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Introduction

Our aim is to study problems of the type

y

F(VU)\, DQU)\) — f(AauA)a
. uy >0 in€,
uy =0 on 01},

\

where F' : R" x S™ — R ISs:
(F'1) Homogeneous of degree m:
* F(tp,tX)=t" - F(p,X) forall ¢t > 0.
* F(0,0)=0.

(F'2) Degenerate Elliptic: For every pe R", F(p, X) < F(p,Y)
whenever Y < X, with X, Y € §™.



Introduction

and either
fOuy) =Auf, or  f(Auy) = Auf +ul

With0 < g <m <.



Introduction: Main results

> For F(Vuy, D?uy) = Aui:
1. Comparison Principle (= uniqueness).

H. Brezis, L. Oswald; Remarks on sublinear elliptic equations, Nonlinear
Analysis, Theory, Methods & Applications, Vol. 10 (1986), no. 1, pp. 55-64.

H. Brezis, S. Kamin; Sublinear elliptic equations in RNV Manuscripta Math.
74, (1992), pp. 87-106.

2. Existence: 4! uy > 0 for every A > 0. In fact,

un(r) = = up ().




Introduction: Main results

> F(Vuy, D?uy) = Aul + ul:

1. Existence of at least one positive solution for every \
small enough.

2. Non existence of positive solution for large \.

3. (1) +(2) = JA € R" such that Juy, > 0 VA € (0,A).

L. Boccardo, M. Escobedo, I. Peral; A Dirichlet Problem Involving Critical
Exponents, Nonlinear Anal. 24 (1995), no. 11, pp. 1639-1648.
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{g; Introduction: Main results

Remark: The comparison result holds, with merely the ellipticity
and homogeneity hypotheses. However, in order to prove
existence, it is necessary to precise further structure on F..

Some examples :
» Uniformly elliptic equations (Fully nonlinear).
» Monge-Ampere type equations.
» p-laplacian (Already known in the variational framework.)
» oo-laplacian. With both normalizations:

< Vu Vu
Aou = (D? Au = { D? .
u = (D*uVu, Vu), u < u\Vu]’]Vu\>



The problem with concave right
hand side:

F(VU)\, DZU)\) — )\Uf)]\



Some definitions (Sorry!)

Given an elliptic PDE  G(u, Vu, D?u) =0 (*):

sub-

> w IS a viscosity solution of (x) provided

maximum
“Vo € C*(), zo € Q such that u—¢ has a local

at zo” = G(u(mo),qu(mo),D2qb($o)) | = 8

» Viscosity solution = Subsolution +



Main result on Comparison

Theorem 1 (Comparison Principle). Let {2 C R" be a bounded domain and
F satisfying (F'1) and (F'2) for some m as above. Consider 0 < g < m,

and u, v € C(£2) satisfying (in the viscosity sense)

( F(Vu,D?u) < ulin Q,
{ F(Vv,D?*v) > v%in, Q
u,v > 0, in €2

\

Then, u < v on O implies u < v in €.



{@; Proof of Comparison

Usual strategy:
[CIL] M. G. Crandall, H. Ishii, P. L. Lions; User’s Guide to Viscosity Solutions of Second
Order PDE, Bull. Amer. Math. Soc. 27 (1992), no. 1, pp. 1-67.

Basic Hypothesis:
The equation G(u, Vu, D?*u) = 0 is proper.
That means:
» r— G(r,p, X) IS non-decreasing.
» Degenerate elliptic. (Decreasing in the matrix argument.)
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Usual strategy:

[CIL] M. G. Crandall, H. Ishii, P. L. Lions; User’s Guide to Viscosity Solutions of Second
Order PDE, Bull. Amer. Math. Soc. 27 (1992), no. 1, pp. 1-67.

Basic Hypothesis:
The equation G(u, Vu, D?*u) = 0 is proper.
That means:
> r— G(r,p, X) IS non-decreasing.
» Degenerate elliptic. (Decreasing in the matrix argument.)

PROBLEM: G(r,p,X) = F(p,X)—r? is decreasing in r!
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Proof of Comparison

ldea: A change of variables can turn the equation into proper.

9 9
m m

Ue(z) = (1 +€) - (0(x) +€), e > 0,

Then, in the viscosity sense,

q VUG?VU)SL
m — q U

qg Vu.® VU,
m —dq 66

F(va, D%+

F(V@e,D%E + ) > (1+e™>1.

In every Q* CcC (). The new equation is proper.



Proof of Comparison

Now, we can follow [CIL].

e We wantu <o in €.

e Suppose to the contrary that maxg(u —v) > 0.

(u — ’U)‘@Q <0 = (’[L — ’(76)‘39 <0

Unif. Conv. = max(u — v¢) > 0 for e small (fixed henceforth)
Q

= 30" such that {max. points of @ — o} C Q* C Q* C (.

/



Proof of Comparison

The underlying idea: In a maximum point zg of u — o,
Ue(x0) < w(xg), Vizo) = Vie(zg), D?*u(xo) < D*¥e(0).

Thus,

q V’EL(ZE()) X V’EL(ZE()) < DQ@ (ZI;‘O)—I— q V’De(xo) X V@e (ZIL‘())

D?u(x -+ - =
o)t e ilwo) m—q  o(wo)

In the sense of matrices. In particular, by ellipticity,

m—q {)e (330)

0< (1 +e™ =1< F(Vi(o), D2e(o) + 5y T2elcp)@Te(zo))

IN
-

—F (Vi(wo), D2i(zo) + iy THeETilzo) )

m—q w(xo)



{@; Proof of Comparison

At this stage, it is rather standard to make rigorous the above
formal computation following [CIL]:

» Doubling Variables.
» Penalization method (Jensen).
» Maximum Principle for semicontinuous Functions.

M. G. Crandall, H. Ishii; The Maximum Principle for Semicontinuous Functions,
Differential and Integral Equations 3 (1990), no. 6, pp. 1001-1014.
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Existence of solutions

It IS necessary to precise more structure on F'.

(F'1") Uniform ellipticity: 30 <60 <O st VX, Y € S"withY > 0,
—Otr(Y)< F(p,X+Y)—F(p,X) < —-0tr(Y)

for every p € R".

(F2) Homogeneity of degree m, as before.

(F3) Structure condition: 3y >0 s.t. VX,Y € S, Vp,q € R",
Poo(X—=Y)—7Ip—q| < F(p, X)—F(q,Y) < P o(X=Y)+vIp—dl,

where Py o (M) = inf {—tr (AM) : 0|¢]> < (Ag,€) < Of¢]? VE e R},
and Py o(M) =sup {—tr (AM) : 0|¢]* < (A€, €) < O[¢)? VE e R™}.



Existence of solutions

Theorem 2. Let {) C R" a bounded smooth domain, F' : R"™ x §™ — R
satisfy (F'1), (F'2) and (F'3), and 0 < ¢ < m. Then, there exists a unique

solution to
y

F(Vuy, D?uy) = Aul,
q uy >0 inf),
uy =0 on0f2,

\

for every A > 0 given by

uy(x) = = up ()

where w1 is the solution with A = 1.



{@; Proof of existence

ldea: [CIL]
Construct a sub- and supersolution + Comp. Principle + Perron

Step 1: Existence of solution to the auxiliary problems:

( F(Vu,D*v) =1 inQ [ F(Vw, D*w) =d(z) inQ
v>0 In Cw>0 InQ
\v:O on 0f, \w:O on 0X),
__ dist(x,00)
where d(x) = Tdist(- o) 1

M.G. Crandall, M. Kocan, P.L. Lions, A. Swiech; Existence results for boundary problems
for uniformly elliptic and parabolic fully nonlinear equations, (1999).



{g; Proof of existence

q
Step 2: u(x) = ||v||ee * - v(x) IS @ viscosity supersolution with
u = 0 on o).

(By Homogeneity.)
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{@; Proof of existence

q
Step 2: u(x) = ||v||ee * - v(x) IS @ viscosity supersolution with
u = 0 on o).

(By Homogeneity.)

Step 3: u(x) =t - w(x) Iis a viscosity subsolution with v = 0
on 0 for every t > 0 small enough.

(Uses Hopf’'s Lemma.)

Step 4. Comparison Principle + Perron.



The problem with concave-convex
right hand side:

F(Vuy, D*uy) = Aul + ul.



Main results

Theorem 3 (Existence). Let {2 C R"™ smooth bounded domain,
F :R" x 8™ — Rsatisfy (F'1'), (F'2) and (F'3). Then, 3 Ag > 0 such
that, for every A € (0, o], the problem

2

F(Vuy, D*uy) = Aul + uf,
q§ uy >0 inf),
uy =0 on0f2,

\

has at least one nontrivial viscosity solution.



{8; Main results

Theorem 4 (Non-existence). Assume the above hypotheses and that the
problem

( F(Vv, D?v) = Av™ in )
v>0 inQ
L v =0 on ol

/"

has a nontrivial solution if and only if A = A1 for some number \{. Then,

’

F(Vuy, D*uy) = Aui + uf,
uy >0 in €,
uy = 0 on 0,

/"

\

has no solution (in the viscosity sense) for large .



{8; Main results

Remark 5. Since m is the degree of homogeneity of F', the problem
( F(Vv,D?*v) = Av™ inQ

{v>0 inQ2

v =0 on 0f2,

enjoys a typical feature of eigenvalue problems; provided the existence of
v(x) > 0 for some A\, v(x) =t - v(x) is also a solution for every t € R.

Background on Fully nonlinear eigenvalue problems:

» Uniformly elliptic equations:
® |. Birindelli, . Demengel; Eigenvalue, maximum principle and regularity for
fully non linear homogeneous operators, Commun. Pure Appl. Anal. 6 (2007),
no. 2, p. 335-366.
® A. Quaas, B. Sirakov; On the Principal Eigenvalues and the Dirichlet Problem
for Fully Nonlinear Operators, CR Math. Acad. Sci. Paris, (2006).



{8; Main results

> p-laplacian:
J. Garcia Azorero, |. Peral; Existence and nonuniqueness for the p-laplacian:
Nonlinear eigenvalues, Comm. in PDE 12, No. 12 (1987) pg.1389-1430.

> oo-laplacian:

P. Juutinen; Principal eigenvalue of a very badly degenerate operator and
applications, J. Differential Equations 236 (2007), no. 2, pp. 532-550.

> Monge-Ampere:

P.-L. Lions; Two remarks on Monge - Ampere equations, Ann. Mat. Pura Appl. (4)
142 (1985), 263-275 (1986).



Main results

Corollary 6. Under the hypotheses of Theorems 3 and 4, there exists A € R
with 0 < A < oo such that

2

F(Vuy, D*uy) = Aul + uf,
q§ uy >0 inf),
uy =0 on0f2,

\

has at least one positive viscosity solution for every A € (0, A).



{@; Proof of existence

We follow
L. Boccardo, M. Escobedo, I. Peral; A Dirichlet Problem Involving Critical Exponents,
Nonlinear Anal. 24 (1995), no. 11, pp. 1639-1648.

Step 1: Existence of solution of the auxiliary problems:

[ F(Vuy,D%v)) =X inQ [ F(Vwy, D*wy) = Ad(z) inQ
Cuy>0 InQ Cwy >0 Inf)
\v)\:() on X}, \w)\:O on 0X),
_ dist(,09)
where d(x) = Tdist(- o) 1

(As before.)
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Step 2: 4 )\g > 0 for which VA € (0, Ao, 3T) such that
wx(x) =T - va(x) IS a viscosity supersolution.

Homogeneity = F(Vauy, D*uy) = T3 - A }

oa(@) = A vi(z) = A+ a5 < AT o]l + Am TR [|oa|5

— We need: 5%T§—myyv1\\go + Am T T o5 < 1

N

P\ (T)



Step 2: 4 )\g > 0 for which VA € (0, Ao, 3T) such that
wx(x) =T - va(x) IS a viscosity supersolution.

Homogeneity = F(Vauy, D*uy) = T3 - A }

oa(@) = A vi(z) = A+ a5 < AT o]l + Am TR [|oa|5

— We need: 5%T§—myyv1\\go + Am T T o5 < 1

N~

P\ (T)

Dy (T
)\< ) Indeed: (I))\<T)\)§1 S A< )\

Y



Proof of existence

Step 3: u,(z) = twy(x) is a viscosity subsolution for small ¢ > 0

(Homogeneity + Hopf's Lemma)



Proof of existence

Step 3: u,(z) = twy(x) is a viscosity subsolution for small ¢ > 0

(Homogeneity + Hopf's Lemma)

Step 4: We can choose ¢ above such that «, <w), In Q.

(Again Hopf's Lemma)



Proof of existence

Step 5. Monotone iteration. Solve:

F(Vwy, D*wy) = Aul + a4 inQ
w1 =0 on of.

Since u, = w; =wy = 0 on 01},

F(Vuy, D*uy) > Aud + b,

A
F(Vwi, D*w;) = A + Tk,
A
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Proof of existence

Step 5. Monotone iteration. Solve:

F(Vwy, D*wy) = Aul + a4 inQ
w1 =0 on of.

Since u, = w; =wy = 0 on 01},

A
F(le,Dle = )\ﬂg\%—ﬂg, b= Uy < wy < wy.
A




‘©: Proof of existence
o Now consider:

F(Vws, D*wy) = Awi +w] inQ,
wz =0 on of.



Proof of existence

Now consider:

F(Vws, D*wy) = Awi +w] inQ,
weo = 0 on o).

As before, since u, = w; = we = 0 on 92,

F(le, D2w1) = )\ﬂg\ + ﬂrg\,\

F(Vws, D*wy) = Awi +wl, p = uy, < wy < wyp < Ty

F(Vuy, D*uy) < Auf +uh < Awi +w |



©; Proof of existence

lterating: u <...<wp <wip_1<...<wy <w; <uw Iin), with
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*
(%) wr =0 on 5.
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lterating: u<...<wp <wp_1<...<wy<w; <uw Iin), with

F(Vwg, D*wg) = Aw]_, +wj_, inQ,
*
(%) wi =0 on 5.

e (F1') + (F3) = ABP estimate:

L.A. Caffarelli, M.G. Crandall, M. Kocan, A. Swiech; On viscosity solutions of fully
nonlinear equations with measurable ingredients, Comm. Pure Appl. Math. 49
(1996), pp. 365-397.
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{@; Proof of existence

lterating: u<...<wp <wp_1<...<wy<w; <uw Iin), with

F(Vwg, D*wg) = Aw]_, +wj_, inQ,

(%) wr =0 on oN.

e (F1') + (F3) = ABP estimate:

L.A. Caffarelli, M.G. Crandall, M. Kocan, A. Swiech; On viscosity solutions of fully
nonlinear equations with measurable ingredients, Comm. Pure Appl. Math. 49
(1996), pp. 365-397.

e ABP estimate = uniform C¢ estimates:

L.A. Caffarelli, X. Cabre; Fully Nonlinear Elliptic Equations, Amer. Math. Soc.,
Colloquium publications, vol. 43 (1995).

o C%estimates = Ju(x) = limy_.o, wi(x) (Uniform).

—D.



Proof of existence

Since w; — u uniformly, we can pass to the limit in

F(Vwg, D*wg) = Awi_, +wj_; inQ
*
(*) wr =0 on o€,

(in the viscosity sense) to get

2

F(Vuy, D*uy) = Aul + uf,
q§ uy >0 inf),
uyx =0 on 0f).

\

We have finished.



{@; Proof of existence

To summarize:

1. Fundamental property: F'is m-homogeneous.

2. Main ingredients of the proofs:
» Solvability of the auxiliary problems.
» Hopf's Lemma.
» Uniform C* estimates.

All the above can be easily extended to any equation ensuring
the availability of the aforementioned ingredients (p—Ilaplacian,
oo—laplacian, Monge-Ampere...).



{@; Workn progress

Theorem 7 (F. Ch., E. Colorado, I. Peral). Let0 < g < m < r, where m is
the degree of homogeneity of F'. Then, thereexist A € R, 0 < A < oo
such that, the problem

( F(Vu,D*u) = u? +u", inQ,
u >0 in(),
L u =0 onof,

_/\

1. Has at least two positive solutions for every A € (0, A).
2. Has at least one positive solution for A = A.

3. Has no positive solution for A > A.

ldea: Degree theory + A priori estimates (sort of Gidas-Spruck).



%
Rgm e

That'’s all folks!
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