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SINGULARITIES IN NONLINEAR PARABOLIC PROBLEMS

The solutions of nonlinear parabolic problems  can give

to singularities , even from smooth initial data
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SINGULARITIES IN NONLINEAR PARABOLIC PROBLEMS

The solutions of nonlinear parabolic problems can give rise

to singularities , even from smooth initial data , for which
can develop a theory of existence, uniqueness and contir

dependence in small intervals of time.

For instance, a solution [k

such that the sol
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CLASSICAL BLOW-UP PROBLEMS

o  Semilinear heat equation [ Fujita]

u = Au+u®, x€
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o Heat equation with nonlinear flux on

ur = Ay
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CLASSICAL BLOW-UP PROBLEMS

o  Semilinear heat equation [ Fujita]

u = Au+u®, zeRY.

o Heat equation with nonlinear flux on the bounda
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PURPOSE OF THE WORK

o Where do the solutions blow-up?

Blow-up set:

B(u) = {z such that

=G0, o Za
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PURPOSE OF THE WORK

o Where do the solutions blow-up?

Blow-up set:

B(u) = {z such that

I ta), Tn = 2, o = T,

> Global blo

a8 f’:; g
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EXAMPLES OF BLOW-UP SETS

For the porous media equation with a source

up = Au™ +u?,

> if 1 < o < m global blow-up : B
[Galaktionov—K

> if o = m regional blg

ko
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EXAMPLES OF BLOW-UP SETS

For the porous media equation with a source

up = Au™ +u?,

> if 1 < & < m global blow-up : B(u) =RN,
[Galaktionov—Ku rdyu mMOov-

> if o = m regional blow-up“:d»

> ifo>msi
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NEW EXAMPLES OF BLOW-UP SETS

We find parabolic equations whose solutions blow up in
segments in R?, that is

B(u) — [_L, L] X {O}

Generally, given N, M, arbltraryd|
solution to a parabolic probl,-”’
the form =

be |ng ( e
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NEW EXAMPLES OF BLOW-UP SETS

In the product space RY*+M x (0, T), we consider
1. u = A u? EAEE m
2. up = Vi(|VeulP™2Vu) + Ayu +uP 1,

In the product space RY x RM
o

(u™)r = Vg(|V
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NEW EXAMPLES OF BLOW-UP SETS

Theorem

e There exists L > 0 such that, given {y;,...,y,} € RM, a
{z1,...,7;} € RY, two arbitrary sets of points, verifyi
lz; — x;| > 2L, there exists a solution to th
problems 1 and 2, whose blow-up set i
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PROOF OF THE THEOREM

We consider solutions to problems 1,2,3 in separated vanables

U(CB, Y, t) = 80($)¢(y7 t)a
where ) satisfies

( y’t 3 ;;.«,;:,«,»;;;ag o

iy, t) = Ayib(y,t) + 97

and ¢ is a compactly suppor
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PROOF OF THE THEOREM

We consider solutions to problems 1,2,3 in separated variables:

u(z,y,t) = p(z)P(y, ),
where ) satisfies

Gl t) = Dy ) + w8, (@

and ¢ Is a compactly su
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PROOF OF THE THEOREM

We study B(%)). It is known that solutions to

W) = A 9D, UDE

blow up if v > 1 and the initial con
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PROOF OF THE THEOREM

We study B(%)). It is known that solutions to
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blow up if v > 1 and the initial conditi

The blow-up set for this eg
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PROOF OF THE THEOREM

We study B(%)). It is known that solutions to

Vely, ) = Aydbly, ) + 97w, 8),  (u,t) ERY X (0,

blow up if v > 1 and the initial condition is |

The blow-up set for this equation
points,

Moreover, giv
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PROOF OF THE THEOREM

We study the support of .
1. p(x) = Az™(x) + @™ (), r € RY,

There exists a unique radial solution to 1 such that

Moreover, there exist initial data such that
solution to 1 consists of a finite num
profiles, centered at certain poi
where L is the ratio of th
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PROOF OF THE THEOREM

We study the support of .
1. p(x) = Az™(x) + @™ (), r € RY,
There exists a unique radial solution to 1 such that ™ €

Moreover, there exist initial data such that the >
solution to 1 consists of a finite number of cop
profiles, centered at certain points 1, ..

where L is the ratio of the uniqgu
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PROOF OF THE THEOREM

3. Forp—1>mandp > 2, p verifies

™) = V(| VP2V

)
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PROOF OF THE THEOREM

3. Forp—1>mandp > 2, ¢ verifies

o™ (x) = V(|IVelPVi(a))

—|Viplp=2 £

fN=1,¢pli
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COROLLARY: Any solution to

1. i Aw’u,m —|— Ayu _|_ ’U,m’
2. up = Vo|VeulP~2V,u) + Ayu+ uPL, e
3 . e =

() = V(TP ) + Ay,

= | V:c”u,|p_2 7 —

b
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COROLLARY: Any solution to

1. u = Azu” I e in RYEM sl
2. up = Vu(|VoulP?Vyu) + Ayu + uP~L, in RA
3.

(u™); = V(| VeulP2Vu) + A

9, :
|Vt

839
bla
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COMPACTNESS IN THE HALF SPACE

To extend the existence of solutions of compact support tc

™ (z) = V(| VP~ 2Ve(z)),

(P) |
Vo2 2 () = -

81’]\[

to more space dimensior

7

L
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COMPACTNESS IN THE HALF SPACE

To extend the existence of solutions of compact support to

[ o™(z) = V([VelP2Ve(z)), z € RY,
P) <
V222 () — el
\ a513N

to more space dimensions, we consider the symmetry property :

JIN ), = RN_l, ry € Ry, ()

/
I

u(azl, 1o — 1

Theorem If p — 1 > m there exists a nonnegative nontrivial
solution to (P) with compact support, verifying ().
Moreover, any nontrivial and nonnegative solution to (P) such

that w € W1P(RY) is compactly supported and radial in the
tangencial variables.
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COMPACTNESS IN THE HALF SPACE

We study the approximating problem

V(|Vug|P?Vug) = (ur)™,

(9’UJR
| Vup/P—2 _—
Vug] Ox )

e —
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COMPACTNESS IN THE HALF SPACE

We study the approximating problem

/
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COMPACTNESS IN THE HALF SPACE

We find nontrivial compactly supported solutions to (AP) in
natural variational frame |

W = {u € WHP(B%) verifying -

with the norm

By Poincare’
wie,
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COMPACTNESS IN THE HALF SPACE

By minimizing the functional

I
m —+ (/ |V’U,|p =
D Bi

JR(’LL)
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COMPACTNESS IN THE HALF SPACE

Lemma If ur iS a nonnegati
constant C' independent on

||uR||Lm+}'(B*‘
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COMPACTNESS IN THE HALF SPACE

We state a Comparison Principle for the problem

[ V(|Vw|p=2¥w)— =l in Q C RY,

(PC) { w=0, on NN {zN

_y Ow P
Vel

Lemma Let Q C RY be an ope

Lipschitz boundary. ¢
bounded sub and s
If the -1

(0
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COMPACTNESS IN THE HALF SPACE

Multiplying the inequalities verified by w;, i = 1,2 by h(w
being h(x) = —  min{0, x}, and integrating by parts

C1(p) [ 1V )P = [ (o -

< (s / h(w

recall the
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COMPACTNESS IN THE HALF SPACE

MUItIpIylng the 'nequa“tles verified by w;, = 1 9 by h(w2 _//
being i(z) = —  min{0, z}, and integrating by parts/"

/ | h W2 w/ 1 | / ( 2 _4 lw/‘*"/ L ,if’; ], = ;,.,,,,,;4
Q ,,,,,;/‘,),, a8

PR— 2 / - / y - ‘,/,,L,f,,///;,/,;,/

Qﬂ{wNT,,]/, /,‘/‘

reCaII that e
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COMPACTNESS IN THE HALF SPACE

Multiplying the inequalities verified by w;, i = 1,2 by h(w
being h(x) = — K min{0, x}, and integrating by part

C1(p) [ 1V )P = [ (o -

< Oy / h(w
8Qﬂ{wN'_

recall the
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COMPACTNESS IN THE HALF SPACE

Multlplylng the inequalities verified by w;, i = 1,2 by h(wy — wl) =
being h(z) = — K min{0, 2}, and integrating by parts =

/IVh o —w)P = [ (@ - oh(wr - w
< Co (/ h(wgy — wy
oQn{zy=0}

recall that p > 2
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COMPACTNESS IN THE HALF SPACE

Proposition Let ur a solution to (AP). Then ug Is radl |
tangencial variables. |
Moreover, ug(|z'|, zx) is decreasing in |z'| ar
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COMPACTNESS IN THE HALF SPACE

Proposition Let ur a solution to (AP). Then ug Is radial in the
tangencial variables.
Moreover, ugr(|2’|, x ) is decreasing in |z'| and x .

In the proof we use
e the moving plane method (| Gidas—

e the previous Comparison Pri
up(z) = ug(x?), where
respect to an ap
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COMPACTNESS IN THE HALF SPACE

e Comparison Principle
< U(;U,, CUN) — U( mll,.’l}

< uR ( | .CC, | 733 N . )
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COMPACTNESS IN THE HALF SPACE

We show that ur IS compactly supported in the acN
For some R < R,

ur(x', Ry =
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COMPACTNESS IN THE HALF SPACE

We show that up is compactly supported in the z variable.
For some R; < R,

ugr(z , Ry) =8 | o

Then, up is a subsolution of the p

V(|Vw[P~2V

D
[

w
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COMPACTNESS IN THE HALF SPACE

We show that ug Is compactly supported in the xz variable.
For some R; < R, <

ugr(z, Ry) < I =

Then, ur Is a subsolution of the probl
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COMPACTNESS IN THE HALF SPACE

Vie prove that Supp(uR) is bounded in the 2/ dlrectlo ::::,;ff“"’::"

For some R < R, up(a’,zy) < &, ¥a' such that |«'|

Non-trivial compact blow-up sets of smaller dimension — 12/1



COMPACTNESS IN THE HALF SPACE

We prove that supp(ug) is bounded in the 2" direction.

/’/

upg IS a subsolution of

i
g
=

V(VePP2¢) - g™
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COMPACTNESS IN THE HALF SPACE

We prove that supp(ug) is bounded in the =’ direction.

For some R3 < R, ug(2’,zn) < €, Va' such that |2'| = R,

upr IS a subsolution of

V(IVeIP?V¢) — ¢™ =0,
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COMPACTNESS IN THE HALF SPACE

Every nonnegative nontrivial solution to (P), ¢ € Wlp
compactly supported and radial in the tangencial ve
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COMPACTNESS IN THE HALF SPACE

compactly supported and radial in the tangencial variak

e Using that ¢ € WHP(R%Y) and the Holder contin

loll pmri ey < Cy ol poomyy < €
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COMPACTNESS IN THE HALF SPACE

Every nonnegative nontrivial solution to (P), ¢ € WHP(RY),is
compactly supported and radial in the tangencial varlablesr =

e Using that ¢ € WHP(R%Y) and the Holder contlnwty,

lollpmirwyy < C5 |[@llpe@yy < C

e From these estimates and the
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COMPACTNESS IN THE HALF SPACE

Every nonnegative nontrivial solution to (P), ¢ € W1P(RY), is
compactly supported and radial in the tangencial variables.

e Using that ¢ € WHP(R%Y) and the Holder continuity of
HSOHLmH(M) = HSOHLoo(M) < (C an

e From these estimates and the
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COMPACTNESS IN THE HALF SPACE

Every nonnegative nontrivial solution to (P), ¢ € W1P(RY), is
compactly supported and radial in the tangencial variables.

e Using that ¢ € WHP(R%Y) and the Holder continuity of Vi
HSOHLmH(M) =0 H90||Loo(R{;’) < C and HVSOHLoo(R{g) <C.

e From these estimates and the Comparison Principle we deduce

lim sup ¢ =0.
RHOOR_JX\BE

e Then, o < win{zy > Ry}, with w compactly supported in x .

e Using similar techniques we see that ¢ is compactly supported in z’.
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COMPACTNESS IN THE HALF SPACE

Every nonnegative nontrivial solution to (P), ¢ € W1P(RY), is
compactly supported and radial in the tangencial variables.

e Using that ¢ € WHP(R%Y) and the Holder continuity of Vi
HSOHLmH(M) =0 H90||Loo(R{;’) < C and HVSOHLoo(R{g) <C.

e From these estimates and the Comparison Principle we deduce

lim sup ¢ =0.
RHOOR_JX\BE

e Then, o < win{zy > Ry}, with w compactly supported in x .

e Using similar techniques we see that ¢ is compactly supported in z’.
e The compactness of supp(y) allows to apply the moving plane

method to show the symmetry and growth properties.
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