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Abstract

We introduce an algorithm for sample positioning in a planar triangle, which
can be used to make numerical integration of an arbitrary function defined on it.
This algorithm has some interesting properties which make it suitable for applica-
tions in the context of realistic rendering. We use an adaptive triangle partitioning
procedure, driven by an appropriate measure of the error. The underlying variance
is shown to be bounded, and in fact it can be controlled, so that it approaches the
minimum possible value. We show results obtained when applying the method
to irradiance computation, in the context of final-gather algorithms. We also de-
scribe a C++ class which offers all required functionality, and we made available
its source code.

1 Introduction
One of the tasks in the production of rendering systems is the design of algorithms for
computation of reflected radiance from a point (which will be called p in the rest of this
section) in a direction, due to energy coming from a polygonal source and/or reflector.
This problem is related to others, such as the computation of point-to-patch form fac-
tors, in the case of polygonal patches. Usually, planar polygons are decomposed in
triangles: the problem is then solved for each of the resulting triangles, and results are
added.

All those calculations can be modelled as the computation of an integral on the
triangle, by using the well known cosine term (which can be absorbed into the projected
solid angle measure) which weights incoming radiance onto the point.
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With the assumption of full visibility between the point and the patch, the problem
becomes simpler to deal with. In this case closed-form expressions for the point-to-
patch form factor can be used in diffuse environments [3]. Even for non-diffuse reflec-
tors (such as phong-like surfaces) we can find deterministic algorithms which compute
exact form-factor and/or reflected radiance [1].

The problem, however, is not so straightforward to solve in the presence of occlud-
ers. For planar polygonal occluders, we can decompose the triangle into sub-triangles,
each of them being fully visible or fully occluded, and then solve the problem for
each visible triangle [1]. This implies projection and clipping of all possible occluders
against the source triangle, which can take relatively large computing times.

Monte-Carlo algorithms have been widely used for this purpose. One option is to
use importance sampling. The probability measure used for positioning the samples is
proportional to projected solid angle measure. This is straightforward when the whole
hemisphere is being sampled. Stratification is also possible by using an mapping with
constant Jacobian from the unit square U � �

0 � 1 � 2 to the unit-radius circle. Samples
are computed in U and then mapped to the sphere.

However the above cannot be used when we want to sample just a given triangle,
because in these cases a probability function should be defined on the triangle. In this
case, a mapping can be defined from the unit rectangle to that polygon. If we consider
triangular polygons, there exists a constant Jacobian mapping from the unit rectangle
to any triangle [7, 8]. This property is interesting, because it leads to uniform samples
distributions with respect to area (on the triangle). Moreover, the use of a mapping
allows to take advantage of stratified sampling.

However, the above algorithm can lead to high variance because area measure (on
the planar triangle) and projected solid angle measure are not related and may differ
too much, specially for triangles covering a big solid angle when projected onto p. This
problem can be solved by using a combination of sampling strategies [10]. We consider
here the solid angle covered on the hemisphere by any planar region when projected
over p. Projected solid angle measure is equal to solid angle measure times the cosine
factor.

A better technique is to use a mapping from U to the triangle, such that regions
with equal areas are mapped to regions with equal solid angle. As the solid angle
measure is closer to projected solid angle measure, the variance for near triangles is
reduced, and we can use stratification also. A simplified approximation to this mapping
was proposed by Wang [11], and the exact formulation was given by Arvo [2]. This
algorithm is very useful for the final-gather step in radiosity computation [9].

The solid angle measure differs with projected solid angle measure in the cosine
factor. In the case that, for a given triangle, this cosine factor has wide variations then
the probability measure used by Arvo’s procedure still differs from projected solid
angle measure, thus yielding high variance. The ideal probability measure should be
one which assigns equal probability to regions with equal projected solid angle. This
is usually called importance sampling in Monte-Carlo literature, because we also take
into account the cosine function, which is a component of the function being integrated.

This can be obtained by designing an appropriate mapping, as before. However,
the design of such a mapping is far from simple as it involves finding the primitive
function for elliptic integrals.
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In this paper we propose an adaptive sample positioning algorithm which places the
samples by using a new probability density function on the source triangle. This prob-
ability density function (pdf) approaches the ideal one described above. The algorithm
proceeds by adaptive splitting of the original triangle, and, at each step, it consider the
error involved in sampling by using the current partition. When the error is below a
given threshold, each of the resulting sub-triangles are sampled by using Arvo’s algo-
rithm. Measuring the error is done by a function which gives an upper bound of the
variance involved for each subtriangle. A C++ class has been designed which packages
all required functionality. This class yields a set of samples for any given input triangle.

The article is structured as follows: first (Section 2) we introduce the problem to be
solved, and the notation. In next section we find the error involved and we also show
how it can be bounded. In section four we give the details of the algorithm and its
implementation in C++. Last section (five) includes the results obtained for irradiance
computation, including sample distributions and some images.

2 Problem statement.

2.1 Measures on C

Consider any plane Π in R3, and a planar triangle T contained in Π. We assume that
all the points in T have non-negative Z coordinates. These coordinates are expressed
with respect to a local coordinate system whose origin is in p, and whose Z axis is
aligned with the normal at p. In the case that a triangle has a portion of it with negative
Z coordinates, this portion can be clipped and discarded, because its σ � measure will
be zero, and thus it won’t contribute to the integral.

We call S to the spherical triangle obtained as the projection of T onto the unit-
radius hemisphere Ω (with center at the origin), and we also define E as the vertical
projection of S onto the unit-radius circle C in the plane z � 0 (see Figure 1). Thus E is

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
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Figure 1: Regions S 	 Ω and E 	 C for an example planar triangle T

a planar region bounded by three curves. Each one of those curves is an arc of ellipse
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[4]. There is a natural correspondence between these three sets, because any point (or
any region) in any of them can be mapped to its projection on the other two.

Thus, any measure function defined in one of these sets is also defined in the other
two, by using the previously mentioned correspondence. For any fixed triangle T
(which is included in a plane called Π) we can conceive three different measures on the
unit-radius circle C:

1. The area measure on the plane Π (containing T ), which will be called A. For any
C 
�� C, the value A 
 C 
�� is the area of the projection of C 
 onto Π.

2. The area measure on Ω, also called solid angle measure, and usually written as
σ. For any C 
�� C, the value σ 
 C 
�� is the solid angle covered by the projection
of C 
 onto Ω.

3. The area measure on C, which is related to σ and called projected solid angle
measure. We will write this as σ � . For any C 
�� C, the value σ ��
 C 
�� is the area
of C 
 , measured in the plane z � 0.

There is a well known relation between measures σ and σ � . For any u � C, it holds
that

dσ ��
 u �
dσ 
 u � � cos 
 u �

where cos is a function on C (thus also defined on Ω and Π), defined as

cos 
 u ����
 1 � u2
x � u2

y � 1 � 2
where u ��
 ux � uy � . Thus cos 
 u � is the Z coordinate of the projection of u onto Ω.

2.2 Monte-Carlo Integration in C

In computer graphics, there are a number of rendering algorithms which include the
computation of the following class of integrals:

I ���
E

f 
 u � dσ ��
 u � (1)

where f is any integrable function on E, with f � 0. The complexity of this integration
obviously depends on the available information about f . We consider the following
examples of definitions for f : f 
 u �!� Li 
 u � (where Li 
 u � is the incoming radiance from direction u onto the

origin). In this case I is the irradiance at the origin due to power coming from
region S of Ω. f 
 u �!� Li 
 u � fr 
 u � v � (where fr is the BRDF at the origin). Now, I is reflected
radiance from the origin in direction v, for any v � Ω. f 
 u �!� V 
 u � (where V 
 u � is the visibility function between the origin and the
projection of u on T ). Then, the value I is the point-to-patch form factor from
the origin to T .
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These examples show the importance of designing efficient integration techniques for
the above integral. In the general case, analytical integration is not available in short
computing time, because of the complexity of f . Usually we can just evaluate f at
certain points. This leads to the usage of either numerical quadrature rules or Monte-
Carlo sampling. We will focus on the Monte-Carlo integration framework.

To approximate integral (1) using Monte-Carlo sampling, we have to use a prob-
ability measure P on C which drives sample point placement. We call p to the pdf
associated to P (with respect to σ " ), that is:

p # u $�% dP # u $
dσ "�# u $

probability measure P should be normalized, that is, P # E $&% 1. For any valid measure
P, we obtain a secondary estimator I ' of I by combining n primary estimators, obtained
by using n independent samples from distribution P. The value I ' is obtained as:

I ' % n

∑
i ( 1

f # ui $
p # ui $ (2)

where ) u1 *,+-+-+.* un / is a set of samples distributed according to P.
The efficiency of each sampling distributions is related to the underlying variance

induced by that distribution. The variance is written as V , and is equal to # U 0 I2 $,1 n,
where U is defined as follows:

U %�2
E

f 2 # u $
p # u $ dσ "�# u $

as the value I is fixed, a good sampling distribution is one which minimizes U , which
obviously depends on P. We will focus on sampling distributions which are totally
independent of f . Thus, sample point placement algorithms do not need a priori infor-
mation about f .

We can select P such that P # R $43 A # R $ , for any R 5 E. The probability for placing
a sample in any region is proportional to the area of that region when projected over
T . This sampling distribution is straightforward to implement and shows poor perfor-
mance in many cases because of perspective distortion and the (implicit) cosine term
in (1). The increase of variance due to perspective distortion can be avoided by using
P # R $63 σ # R $ . In this case, the probability for placing a sample in R is proportional to
the solid angle covered by R. This can be implemented by using the mapping proposed
in [2]

Finally, the best possible distribution which does not depends on any information
about f , is the one which makes P # R $!3 σ "�# R $ . As the probability measure is pro-
portional to the integration measure, the variance is smaller and not affected by neither
perspective distortion nor by the cosine term. In this case, p is constant and equal to
1 1 σ " # E $ . We define U0 as

U0 % σ " # E $ 2
E

f 2 # u $ dσ " # u $ (3)

The value U0 is the smallest possible of U for all the measures P independent of f .
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A possible way to implement this distribution is to use an area preserving mapping
from the unit rectangle 7 0 8 1 9 2 into E. However, this is complicated because of E shape
(a planar region bounded by three arcs of ellipse). To achieve this, we need to find the
inverse function of a class of elliptic integrals. This is known as the Jacobi function
[5], which can be used to compute the sector of an ellipse which has any given area.
This function does not have a simple analytical expression, thus is not straightforward
to evaluate, and needs to be approximated by numerical methods.

However, as we show in the following section, we can use an adaptive sample
placement algorithm whose variance is as close as we wish to the smallest possible
value.

3 Adaptive sample placement

3.1 A probability measure.
Consider a partition : of region E into n sub-regions :<;>= R1 8-?-?,?,8 Rn @ . We impose
σ A Ri B!C 0 for all regions, then it holds σ D�A Ri BEC 0.

We will use a probability measure P on E, such that P A Ri B�F σ D�A Ri B , for all regions
Ri on the partition. Thus the probability for placing a sample inside one of those regions
is proportional to its σ D measure. The value of P is undefined for regions R Gi which
are strictly included in a region Ri. In this case, its measure will be proportional to
solid-angle measure, that is P A R Gi B6F σ A Ri B . More generally, for any region Q we have
P A Q H Ri B6F σ A Q H Ri B σ D�A Ri B .

If we include all the necessary normalization constants, we obtain (for all regions
Q I E and all i IJ= 1 8-?,?-?,8 n @ ) the following property:

P A Q H Ri B ; σ A Q H Ri B
σ A Ri B σ D A Ri B

σ D�A E B
as any differential area in E is fully included in just one of the regions Ri, then we can
differentiate (with respect to σ D ) the above equality at any u I E, and we obtain the
definition of p

p A u B ; 1
cos A u B σ A Ri B σ D A Ri B

σ D�A E B (4)

where i is the unique integer such that u I Ri.

3.2 Bounded variance and error.
We now show that the variance associated to the above pdf can be bounded.

The value U can be bounded by rewriting the integral as the sum for each region in: , and by using the definition of p (4). We obtain:

U ; K
E

f 2 A u B
p A u B dσ D�A u B

; σ D�A E B n

∑
i L 1

σ A Ri B
σ D�A Ri B K Ri

f 2 A u B cos A u B dσ D�A u B
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For any region C M�N C, we define the function m as the maximum value of cos in that
region, that is

m O C MQP�R Max S cos O u PUT u V C MXW
and we also define the function k as:

k O C M PYR m O C M P σ O C M P
σ Z�O C M P\[ 1 (5)

it is straightforward to show that σ Z�O C M P^] m O C M P σ O C M P , thus it holds that k O C M P`_ 0.
By using the previous definitions, we can state the following bound for U :

U ] σ Z O E P n

∑
i a 1

σ O Ri P
σ Z�O Ri P m O Ri Pcb

Ri

f 2 O u P dσ Z O u P
R σ Z�O E P n

∑
i a 1 d 1 e k O Ri Pgf b

Ri

f 2 O u P dσ Z�O u P
R U0 e σ Z�O E P n

∑
i a 1

k O Ri P b
Ri

f 2 O u P dσ Z�O u P
Let us define K O�h PER Max S k O R1 Pji,k-k-k k O Rn PlW . Although K Omh P obviously depends onh , will simply write K in what follows. We get:

U ] U0 e K σ Z�O E P n

∑
i a 1

b
Ri

f 2 O u P dσ Z�O u P
R U0 e K σ Z O E Pcb

E
f 2 O u P dσ Z O u PR O 1 e K P U0

By using the previous bound, and the equality V R O U [ I2 P,n n, we have:

V ] V0 e K o V0 e I2

n p
where V0 R O U0 [ I2 P,n n. Note that V0 is the smallest possible value for the variance
V . Thus we have obtained a bound for the variance in terms of K and the minimum
variance V0.

Variance itself is not always a good measure of error. We can use another alternative
measures. In the context of realistic rendering, an already proposed error metric is
the fraction of pixels in a image whose percentual error with respect to the reference
solution is above a fixed value.

If we obtain a result I M , the percentual error is T I M [ I T n I (when I q 0). If this value is
higher than a previously established threshold a, we will say that the result is erroneous.
If I R 0 then the error is 0 because all unbiased estimators of I will be 0, as function f
is non-negative everywhere.

When using Monte-Carlo algorithms we cannot know a priori when I M will be er-
roneous, but we can give the probability for this to happen. Moreover, if the variance is
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bounded, we can also bound this probability. If we assume that I r 0, the Chebychev
inequality [6] (p.26) states that, s x r 0 it holds:

Prob tvu I wyx I u�z x {}| V
x2

By manipulating the above inequality, we obtain a bound for the probability for a result
to be erroneous:

Prob ~ u I w x I u
I

z a ��| 1
na2 ��� 1 � K � U0

I2 x 1 �
With the above inequality, we see that the probability for the result to be erroneous
can be decreased when K decreases, down to a minimum value, which happens when
K � 0. This value depends on n, I and U0.

4 Sample Positioning Algorithm.
With the above results it is straightforward to derive an adaptive algorithm which en-
sures bounded variance. Our goal is to place a set of n random samples inside a given
region E, in such a way that U is below � 1 � K � U0, for any fixed value of K. Region
E and values n and K are inputs for the procedure. The output is the set of samplest u1 �,�-�,�,� un { , and the probabilities of those samples t p � u1 � �-�,�-�.� p � un �j{

Region E is the projection of a planar triangle. For these kind of regions, we can
easily compute the solid angle, σ � E � , by using the internal angles of the spherical
triangle [2]. The point to patch form factor, σ � � E � , is obtained by using the analytical
expression of the form-factor [3]. More details about this can be read in subsection 4.2.
We can also compute the maximum value of the cos function inside the region, m � E � ,
by using a procedure detailed later, in subsection 4.3. As we can obtain σ � σ � and m,
we can easily get k � E � for any E, by using its definition (5).

The proposed algorithm starts by computing k � E � . If this value is below K, then
we obtain the samples by using P � σ, with the method described in [2]. In this case,
we set p � ui �!� 1 �E�σ � E � cos � ui ��� . This expression is obtained after rewriting (4) with
Ri � E.

When k � E �`r K, we split region E in a set D of four sub-regions, named as D �t D1 � D2 � D3 � D4 { , with Di � E. This splitting is done by halving each edge of the
original triangle, and then obtaining the projection of each sub-triangle. Figure 2 shows
a triangle before and after being partitioned in four.

After this we compute σ � � E � and σ � � Di � , for i ��t 1 �-�-�,� 4 { . The probability
for placing a sample inside region Di is proportional to pi, where pi is defined as
σ � � Di �,� σ � � E � . One option is to assign each sample to a region independently. This
leads to a valid unbiased algorithm, with the desired properties. As a result, we obtain a
vector N ��t n1 � n2 � n3 � n4 { such that n � ∑4

i � 1 ni, and where ni is the number of samples
for region Di. However, this raw approach can be improved, as detailed in Section 4.1

Once the vector N has been obtained, the sample positioning procedure is recur-
sively called for each of the four sub-regions in turn. By using this algorithm, we
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Figure 2: The four sub-triangles D1 �-�,� D4 resulting from original triangle E

Figure 3: Three partitions, obtained with K � 0 � 3 � 0 � 15 and 0 � 075 (left to right)

obtain partitions with the desired properties. In Figure 3, we can see the partitions
obtained with this algorithm, for different values of K

Let us assume that sample u j has been obtained from region Ei with probability
p ��� u j � (this value is an output obtained from the recursive call). Thus the output prob-
ability p � u j � returned to the caller is equal to p ��� u j � σ ��� Ei �.� σ ��� E � , because this is the
probability for selecting Ei times the probability for selecting u j inside Ei. The algo-
rithm always ends because k function always approaches zero as the region it applies
to shrinks.

This adaptive sampling algorithm can be implemented a function which accepts E,
n and K as parameters. The function returns a pair: first component is a vector of points,
and second one a vector of real probabilities. All this data can be used to estimate I,
by implementing the expression for the secondary estimator I � (2). In Figure 4 you can
see the code for the ADAPTIVESAMPLING function, which implements this.

4.1 Distribution of samples in sub-regions
When computing the vector N �>  n1 � �-�,� � n4 ¡ it is possible that some sub-regions are
not sampled at all, and even all the samples are placed in a single sub-region of the
current region.
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ADAPTIVESAMPLING ¢ E : Triangle, n : Natural, K : Real £
if k ¢ E £E¤ K then¥

u1 ¦-§,§-§.¦ un ¨ := SolidAngleSampling ¢ E £
for i in

¥
1 ¦-§,§-§-¦ n ¨

pi := 1 ©!ª σ ¢ E £ cos ¢ ui £g«
return ª ¥ u1 ¦,§-§-§,¦ un ¨ ¦ ¥ p1 ¦,§-§-§,¦ pn ¨ «

else
D := SplitTriangle ¢ E £
N := DistributeSamples ¢ E , D £
j := 1
for i in

¥
1 ¦ 2 ¦ 3 ¦ 4 ¨

if ni ¬ 0 then
s := j ­ ni ® 1ª ¥ u j ¦-§,§-§.¦ us ¨ ¦ ¥ p j ¦,§-§-§.¦ ps ¨ « := AdaptiveSampling ¢ Di ¦ ni ¦ K £
for t in

¥
j ¦ j ­ 1 ¦-§,§-§-¦ s ¨

p ¯ j := p j ª σ °�¢ Di £,© σ °�¢ E £y«
j := j ­ ni

return ª ¥ u1 ¦,§-§-§,¦ un ¨ ¦ ¥ p1̄ ¦,§-§-§,¦ pn̄ ¨ «
Figure 4: Code for function AdaptiveSampling

A better option, which always reduces variance, is to ensure that at least a minimum
number of samples is placed in each sub-region. This minimum number is defined as:

ni ± floor ¢ pi n £
where floor is the function which yields the highest integer smaller or equal to its
argument. At least ni samples are assigned to region Ei, but when ∑i ni ¤ n, it is still
necessary to assign all the remaining samples. To keep the algorithm unbiased, the
probability for assigning one of the additional remaining samples to region Ei is made
proportional to the value qi, where the vector q is defined as follows:

qi ±³² pi n ® ni if pi n ¬ ni
0 otherwise

Thus a region i is selected with this probability, and then ni is increased in 1. If ∑i ni
is still smaller than n, the algorithm is repeated, until each sample has been assigned
to exactly one sub-region. Since we only have four sub-triangles, this loop is repeated
three times at most.

Note that the probability for a single sample being assigned to region Ei is still
σ ° ¢ Ei £,© σ ¢ Ei £ , thus the algorithm is unbiased. We have changed just the distribution
of the vector

¥
n1 ¦ n2 ¦ n3 ¦ n4 ¨ , making some combinations unable to happen (in fact, we

avoid all combinations such that some region i receives less than floor ¢ pi n £ samples).
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In Figure 4.1 you can see the pseudocode for the DistributeSamples function, which
implements the algorithm described in this subsection.

DISTRIBUTESAMPLES ´ E µ D1 µ-¶,¶-¶.µ D4 : Triangle, n : Natural ·
for i in ¸ 1 µ 2 µ 3 µ 4 ¹

pi := σ º�´ Di ·,» σ º�´ E ·
ni := floor ´ pi n ·

while n1 ¼ n2 ¼ n3 ¼ n4 ½ n
for i in ¸ 1 µ 2 µ 3 µ 4 ¹

qi := max ´ 0 µ pin ¾ ni ·
i := RandomSelect ´ q1 µ q2 µ q3 µ q4 ·
ni := ni ¼ 1

return ¸ n1 µ n2 µ n3 µ n4 ¹
Figure 5: Code for function DistributeSamples

4.2 Computation of σ and σ ¿
When we create a new triangle E, we need to compute the values σ ´ E · and σ º�´ E · .
This operation should not take a long time, because it is repeated very often. Let
v0 µ v1 µ v2 be the three normalized vertices of a triangle E. We call ni À vi Á vi Â 1 to the
three normals to each edge. The arc length αi of each edge is the angle between vi and
vi Â 1, that is: αi À arccos ´ vi Ã vi Â 1 · . The internal angle between edge i and edge i Ä 1
is called βi. It can be shown that βi À π ¾ arccos ´ ni Ã ni Â 1 · . With these definitions, we
have:

σ ´ E · À Å 2

∑
i Æ 0

βi Ç ¾ π σ º ´ E · À 1
2 Å 2

∑
i Æ 0

niz αi Ç
where niz is the z component of ni

When we split a triangle in four, we can save computations by using the relations
between the new sub-triangles ¸ D0 µ-¶,¶-¶.µ D3 ¹ and the original one E. Let us assume
that D0 shares a vertex v0 with E, and call α Èi (resp. β Èi) the arc lengths (resp. internal
angles) of D0, and n Èi to the normals of D0. We have α È0 À α0 » 2, α È2 À α2, β È0 À β0,
n È0 À n0, and n È2 À n2. This implies that computation of σ ´ D0 · and σ º ´ D0 · can be done
in short time. Similar relations holds for the other three subtriangles.

4.3 Computation of m

For any region E, the value m ´ E · is the maximum of the cos function over E. Evalua-
tion of m for triangles is needed for the computation of function k. The maximum value
of cos for the whole circle S is obviously 1, and happens on the origin ´ 0 µ 0 · . Thus if´ 0 µ 0 ·ÊÉ E then m ´ E · À 1. Checking whether this condition holds is straightforward.
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It can be shown that when Ë 0 Ì 0 ÍEÎ E then the sign of the z component of all ni is the
same (positive or negative, depending on the orientation of the three vertices).

a

b

p

b
a

p

Figure 6: Two cases when computing the maximum z value for an arc.

When Ë 0 Ì 0 Í�ÏÎ E, the point with maximum z is the boundary of E. In this case, we
get the maximum z of the three arcs, and after this we select the maximum of them.
Two cases arise when computing the maximum of an arc: either this maximum is one
of the two vertex which define (we call this a and b) the arc (Figure 6, left) or it is one
point in the interior of the arc (Figure 6, right). Second conditions holds only when the
arc includes the vector p (see Figure 6), which is the point with max z for the whole
circumference containing the arc. This can be checked by using cross products. When
the z sign of a Ð p is different to the z sign of b Ð p, the max is p, and in any other case,
the max is either a or b.

5 Results.
In Figure 7 you can see three different distributions of samples one the unit-radius
circle C, and for an example triangle E. The number of samples is n Ñ 900 in all the
cases.

First one (left) has been obtained by using P Ò σ and with stratified sampling [2].
Region E is divided in 30 Ð 30 sub-regions, and a sample is placed in each of those
regions. By using stratification, the distribution we obtain is quite regular (it has low
discrepancy). However, samples density is clearly higher near the circumference, be-
cause the σ measure does not depends on the cosine function.

The second distribution in Figure 7 has been obtained by using adaptive sampling
with K Ñ 0 Ó 1. Now, samples density is more uniform with respect to area, as measured
on the circle. Unfortunately, the sub-regions obtained from the (recursive) splitting
process are very big. As samples are placed at random inside each of those regions, the
distribution of distances between samples is not regular. The we obtained some large
zones with no samples, and other with clusters of very near samples (high discrepancy).

Finally, the last distribution in that Figure (right) has been obtained also by using
adaptive sampling, but with K Ñ 0 Ó 001. The distribution is again uniform with respect
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to area measure, but now the distances between samples are also uniform. This is the
best of the three distributions.

Figure 7: Stratified sampling with P Ô σ (left), adaptive sampling with K Õ 0 Ö 1 (center)
and K Õ 0 Ö 001 (right)

The adaptive sample placement algorithm has been used for irradiance computation
in a sample scene, which is depicted in perspective view in Figure 8. The source is
a vertical triangle, and the receiver is the horizontal planar rectangle. An array of
rectangles partially occludes the light from source to receiver. Radiance emitted from
the source is not constant: it follows a rectangular pattern. The irradiance function on
the receiver is complicated to compute because the pattern on the source interacts with
the occluders. Thus we can resort to Monte-Carlo sampling on the triangle.

In Figure 9 we can see three images of the irradiance function on the receiver, as
seen from the top, with the occluders removed. First one (top) has been obtained by
using P Ô σ, with 36 samples per pixels. Second one (middle) has been obtained the
same way, but using stratified sampling (the spherical triangles where divided in 6 × 6
regions). Third one (bottom) has been obtained with adaptive sampling, also with 36
samples per pixel, and K Õ 0 Ö 001.

We can see that the second image show less noise than first one, thus stratified
sampling really pays off, with the same number of samples. However the third image
shows less noise than the second one, with the same number of samples. Thus variance
has been reduced by using adaptive sampling, as predicted.

Note that the adaptive sampling algorithm usually takes longer than stratified sam-
pling, because of the need to split the triangles. However, in most applications the
bottleneck is in the evaluation of f Ø ui Ù for any given ui, which usually involves com-
putation of visibility in complex scenes. This means that, in order to reduce noise, it
is better to improve the samples distribution before starting to increase the number of
samples. In the case that evaluation of f is fast enough, stratified sampling with an
increased number of samples may be preferable to adaptive sampling.
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6 Implementation
The described algorithm has been implemented in C++, and tested on a Linux-based
PC with the GNU compiler. The source program can be downloaded at

http://giig.ugr.es/~curena/abstr/cgf99
The class ETriangle holds all relevant parameters about a triangle (vertices,

solid angle, form factor), and implements adaptive sampling. An ETriangle is con-
structed by giving its three vertices and a value for K. These vertices should have
non-negative Z coordinate. Their coordinates are relative to the local coordinate sys-
tem, whose origin is in the target point p, and whose Z-axis is aligned with the normal
at p.

A call to GetSamples yields a set of samples, by giving the number of those we
wish. This function is recursive, and implements the described sampling procedure.
For each sample, we obtain a struct containing its position and probability.
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Figure 8: Perspective view of sample scene
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Figure 9: Results of irradiance computation for the horizontal rectangle
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