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Bounded domain.

-

We will consider the problem:

w— Au = )\%JruerfinQTEQx(O,T),
T

! u(z,t) > 0 in Qp,
u(x,t) = 0 on 99 x (0,7T),
u(x,0) = wug(x)ifx e Q,

\

where Q bounded, Q c RN, N >3,0€ QA >0, p > 1.
f,up are non negative measurable functions.

-
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Related problems.

-

# Heat equation, A = 0:

up — Au=uP 4+ finQpr=Q x (0,7),
u(x,t) >0 in Qp,u(x,t) =0 on 00 x (0,T),
u(x,0) = ug(z) if x € Q.

Well known results.
#® Associated elliptic problem, A > 0:

—Au:)\%—kup—kfinﬂ,u>0inQ,u:00n6Q.
T

(BDT) No distributional solution for p > p. ().

’ ‘ (BDT) H. Brezis, L. Dupaigne, A. Tesei, On a semilinear elliptic equation with inverse-square potential.J
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Definition of solution: the weakest possible.

fu c C((0,T); L; (Q)) IS a very weak supersolution T

loc

(subsolution) if — " ‘2 € Ly, (Q7), uP € Li,.(Qr), f € L (Qr)
and for all V¢ € C5°(2 x (0,77)) such that ¢ > 0,

/OT/Q (—dr — AP udzdt> (< / / AW +uP + f)o dudt.

If u IS a very weak super and subsolution, then we say that
u 1S a very weak solution.

If v Is a very weak supersolution (subsolution), then u €

C((0,7); Ly, () N LP((0,T); LY (D).

loc

-
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Behavior of the very weak supersolutions

fNotation: The radial elliptic problem, A < Ay,

—A )\— = (.
P

x|~ |z| % are the radial solutions with

2 2
=252 (252) - e = 272 1 (32) -

roots of a? — (N — 2)a + A = 0.
Hardy’s inequality

2 o\ 2
/]V¢|2dx2AN WQ dr, Ay = (M> .
Q

2
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Singularity in a neighborhood of the origin

-

# v IS a nonnegative function in 2, u = 0,

Uu
® U cC Llloc(QT) and W S Llloc(QT)’

® u satisfies u; — Au — A% > 0in D'(Qr) with A < Ay
X

Fixed 0 < t; <ty < T, there exists a constant C'(N,r,ty,ts)
such that v > Clz| =" In B,(0) x (t1,t2).

-
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Behavior of the very weak supersolutions

- .

# |If v Is a very weak supersolution to problem

ur — Au — )\# > ¢, then g must satisfy
X

T
/ / lz|" g dx < co. (Approximated problems,test
0 JB.(0)

function (¢,,): — Ag, — A‘ ‘fi - = 1, pass to the limit).
:C —_—
n
# If uis a very weak supersolution, then there exists
r > 0,

/ x| " M ug(x) de < oo.
B-(0)

(Approximated problems, test function
B B Aon _ - -
Aoy, WELT = C¥n EDO, contradiction). J

n
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From a very weak supersolution, get a minimal solution

- 1 .

u e C((0,T); L, .()) is a very weak supersolution, A < Ay,
then there exists a minimal solution in B,.(0) x (t1,t3) CC Qr
obtained by approximation.

ldea: Sub and super solutions method (aproximation and
comparison).

y

(U())t—AU() — f IN BT(O)X(tl,tQ),

Upp— :
< (vn)e — Av,, = )\‘ZE‘QJ:quvg_lJrf in  B,(0) x (t1,t2),

vn(z,t1) = Th(u(x,ty)) if x € B,(0),
Un(, 1) 0on 9B, (0) x (t1,t2).

\
Unt — Avy, € LY(Br(0) x (t1,12)).

o < po1 L vy LU, v =limsup vy, v < . J
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Critical exponents

-

Studying the elliptic radial case:

N —1 .
r r

u= Ar—P, with g = Ll’ AP = 32 4+ (N —2)5 — A\
D —

We search u > 0: —3? 4+ (N —2)3 — X > 0.

a1 < B <aysp_(A) <p<pi(N)
2

2
N=1+4-2 p (A =14 —
p—l—() —|_Oéljp() _|_O{2

-
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Critical exponents

- .

p+(A) = 2" —1=

Z
+

as \ — Ay, p+(A) = 0 as A\ — 0,

e
+ |
MDD

p—(N) —2*—-1= as A — A, p_()\)—>%as)\—>0,

e
N

p+(\) decreasing, p—

/N

A) Increasing, p—(A) < 2* —1 < pi(N).
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Strong nononexistence result

- § .

If p > pi (M), then the problem has no positive very weak
supersolution. If f = 0, the unique nonnegative Is u = 0.
ldea of the proof: Contradiction with Hardy inequality

Case 1: A > Ay. Immediate.

Case2: A\ < Ay, p>pi(N).

® Approximated problems (Truncated Hardy potential).

o UL 4e Cs°(B-(0)), Picone, Holder, Sobolev inequalities.

Un

2
< / / IV $|? dxdt — / / — dxdt > C/ / ¢ —
B..(0) B, (0) |33| B, (0) |z|(P~D

Asp>pi(A),then (p—1)ag > 2.

-
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Strong nononexistence result

Case3: p=p+(A), A< An: (p—1)ay = 2.

# Behavior: u(z) > in B,(0) x (t1,t2) CC Q.

[z]or \0‘1
Function test: w(z,t) = |z| = ((t — t1)2(log(|71|))5 +1).

Comparison argument: cu > w In B, (0) x (t1,t2).
¢ € C§°(B,(0)), Picone, Sobolev, Holder inequalities.

e o o o

Contradiction with Hardy’s inequality,

&
ch MQ (log(lﬁ)) dr < fBr(O) IVo|?dx, r << .
Case4: p=pr(A),A=An: a1(p+1)=N.

t2
/ 2| uP doe > CP(ty — tl)/ 2|7 P+ gy = oo
w/t1 JB-(0)

B.(0) J
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Instantaneous and Complete blow up

-

# Punctual blow up in problems with approximated Hardy

-

potential.
up, € C((0,7); LY(2)) N LY ((0,T); LF () very weak
solution to,
( up
Ut — AU,y = n >+ Ay (2)up +cf in Qp,

1+ %un
un(z,t) = 0 on 099 x (0,7T),
un(x,0) = 0Ifz €,

\

1
—,and p > py(A). Then

with f 2, a,(z) = z2 + L

Un(xo,tg) — 00, V(xg,tg) € Q x (0,T).

-
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Instantaneous and Complete blow up

-

# Punctual blow up in problems with a sequence tending

to the critical exponent.
Let p,(\) =1+

-, a positive f € L*°(Q2r) and
a1 + n

u, € C((0,T7); L} (Q)) a very weak supersolution to

loc

Ung — Aty > Af%+ugn+f n Qr,
T
un(z,t) = 0 on 99 x (0,7T),
un(z,0) = 0 In €.

Then

Un(xo,tg) — 00, V(xo,tg) € Q x (0,7).

Almeria, September,
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Sketch of the proofs

=

#® From the very weak supersolution we get a minimal
solution obtained by approximation.

# By contradiction, we suppose u,(zg, tg) — C < 0.

o / u,(x,t) dr dt < C, Harnack’s inequality.
r(0)x (t1,t2)

o / gn@® dx dt < / Up (2, t) dedt < C.
BT(O)X(tl,tQ)

B, (O) X (tl ,t2)
® Inthe case 1, MONOTONICITY. At the limit (Monotone
Convergence), a very weak supersolution .

® Inthe case 2, NO MONOTONICITY. Another test
function: T} (u,)¢. At the limit (Fatou’s Lemma), a very
weak supersolution . J
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Difference with the Heat Equation

-

-

ur — Au=uP + fin Qp, u>0,u=00n 900 x (0,7, ug(z).

» HEAT EQUATION, A = 0:

Existence of local solution (regular initial data).
A=0=0a1=0=p4+(0) =

» HEAT EQUATION WITH HARDY TERM, A > 0:

u

ur—Au = )\‘97’2

+uP+fin Qp, u > 0,u =00n 002x(0,T), up(x

Non existence of very weak solution for
p > pi(A)

-
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Existence of solutions:p < p ().

- .

® f=0:For\<Apy,1<p<ps(A) and suitable ug(x).
The problem

ut—Au—)\WjLupm Qr, u>0,u=00n90Nx(0,T), ug(x),
T

has a solution.

® f=0lf f(x) < 2l |2 with ¢ small, we get the existence of
a minimal solution for all p < p ().

Idea of the proof: If p < 2* — 1, variational solution.

If 2* —1 < p < p4 (), construction of the elliptic radial solution

-
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CAUCHY PROBLEM: HEAT EQUATION WITH HARDY TERM

-

=

We want to study the global existence in time when local
existence is assumed:

u .
ur — Au = )\WJrup in RN, t>0,
x

w(z,0) = wug(z) >0 in IRY,

H. Fuijita, On the blowing up of solutions of the Cauchy problem for uy = —Awu + v!'+%. J. Fac. Sci.
Univ. Tokyo Sect. | 13 1966 (1966)
T. Kawanago Existence and behaviour of solutions for u; = A(u™) + u! Adv. Math. Sci. Appl. 7
(1997), no. 1.

H. Levine The role of critical exponents in blowup theorems. SIAM Rev. 32 (1990), no. 2.

-
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CAUCHY PROBLEM: HEAT EQUATION

-

Heat equation:

ur — Au uwP in RN, ¢t >0,
w(z,0) = wug(x) >0 in IRY,

Fujita exponent: 1 + 2
Definition: Blow-up in finite time, ||u(-,¢,)|/cc — 00, t, — T,

C . For small data — Global Existence
Finite time blow-up

For large data — Nonglobal Existence

1+

2w |

-
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FUJITA TYPE EXPONENT WITH HARDY POTENTIAL

Fujita type exponent: 1+ =—, A =0, a1 =0 =1+ %

Definition: Blow-up in finite time. Unbounded solutions.

There exists T* < oo, lim x| u(x, t) de = oo,
t—T™* B, (0)

For small data —— Global Existence
Finite time blow-up For large data ——  Nonglobal Existence Non Existence

Almeria, September,
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FUJITA TYPE EXPONENT WITH HARDY POTENTIAL

-

-

Assume that v Is the solution to the equation

2

then v(r,t) = t—2 T exp(7 7) and satisfies

/ r~“w(r,t)dx = C.
RN
For A= 0= a; = 0, u(r,¢) = t% exp(Z'7) the FUNDAMEN-

TAL SOLUTION to Heat equation, with v(r,t)de = C'.
RN

-
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FUJITA TYPE EXPONENT WITH HARDY POTENTIAL

- .

2 e
p <1+ , then u blows-up in finite time.
N — 1

#® We look for a family of subsolutions:

r

. T
’lU(?",t,T):(T—t) 0f<(T—t)/8>79:_p—i1”8:%7S:(T—t)ﬁ
f(S) — A¢(S),¢(S) - 5_a16_%7 A >>0,wt — wrr — (N_ 1)wr - A% < wP.

® w(r,t,T) has finite blow-up,

1
/ lz| " w(x, t, T)de = C(T—t) p—1" 2 T1/<T—t>2 P(s)sV 171 ds = 0.
BT‘(O) 0

p<1+

N — aq p—1 2 2
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FUJITA TYPE EXPONENT WITH HARDY POTENTIAL

f #® COMPARISON ON INITIAL DATUM: T
u(z,t), a time translation of a solution
u(x,t) =u(x,t +T), 1S a supersolution to the
homogenous eqguation with the same Initial values. It is
sufficient v(x,T') > w(r,0,T), to get u(z,0) > w(r,0,T).

2 N—ay
p< F(\) =1+ forT" >>1, T = s AT
N—Ozl

-
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FUJITA TYPE EXPONENT WITH HARDY POTENTIAL

-

=

® COMPARISON PRINCIPLE: u(x,t) > w(x,t),Vt < T.
o h(z,t) =w(z,t) —u(w,t), hy € L*(0,T, DV (IRY)),

e h
satisfying h; — Ah < )\W + wP — P
X

s Kato’s inequality, hy(z,0) =0, (see (O)) .

hy .
hi—Ah, < )\Wﬂowp e in RN te(,m), Th<T

s NO BOUNDED SOLUTIONS, p < 1+ 52—,
3C(T, T1), Ve > 0, P~ < erfy + O(T, ).

s Gronwall’s inequality, h,. =0, so
u(x,t) > w(z,t), vVt <T.

-

(O) L. Oswald, Isolated positive singularities for a non linear heat equation, Houston Jouf{4l'of MR hates P+




CRITICAL FUJITATYPE EXPONENT p =1+ 2

N—aq*®

- .

2 e e
p=1-+ , then « blows-up in finite time.
N — X1

Ideas of the proof: Suppose

/ 2| u(x, t) de < oo forall t > 0.
B(0)

With the change of variables, v(x,t) = |z|*u(x,t),

[0y — div(jz| 2 Vo) = [z PP,

with v satisfying [, |z|?*v(z,t)dz < oo for all ¢ > 0. Modifi-

cation of known arguments are followed.

I (WZ), C. Wang, S. Zheng, Critical Fujita exponents of degenerate and singular parabolic equations. Proc.
'r Soc. Edinburgh Sect. A 136 (2006), no. 2
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F(A) <p <pi(N),

-

GLOBAL EXISTENCE.
We look for a family of supersolutions

1
Wy — Wyp — (N_l)wr—)\%pr.
r r
. 2 2
g(s) = A¢(cs), With ¢(s) = s7Te" 7, a1 < v < ——, A >

p—1
0, ¢ > 0.lt is sufficient to choose ¢ < 1 and A small enough.

For suitable initial data we can construct a global solution.

-
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L? FINITE TIME BLOW UP

-

=

We give a sufficient condition on the initial datum to get a
blow-up behavior of the solution in a suitable norm different
from the blow-up behavior obtained in previous theorems.

1 <p<pye(N). Ifulis apositive solution , ug(z) > h(z) where
0 < h e LPHYIRN) N DLH2(IRY) satisfies

! p+1 L L
L B X e (yvm - )\—Q)d:z:,
p+1Jgry, 2 JRN, |z

then « blows-up in finite time. The sense: there exists
T < oo such that

/ w?(z,t)dx — oo ast — T
Br(0)

-
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LPT1INFINITE TIME BLOW UP

-

F(\) <p<2*—1.uls aglobal solution, then

/ Pt (z,t) dr — oo as t — co. Infinite time.
RN

Idea of the proof: 37 > 0, sup / WPt (z, 1) do < oo

te[T,00] Y IRN
Approximated problems. We have estimates that allow us to
pass to the limit and to get a solution to the elliptic problem

u

—Au— M\
RN

uw? e RN,

but p < 2* — 1, a contradiction with (T).

ANy (T) S. Terracini, On positive entire solutions to a class of equations with a singular coefficient and critical
% onent, Adv. Differential Equations 1 (1996), no. 2.
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SUMMARY CAUCHY PROBLEM
- : .

® p < F(A) =1+ 5=, Blow-upin finite time:

17" < o0, lim 2| Y u(x, t) doe = oco.
t—T* B, (0)

® (N <p<ps(N). Global existence for small data. Non
global existence for large data.

® 1 <p<pi(A). uasolution, ug initial datum with
sufficient property. Blow-up in finite time:

1T* < o0, w?(z,t)dx — oo ast — T
Br(0)

® () <p<2—1. Blow-up in infinite time:
/ Pt (z,t) de — 0o as t — oc.
RN J
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Nonglobal
L/ =1\ Tt g 1 existence _
L*(|z|~*") Finite time blow-up LP*! Infinite time blow-up for large data Non Existence
L? Finite time blow-up for certain data
[l [l [l [ [l 1
LJ ) 2 ) 2 L) v L)
*
1 142 FPo14_%2 PN 9* _1 P
N N —oa_
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