximated problems

—div(a(z,Vu,)) = f,, N,
Un = 0 on o),

fn€CF(Q),  fu—f  LY9)-strongly
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symmetrization

#® Approximated problems
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Passage to the limit: continuity with respect to the data

( —div(a(z,Vu))=fe L' inQ

u =0 on 0,

\

under the assumption

N

_ 8az- _
v]zP2JE)? < Z g(%z)fifj < V[zP2|Ef
j

2,0=1
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Passage to the limit: continuity with respect to the data

( —div(a(z,Vu))=fe L' inQ

u =0 on 0,

\

under the assumption

N
N Oa; N
v]zP2¢)? < Z 8—;(%2)&@ < V[zP2|Ef

ij=1"""J

4
L a(z, Vu) € “strongly monotone" J
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Passage to the limit: continuity with respect to the data

—div(a(z,Vu)) = f € L in Q

u=20 on 01,
under the assumption

€ —n?
(J€] + |n|)?—P°

(a(xv‘g)_a(xvn))°(€_n)zc Il <p<?2

or

o

(a(z,§) —a(z,n) - (E—n) =l —nf’, p>2
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Passage to the limit: continuity with respect to the data

( —div(a(z,Vu))=fe L' inQ

u =20 on of),

—Dn. 26/7



- .

Passage to the limit: continuity with respect to the data

( —div(a(z,Vu))=fe L' inQ

u =0 on 0,

\

N(p—1)
N —1

/|Vun—Vum|qda:§C’||fn—fm||%1, 0<qg<
Q
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f Passage to the limit
® p>2— %
la(z, z)||[gy < h(x) + C’||z||}°RN h € LI(Q) .CeRT

4

ve (LMY — alz,v(z)) € (LYHY, is continuous

[Krasnosel'skii, 1964]

o -
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Passage to the limit

(' 1
{x € Q: |Vu, — Vuny| >t} < t_q”fn — fmll71,
N(p—1)
N—1"
U

{|Vuy,|} converge a. e. in 2

0<qg<

[Bénilan - Boccardo - Gallouét - Gariepy - Pierre - Vazquez,

L1995] J
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Continuity with respect to the data: ingredients of the proof

® Test function

| ()
B () = SigN [(tn — ) () /0 () dt.

—pn. 29/7



B -

Continuity with respect to the data: ingredients of the proof
# Test function
_ [t —um| ()
(x) = sign [(un — ) ()] | WD) d,

® Casep>2

UQ ([t = | ()] [V (1, — )P d < C| fro = fom B }

energy estimate

= N
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Continuity with respect to the data: ingredients of the proof

® Test function

| ()
B () = SigN [(tn — ) () /0 () dt.
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® Test function

Continuity with respect to the data: ingredients of the proof

-

| ()
B () = SigN [(tn — ) () /0 () dt.

® Casep <2

_(‘vun’ T ‘vum‘)

g[u(un (@] Y )P
0 P

p
dr <Cl|fn - fm@

o

-
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Elliptic operators with lower order terms
—div(a(z, Vu)) = f + b|VulP~!

Del Vecchio, Posteraro, 1998]

Boccardo]
[Droniou, 2002]
[Betta, M. , Murat, Porzio, 2003], ....,

[Alvino, M., in preparation]
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Elliptic operators with lower order terms: EXxistence
—div(a(z, Vu)) = f + b|Vul[P~!
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Elliptic operators with lower order terms: EXxistence
—div(a(z, Vu)) = f + b|Vul[P~!

#® Apriori estimates

a_ N(p-1
/ Vun|Tde < C||f||7: 0<g< =1 .
Q
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Elliptic operators with lower order terms: EXxistence
—div(a(z, Vu)) = f + b|Vul[P~!

#® Apriori estimates

Np—-1)

Tder < C é 0<qg<
/Q Vun|?dz < C|[f)7 g < M=

#® Passage to the limit

/ Vuy, — Vup | de < Cllu, — um ||
Q2
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Model equation:

-

Elliptic operators with lower order terms: Unigueness

—div((1 + [Vu>)*Z Vu) = f + b(1+ |Vu]?) T
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Model equation:

-

Elliptic operators with lower order terms: Unigueness

—div((1 + [Vu>)*Z Vu) = f + b(1+ |Vu]?) T

2N 2(N — 2)

<p< N >3
N+1 V'S T N3
U
N
/\Vul—Vu2|qd:c§0||f1—f2HqL1, 0<q< o
: -

o -
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Uniqueness : An euristic argument

_(9?13- (a;(x,Vu(e))) = H(z,Vu(e)) + f + &9, e >0
0  0da; ov 0H ov Ou(e)
—83}7;(82]( WO)(%]) 8,2]( Vuo)a T to oe
0% (2 Vug)tity > (1+ [Vuol?) 2 [¢]2
823( )% 7= 0
o O (0. Vu)| < (14 [V ) o
J
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Uniqueness: Ingredients of the proof

® Test function

| [u1 —uz ()
B () = Sign [(us — uz) (2) /0 () dt
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Uniqueness: Ingredients of the proof
® Test function
| [u1 —uz ()
O(z) = sign (11 —uz)(a)] | () dt,
# “Strong monotonicity”
/ (lu —v|(2)]* (14 [Vu| + [V )PV (u — ) |* do <
Q
< bl [ (Va4 Vol D@l da+ [ |f = gll@]do

L < Const. ||®|| 1 J
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Uniqueness: Ingredients of the proof

o Estimate of ||| 1~

+00 Q2]
B < /0 () dt = o /O 214 — 0)*(s) ds
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Uniqueness: Ingredients of the proof
o Estimate of || |1~

+00 Q2]
B < /0 () dt = o /O 214 — 0)*(s) ds

# Comparison result

—(N—2)

(ur —u)*(s) < Cllfr = falljis™ 7.

[Talenti, '76], [Alvino-Trombetti, '80]
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