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Abstract

The ray-sceneintersectiontestis the mostcostly processwhena sceneis rendered.
This processmay be improved usingany strategy to be ableto speed-upit. Generally,
any strategy usedis basedon the building of a spatialindexing in the scenedomainor
in the raysdomain. In this paper, anaccelerationtechniquesformalizationis proposed.
This formalizationallowsanoptimizerto bespecifiedaccordingto thespatialindex used.
Furthermore,a formalizationof optimizercompositionis presented.Finally, we present
an expressionwhich allows to compareseveral optimizers,andselectthe onewith best
performances.This formalizationis basedon thegraphicsobjectstheoryandclaimsto
bea generalizationto all optimizerswhichusespatialindexing.

Keywords: Graphicsobject theory, spatialindexing, ray casting,accelerationtech-
niques.

1 Intr oduction

Usuallytheprogramsbasedonraytracingincludeaccelerationtechniquesin orderto improve
theray-sceneintersectiontest. Severalworkshave beenproposedon this subject.Glassner
[10], Fujimoto andIwata[8] presentedtechniquesbasedon bothuniform andnon-uniform
spatialsubdivision, usinga regular 3D grid andan octreerespectively. Both strategiesare
basedonsubdivisionof a3D regionwhich includesthewholescene.In thesetechniquesit is
necessaryto designanalgorithmfor computingtheintersectionbetweenarayandthespatial
structure.

Arvo andKirk [3] proposedanothertechniquecalled”ray classification”. It consistsof
partitioningthe five-dimensionalspaceof raysinto small regionswhich areencodedas5D
hypercubes.Eachhypercubeis associatedwith a list of sceneobjectsthat are totally or
partially inside.



HainesandGreenberg [13] proposeda strategy to improve theshadow test,via the light
buffer. This techniqueis only usedin ray tracingfor spotor directionallight sources.

Basedontheabovetechniques,someeffort hasbeendevotedto developnew algorithmsto
traversespatialindexing schemes.In orderto improvethetraversingprocessusinga regular
3D grid, several works were proposed[1, 8, 7]. Other paperswere presenteddescribing
improvementsto thebasicoctreetraversalalgorithm[5, 7, 9, 16, 18, 21].

Therearealsoavailabletechniqueswhich employ otherschemessuchasthehierarchical
boundingvolumes[17, 12] andbinarytrees[23].

As it hasbeenmentionedabove,a lot of effort hasbeenemployedin thedevelopmentof
efficient solutionsto theproblemof ray-sceneintersectiontest.

In this paperwe proposean abstractmodelof a genericoptimizerasa function which
selectsasetof candidateobjectsfor agivensceneandagivenray. Wealsoproposeamodelof
optimizerbasedonspatialindexingandtwo strategiesto obtainnew optimizersbycomposing
otheroptimizers.

Thepaperis organizedasfollows: In section2 acomparativewith respectto otherrelated
work is presented.In section3 severalconcepts,definitions,andnotationsaregiven. In sec-
tion 4, anabstractcharacterizationof a strict optimizerandanoptimizerarepresented.Sec-
tion 5 presentsseveralcompositionsof optimizers,andtherecursiveoptimizersarepresented.
In section6, anefficiency measurementis proposed.Finally we includeour conclusionsand
plannedfuturework.

2 Previous Work

With respectto our previouswork presentedin [15], themaindifferencesbetweenthatwork
andtheonepresentedherelie in thedefinitionof anoptimizerandits properties.

Basically, thatreferenceintroducedanoptimizerasa pair of elements:thespatialrepre-
sentation(a setof graphicsobjectscalledvolumetricobjects)obtainedfrom the scene,and
thetraversalfunctionwhich returnsthevolumetricobjectsintersectedby a givenray. How-
ever, in this paperanoptimizeris definedasa functionwhich returnsa subsetof candidate
sceneobjectsfrom a given sceneanda given ray. This definition of optimizercanmodel
any accelerationtechniquebecauseis moregeneralthanpreviousone,asit focusesmoreon
behaviour andexternalpropertiesthanon structure.Now we view the optimizersbasedon
spatialindexing asa subclassof a moregeneraloptimizersclass..

Moreover, thatreferencepresentstheconceptof spatialindex functionasafunctionwhich
returnsa subsetof sceneobjectswhich canbe intersectedby a ray from a spatialrepresen-
tation. Sceneobjectsobtainedthroughthis functionarepotentialyintersectedby theray, as
they intersectvolumetricobjectsalsointersectedby theray.

Otheroutstandingdifferencebetweentheseworks is in the conceptof composedopti-
mizers. In this work, the samekinds of composedoptimizersarepresentedbut now using
a differentformal framework, derive from thenew, moregeneral,definitionof anoptimizer.
Furthermore,a new kind of composedoptimizerbasedon thesequentialcompositionof op-
timizersis presented.



Finally, anoptimizationefficiency measurementis presented.This measureis presented
asaway to comparethetimeefficiency of anoptimizerwith respectto thenull optimizer.

3 Concepts,Definitions and Notations

We focus on optimizersthat improve the ray-objectintersectiontestusing a spatial index
scheme.This schemeis a representationof the spatialdistribution of sceneobjects. It is
composedof a setof voxels,which will becalledherevolumetricobjects. Eachvolumetric
objectcontainsinformationof a subsetof sceneobjects,which arecontainedin it. Theray-
object intersectiontest performsthe test with eachvolumetricobject and returnsa list of
sceneobjects.

To formalizetheoptimizerbehaviour, we usethegraphicobjectstheory[24, 25] andan
initial work aboutoptimizerswhich wasproposedin [15].

3.1 Graphic Object Theory

A graphicobject � is apair
�������	�

, in which:
�

is a functioncalledpresencefunctiondefined
as
��

�	�����

, where
�

is a presencedomain,and
�

is a function calledaspectfunction
with domainin

�	�
andrangein � , where� is calledaspectdomain.

We adoptaspresencedomaina subsetof
�

, moreconcretely,
��������������� �

. Using
this presencedomain,a graphicobjectis equivalentto anarbitrarysetof pointsin space.

Theaspectdomain� is not definedbecauseit is not necessaryin thecurrentframework.
We only needthespatialregionoccupiedby agraphicobject.

Thesetof all graphicobjectsis denotedby ! .
For eachgraphicobject �#" ! , we definethespatialregionVol

� � �$�%�&� asthesetof all
points' " �	� suchthat

�(� ' �)�*� . Formally it is:+ �," ! � Vol
� � �)�-� ' " � �-. �(� ' �(�/�0� (1)

where
�

is thepresencefunctionof �
The null or emptygraphicobject,denotedby 1 , is the uniquegraphicobjectsatisfying

thefollowing property + ' " � � �(� ' �)�2�
where 1 �3�4�����	� . This graphicobjectfulfils Vol

� 1 �5��6 (
6

denotesthe emptysetof
points).

The presencedomain(that is, the set
�7�7���8�9�0�

), satisfiesthe propertiesof a boolean
algebra.Thispresencedomainincludesoperatorssuchastheunion( : ), the intersection( ; ),
andthecomplement( < ). For any pair of values= �?> " �������0� the following expressionsare
fulfilled: =@: >A� Max

� = �?>��=@; >A� Min
� = �B>C�<%= � �ED =



whereMin andMax have the usualmeaning.Thereupon,the setof graphicobjects !
inheritsthisbooleanalgebrastructure.

The union of two graphicobjects, ��F �G��� F ��� F � and �IH �G�4� H ��� H � , is an object � ��4�����	�
whosepresencefunction

�
satisfiesthefollowing expression:+ ' " � � �(� ' �(�%� F � ' � : � H � ' � (2)

Thegraphicobject � canbewrittenas � F(J � H .
The intersectionof two graphicobjects,� F �7�4� F �?� F � and � H �7��� H ��� H � , is an object� � �������	� whosepresencefunction

�
satisfiesthefollowing expression:+ ' " � � �(� ' �(�%� F � ' � ; � H � ' � (3)

Thegraphicobject � canbewrittenas � F(K � H .
For any graphicobject ��F � ��� F � 1 F � its complementis a graphicobject � �L�����?�&� such

that: + ' " � � �(� ' �)� < � F � ' � (4)

Thegraphicobject � will bewrittenas < � F
4 Optimizer Abstract Characterization

4.1 Rays

When a optimizer is usedinto a renderingsystem,its behaviour can be understoodas a
functionwhich returnsasubsetof candidateobjectsfor a givenrayandascene.Thenumber
of returnedsceneobjectsmustbe lesserthanthenumberof objectsin thescene,in orderto
reducethenumberof ray-objectintersectiontests.

We candefinearayasagraphicobject.A ray M is agraphicobject
�����?�&�

suchthatexists
a uniquepoint N " �	� , andauniquedirectionvector O "QP suchthat:+ ' " � � �(� ' ��� R � if SUT " �	V . ' � NXWYTZO�

otherwise
(5)

where
� V �[�

is thesubsetof realvaluesstrictly greaterthanzero,and P is thesetof unit
lengthvectorsin

�	�
. Thepoint N is theorigin of theray, andthevector O is thedirectionof

theray. Every ray hasassociateda uniqueorigin anda uniquedirectionalvector.
Fromtheabove definition,we deducethat thevolumeof a ray is an infinite half-line in�	�

. Thesetof all raysis denotedby \ .
A ray anda graphicobjectmayhavesomepointsin common,thatis, they may intersect.

Whenthishappens,wecanmeasurethedistancefrom theorigin to thenearestcommonpoint,
andthis will bea positive realvalue.Whenno intersectionoccurs,we saythat this distance
is infinite.

In orderto formalizethis concept,we definetheset
��]

as
�(]^�/� J �I_%� , where

_
is

any elementthat it is not includedin
�

. This valueis usedto denotea infinity distance.By
definition,any value ` " � holds `ba _ .



4.2 Intersecting Raysand Objects

Let M " \ , bea ray, andlet �c" ! beagraphicobject,wedefine d � M � � � asfollows:d � M � � ��� � T " � . �(� NEWYTZO �(�-�e� (6)

where
�

is the presencefunction of � , N is the origin of M , and O is the directionvectorofM . When d � M � � �,f�-6 , anintersectionoccursbetweentheray andthis graphicobject.Whend � M � � �g�[6 no intersectionoccurs.
Function d returnsthe set of distancesfrom the origin to all points in the ray which

belongsalsoto thevolumeof theobject. In fact,we only needthe lowestoneof thesereal
values.

We definethefunction h with thesamedomainof d andvaluesin
�(]

. For eachM " � ,
and �i" ! it holds:

h � M � � ��� Rkjmlon � d � M � � ��� if d � M � � �pf�q6_
if d � M � � �r�q6 (7)

whereinf denotestheinfimumof asetof realvalues,whichisalwaysdefinedevenfor graphics
objectwhosevolumeis not aclosedregion.

Themain interestof theabovedefinitionsconsistsof determiningwhich graphicobjects
in a givensceneareintersectedby a givenray.

In whatfollows,we will usethesymbol s to meanthesetof all scenes.

4.3 Objects Intersectedby a Ray

Let M " \ bea ray, andlet t " s bea scene,we define u � M � t � asthesetof graphicobjects
intersectedby M , asfollows:u � M � t �v� � �w" t . h � M � � �xf��_y� (8)u � M � t � will contain the graphic objectsin t intersectedby M . Therefore,the conditionu � M � t �X� t holds.

Wealsowantto know thenearestintersectedgraphicobjectswith respectto therayorigin.
Let M " \ bea ray, andlet t " s beascene,we define uUz � M � t � asthesetof nearestgraphic
objectsintersectedby M asfollows:u z � M � t �{� � �c" t . h � M � � �xf�|_;~} �I��" t . h � M � �I� � a�h � M � � ��� (9)

Theexpressionu z � M � t �X� t is alsosatisfied.

4.4 Strict Optimizer

An optimizerreducesthe numberof candidateobjectsfor the intersectiontest. Obviously
whenareducedsetof sceneobjectsis obtained,wegetanimprovementin termsof execution
time.



Let � bea functionwith domainin \3��s andvaluesin s . � is a strict optimizerif and
only if it fulfils thefollowing condition:+ M " \ � + t " s � u � M � t ��� � � M � t �7� t (10)

In otherwords,a strict optimizerselectsa subsetof thesceneobjects.Theoptimizer �
yields a setof objectsintersectedby a ray, andpossibly, otherobjectswhich arenot inter-
sected.Thebestoptimizeris onewhichholds u � M � t �(� � � M � t � , whereastheworseoptimizer
is onewhichalwaysholds � � M � t �)� t , thatis, it alwaysyieldsthewholescene.

4.5 Optimizer

Thereare applicationswherewe only needthe nearestobject intersectedby a ray (or the
nearestsobjects,becauseit mayhappenthattherearemorethanoneatminimumintersection
distance).In orderto modelthis requirementwe introducethedefinitionof anoptimizer. An
optimizeris a function of the sameclassthat a strict optimizer. However the conditionwe
imposeto thesetof returnedobjectsis weaker, andthustheclassof optimizerscontainsthe
classof strict optimizers.

Let � V bea functionwith domainin \���s andvaluesin s . � V is anoptimizerif and
only if fulfils thefollowing condition:+ M " \ � + t " s � u z � M � t �7� � V � M � t ��� t (11)

It is easyto provethatany strictoptimizeris anoptimizerby usingtherelation uUz � M � t �U�u � M � t � whichalwaysholds.

4.6 Spatial Representation

A spatialrepresentation,from now on SR,is a setof graphicobjects.Thesegraphicobjects
will becalledvolumetricobjectsor voxels. Thesetof all possiblespatialrepresentationswill
becalled � . Whentheonly differencebetweentwo spatialrepresentationsis consistsin their
aspectfunctions,weconsiderbothspatialrepresentationsequivalent.

Let � beafunctionwith domainin s andvaluesin � , thisfunction � is aspatialindexing
method(from now on SIM) if andonly if for any givenscenet ��� � F � � H �9���9�C� � z � andany
givenSR � �|�9� F ��� H ���9���C��� z � thefollowing equalityis satisfied:z��m� F � � � ����� F � � (12)

This setof graphicobjectsis usuallysimplerthantheoriginal scene,in thesensethatthe
ray objectintersectiontestcanbedonefasterfor volumetricobjectsthanfor original scene
objects. This propertyis essentialfor ray castingspeed-up,becausewe can intersectthe
ray with volumetricobjectsanddiscardthe sceneobjectswhich areincludedin volumetric
objectsnot intersectedby theray.



In orderto determinetheray-sceneintersectiontest,a functionto obtaintheintersection
betweena ray anda SRmustbedefined.

Let M " \ bearay, let t " s beascene,andlet � " � beaSR,weconsiderthatwhenan
intersectionoccursbetweenanobject �w" t andavolumetricobject,thisvolumetricobjectis
alsointersectedby theray M .

This setis notedas � � M � t � � � . This setis moreformally definedasfollow:� � M � t � � ��� � �i" t . S � " �$� � K � f� 1|; � K M f� 1 � (13)

Obviously, � � M � t � � �g� t is alwayssatisfied.

4.7 Optimizer BasedOn Spatial Indexing

Therearemany differentclassesof optimizers.Our attentionwill be focusedon a sub-type
or category. Thissub-typewill becalledoptimizersbasedon spatial indexing.

Let � be an optimizer. � is an optimizerbasedon spatialindexing if andonly if the
following propertyis fulfilled:S���� "�� � + t " s � M " \ � � � M � t ��� � � M � t � � � t ��� (14)

Notethatfor eachoptimizerbasedon spatialindexing, thereis auniqueSIM associatedto it
(ascanbededucedfrom theabovecondition).

Whenan optimizerof this category is implemented,oneSIM mustbe implementedas
well. That is, the necessaryalgorithm to build � � t � must be designedand implemented.
Normally, a datastructureresidingin memoryfor theSR � � t � mustbecreated.

After thatit is possibleto processa setof rays.For eachray in thatsetwemustcompute
whichvoxelsareintersected.Fromthis setof voxelsweobtainthesetof objectsintersecting
them.Thefunction � modelsthisalgorithm.

5 ComposingOptimizers

Whenan optimizer is usedthe main goal is to obtainan efficient SR. That is, for a given
scene,anoptimizermustbeselectedhaving into accounttheobjectsdistributionin thescene.
Dueto scenecomplexity, it is not alwayseasyto selectthemostappropriatedoptimizer. In
this case,it would be interestingto make a partition of the scene. Eachpartition can be
processedby usinga differentoptimizer. In short,we have severaloptimizersappliedto one
singlescene.

Thisproblemwascalledby Glassnerastheproblemof a teapotinsidea stadium. Thatis,
a very complex andrelatively smallsetof objectsinsidea very simpleandbig one. In these
cases,theavailablespatialrepresentationswerenot asfastasexpected.A possiblesolution
was to considersomestrategy to composetwo o moredifferentspatialrepresentations,as
waspointedout in [11] asfutureefforts.



Themaingoalis to determinewhichoptimizersareappropriatedto usefor a givenscene
[4, 2].

In casesfor which it is not easyto find the optimizerwhich hasthe bestperformances,
weproposetwo waysto composeoptimizers:� Sequential: This is very usefulwhen,for a givenscene,several optimizerswill have

betterperformancesthana uniqueoptimizer. Froman initial SIM, theSRis built. In
thosevoxelswith a relatively greatnumberof objects,asecondarySRis applied.� Parallel: We can usethis when, for a given scene,thereis uncertaintyor doubt to
determinethe bestoptimizer. The main goal is to executein parallelor concurrently
severaloptimizers(simpleor composedsequentially).For eachrayandeachoptimizer,
a subsetof intersectedobjectsarereturned.The final result is the intersectionof all
objectssubset.

In thefollowing sections,theabovedescribedoptimizersareformally defined.

5.1 SequentialComposition

As it wasmentionedin theprevioussection,themaingoal is to separatethecomplex scene
into simplersubscenes.With this purposein mind,a new optimizermaybeappliedfor each
volumetricobject

� " � � t � .
We will definethesequentialcompositionasfollow:
Let � F be an optimizerbasedon spatialindexing, let � be SIM associatedto � F , and

let � H beany optimizer. For any ray M " \ andany scenet " s , theresultobtainedwhen� is appliedto t is a spatialrepresentation� � t � including � volumetricobjectsor voxelsas
follow: � � t ��� ��� F ��� H ���9������� z � (15)

In theseconditions,we saythat �@� is the sequentialcompositionof � F and � H (notedas�@� � � F . � H ) if andonly if the �@� is theoptimizerwhich holdsthefollowing condition:

�e� � M � t ��� z���� F � H � M � � � � (16)

where � � is thesubsceneof t includingobjectswhich intersect
� � , thatis:� � � � �c" t . � K � � f� 1 � (17)

It is easyto prove that the sequentialcompositionis not commutative nor associative in
general.

However, when � H is alsoanoptimizerbasedon spatialindexing thenthefollowing two
conditionshold:� Theoptimizer � F . � H is alsobasedon spatialindexing.



Octree

Grid

Figure1: An exampleof sequentialcomposition.

� For any optimizer � � , it holdsthat� F . � � H . � � ��� � � F . � H � . � � (18)

This formalism can be usedto obtain formal modelsof several optimizerspreviously
proposedby severalauthors[19, 20, 14, 4, 2, 22, 6].

Oneexamplefor a sequentialcompositionis shown at figure1. This figure shows us a
compositionof anoctreeanda 3D grid.

5.2 Parallel Composition

Parallelcompositionis veryusefulwhenwehaveacomplex sceneandwedonotknow ema
priori which optimizeris thebestoneto reducethecostin termsof executiontime. In these
caseswe canusethe concurrentor parallelexecutionof two or moreoptimizers. We will
definetheparallelcompositionof two optimizersasfollow:

Let � F and � H betwo optimizers,let M " \ bea ray, andlet t " s bea scene.We say
that �@¡ is theparallelcompositionof � F and � H (notedas �@¡ � � Fi¢ � H ) if andonly if�@¡ is theoptimizerwhich fulfils thefollowing condition:� ¡ � M � t �A� � F � M � t � K � H � M � t � (19)

An exampleof aparallelcompositionis shown atfigure2. Hereweshow two optimizers
basedon spatialindexing. Thefirst oneis basedon a 3D Grid ( �e£ ), andthesecondis based
on anOctree( �e¤ ). This figureshowsusthat �@¤ returnslessobjectsthan �@£ . Thatis:u5=¥MI¦ � � £ � M � t ����§ u5=¥M�¦ � � ¤ � M � t ���
In this case,theparallelcompositionis very usefulbecausea reducednumberof objectsis
returnedfor mostof theraysin thisscene.



Octree Regular 3D Grid

Figure2: An exampleof parallelcomposition.

5.3 Recursive Optimizers

Therearemany strategiesavailableto build a SRbasedon a hierarchicalpartitioningof the
scene.Examplesof theseareoctrees[10, 8], binarytrees[23], boundingvolumeshierarchies
[12]. All theseoptimizersmaybedescribedasrecursiveoptimizers.

This definitionis veryconnectedwith therecursionconceptandthesequentialcomposi-
tion. With thesepremises,a recursiveoptimizercanbedefinedasfollows:

Let � beanoptimizerbasedon spatialindexing, let ¨ bealsootheroptimizerbasedon
spatialindexing. � is a recursiveoptimizerif andonly if it satisfies:� � ¨ . � (20)

An appropriatedexampleof this groupof optimizersis anoctree.An octreecanbeseenasa
sequentialcompositionof regulargrid (containing©w��©w�b© voxels)with itself.

6 An Optimization Efficiency Measurement

Using the above definitionsandresults,an optimizationefficiency measurementcanbe de-
fined. This measurementconsistsof computingthe numberof objectsthat an optimizer is
capableto rejectfor a setof raysandagivenscene.

A way to get this measurementis to usea randomdistribution of raysfor a givenopti-
mizerandscene.For a singleray, we cancomputetherelative numberof candidateobjects
selectedwith respectto the total numberof sceneobjects. The relative gain in efficiency
canbe computedas the weightedaverageof this fraction for every possibleray (eachray
contribution mustbe weightedby the probability for that ray to occurduring usageof the
optimizer).

This measurementof efficiency canbe formally expressedby introducingfunction ª ,
which is definedfor every 3-tuplecomposedof a optimizer, a scene,anda probabilitymea-
sure
�

on ray space\ . The function hasreal values(in the interval « �8�9�C¬ ) and is defined



as: ª � � V � t ���,��� ­8®C¯�° u5=¥MI¦ � � Ve� t � M ���u5=¥M�¦ � t � ¦ �±� M � (21)

whereCard is thefunctionwhichreturnsthenumberof elementswhicharein aset,and
�±� M �

is a probabilitymeasurefunctionwhich modelstheprobabilitydistribution of theraysto be
processed.

Probabilitymeasure
�

dependson theusageof theoptimizerin a renderingsystem,that
is, differentdistributions will appearfor different renderingalgorithmsor, in general,for
differentapplicationsof theoptimizer. For instance,whena simpleray castingis applied,in
mostcasestheraysstartfrom theobserver andreacha particularsurfacepoint of thescene.
However, for otheralgorithmsraysmayhavetheir origin on light sources.

7 Conclusionsand Futur eWork

In this work, a formal modelof optimizer is proposed.This formal model is shown asa
function that reducesthe numberof candidateobjectsfor the ray-objectintersectiontest.
Moreover, a modelfor optimizersbasedonspatialindexing hasbeenproposed.

Two formal modelsof composedoptimizerhave beenpresented:thesequentialandpar-
allel composition,in additionto therecursiveoptimizers.

In this formalism,a measurefunction to studythe performancesof any optimizerwith
respectto otheronewasproposed.

As futurework,weareplanningto producedefinitionsof concreteoptimizersby applying
this formal framework.

With respectto theefficiency measurement,we arealsoplanningto studythis function.
Normally, this is basedon a uniform distribution. In termsof implementation,we have into
accountthe renderingalgorithmappliedanda reducedsampleof the all raysis considered
to obtainan approximateestimationof this measurefunction. Obviously, from two given
optimizersandwhenthis measureis known, oneof theseoptimizerswill be moresuitable
thananother.

In short,an optimizerwill be betterthananotheronewhenit is capableto reducethe
averagenumberof candidateobjects.

This measurementcanbeusefulto selectthebestoptimizer. Noticethatin this case,this
measurementdoesnot take into accountwhetherthe optimizeris basedon spatialindex or
not. It only obtainstheperformanceof anoptimizerwith respectto a null optimizer. It will
alsoallows to comparetheperformancesof two optimizers.
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(Spain),1992.

[25] J.C.TorresandB. Clares.GraphicsObjects:A MathematicalAbstractModelfor Com-
puterGraphics. ComputerGraphicsForum, 12(5):311–328,1993.


