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List of Symbols.

BI

Area measure in S, the scene objects surfaces. See section 1.1. In section
1.5 it is used to mean the square array obtained after discretization of the
transport operator A. It is related to the form factor matrix and its entries
are ¢;; (see definition 1.91).

Linear integral operator which acts over integrable functions in the domain
D. It is fully determined by the function k, as can be seen in (1.43).

Absorption state. Is an arbitrary entity such that a ¢ D.

Function with domain S and real values, named the radiosity function. It
obeys the integral equation (1.41) and is equal to radiance when this is
independent of outgoing direction.

Function with domain S and real values. It is obtained as the projection of
B into an orthonormal basis, as can be seen in (4.1) (see chapter 4).

Arbitrary operator acting on functions on the domain D.
Arbitrary set of n orthonormal basis functions in the domain D.

Function with domain S and real values. The value B.(z) is the part of
B(x) due to radiation emission from point x.

Function with domain S and real values. The value B,.(z) is the part of
B(x) due to reflected radiance in z.

Functions with domain D and real values, elements of the basis set B.
The set of all infinite chains whose states are elements of D’.

A set of orthonormal basis functions with domain D, such that each of
them is constant (see section 2.4).

Functions with domain D, belonging to the basis function set C (see equa-
tion 2.3).

Entries of the array A. They are defined as ¢;; = (Ab; | b;).

Function with domain O x O and real values. The value cos(a,b) is the
cosine of the interior angle between the two unit length vectors @ and b. It
is equal to the inner product of a and b.

The set of all rays whose origin is in S. Formally, it is defined as D = S x O.
It is the domain of the radiance function and other related functions. See
chapter 1.
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Equal to the set D extended in order to include the absorption state, that
is D' = DU {a}.

The diffuse transport operator. It is the operator which models diffuse
reflection, that is, the operator induced by the BRDF f,4.

Orthonormal basis of the vector space V; (see section 2.4).

Function with domain S and real values. The value E(x) is the irradiance
at z, measured in Watts per square meter (see definition (1.4). In chapter
three, it is applied to random variables: for any random variable X, the
value E(z) is its expected value or mean.

Function with domain D and real values. For any element r in D and a
natural number n, the value E,(r) is the mean of the random variable X
(see section 3.2). The most frequently used are E; and Es. In chapter 4,
this symbols denotes a function with domain S and real values. The value
E, () is the part of E,(z) due to radiation coming from patch number n
(see definition 4.19).

Function with domain D and real values. For each element r in D and
natural n, the value E/ (r) is the mean of the random variable V" /see
section 3.3).

Function with domain S and real values. The value E,(z) is the exact
result of final-gather over x (see definition 4.3). It is an approximation to
the irradiance at z, E(z).

Function with domain D and real values. The value F(z) is an estimator
of E4(x), and it is obtained after Monte Carlo sampling (see definition 4.6).

Column vector of the coefficients of f with respect to the orthonormal basis
B.

Function with domain D and real values, it is the solution of the inte-
gral equation (1.27). This symbol is frequently used to mean an arbitrary
function, and in that cases this is explicitly stated so.

Function with domain D and real values, it is the solution to the (dis-
cretized) function equation (1.85).

Entries of the vector F'. They are the coefficients of the function f’ with
respect to the base B, so that f; = (f' | b;) (see chapter 1). In chapter
3, this symbol is used to denote the function obtained by applying n times
the operator A to f, that is f; = A'f. We are interested in f; y fo.

Function with domain S x O x O and real values. It is called the Bidirectional
Reflectance Distribution Function or simply BRDF (see definition 1.10).

Diffuse BRDF, is the part of f. due to diffuse reflection (see definition
(1.21)).

Diffuse-specular or Phong BRDF. It is the part of f. due to Phong-like
reflection (see definition (1.23)).
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frs

G

gi

Perfect specular BRDF. It is the part of f,. due to perfect specular reflection
(see definition (1.20)).

Column vector with the coefficients of g with respect to the base B (see
section 1.5). It is also used to mean a function with domain S x S and real
values, which acts as a geometric term in the definition of the K function
(see definition (1.32)).

Radiance transport operator which models diffuse-specular reflection, that
is, reflections induced by the diffuse-specular BRDF f,,.

Arbitrary integrable function with domain D and real values.

Elements of the vector G, that is, g; = (b; | g), where b; are the elements
of the basis B (see section 1.5). In chapter 3, it is used to denote the
function obtained after applying i times the operator A to the function g,
that is g; = A'g.

Function with domain S x S and real values (see definition (1.29)).

Arbitrary integrable function with domain D and real values.

Function with domain D and real values, it is in the vector space spawned
by the basis function set W. The value I(r) is the part of L(r) which is
directly perceived by an observer (see definition 2.2)).

Identity operator. For any function f with domain D, it holds Zf = f.

Kernel of the transport operator 7. It is a function with domain D x D and
real values, defined in equation (1.35). The value K(r,s) is the radiance
at r due to a unit of radiance at s.

Kernel of the transport operator A. Is an arbitrary function with domain
D x D and real values.

Function with domain D and real values. It is the solution to the integral
equation (1.76), which in turn is the dual of (1.27). When [ exists, it can
be written as [ = (A*)"h.

Coefficients of the function I with respect to the basis function set W.
They are defined as [; = (I | W,;).

Function with domain D and real values. For each r in D, the value L(r)
is the radiance at r (see definition (1.5)), and it is measured in Watts per
square meter and per stereoradian.

Part of L due to reflected radiance, it is called the reflected radiance func-
tion.

Part of L due to emitted radiance, it is called the emitted radiance function.
Function with domain D and real values. For each r in D, the value L;(r)

is the incoming radiance at z from direction w, where (z,w) = r. It is
measured in Watts per square meter and per stereoradian (see chapterl).
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Function with domain S and real values. For each point 2 € S, the value
M (x) is the radiant power per unit area leaving x in all directions, and it
is measured in Watts per square meter. It is defined in equation (1.3).

Function with domain S and real values. The value M, (x) is the part of
M (z) due to power emitted from z.

Function with domain S and scalar values. The value M, (z) is the part of
M (z) due to reflected power at x.

Arbitrary measure function in D, which assigns a scalar value to the subsets
of D.

Extension of m to the domain D', which assigns unit measure to the ab-
sorption state.

Essential supremum of the set of values of the function 7 u, where u is the
function equal to 1 for elements in its domain. The value mg is equal to
the essential supremum of the values p(z,w) (see definition (1.65)).

Essential supremum of the set of values of the function Au, where u is the
function equal to 1 for elements in its domain (see definition (1.58)).

For any point z in S, the unit length vector n, is the orthogonal vector to
the surface S at z.

The set of all unit length vectors in the three-dimensional Euclidean space,
or the set of all the points in the unit radius sphere centered in the origin.

For any basis function set B, Pg is the projection operator which maps any
function into its projection onto B.

Function with domain D' x D’ and real values. The value p(x,y) is the
conditional probability for a chain to go to state x when the previous state
is y. This symbol has also been used to mean a function with domain S x O
and values in S. The point p(z,w) is the first point in S visible from z in
the direction w.

Function with domain D and real values. The value po(z) is the probability
for a chain to start at a state z in D.

Function with domain D and real values. It is the probability density func-
tion (pdf) used in the final-gather process described in chapter 4. It obeys
conditions (4.4) and (4.5).

Foreach r € D, it is a probability measure defined in C’, and obeys equality
(3.88). This probability measure is used to define the random variable V.

For each h (arbitrary function with domain D and real values), is a prob-
ability measure on C’, which obeys equality (3.109) and which is used to
define the random variable Y7,.

Total radiant power landing in patch number i (see chapter 4).

Part of r; due to power coming from patch number j (see chapter 4).
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refl,

Uy,

Function with domain O and range O. For each point = in S and unit
length vector w, the unit length vector refl, (w) is the reflected vector of w
with respect to n, (see chapter 1).

The set of all points in the boundary of the scene objects, or the surfaces
of those objects.

Radiance transport operator which models perfect specular reflection, that
is, reflection induced by the perfect specular BRDF f,;.

Orthonormal basis for the vector space U;. (see section 2.4).

Function with domain S x .S and real values (see section 4.2), is defined as
T(z,y) = G(z,y)B'(y).

Lineal integral operator which models radiance reflection. It is defined by
the kernel K in equation (1.37), and also by the equation (1.25.

Lineal integral operator which appears in the integral equations character-
izing the variance functions V' and V' (see definition 3.23).

For each r» € D, it is a probability measure defined for all the subsets of
C, which is defined by the relation (3.8), and which is used to define the
random variable X,.

For each h (an arbitrary function with domain D and real values), is a
probability measure defined on the subsets of C, which is defined by (3.54)
and is used to define the random variable X}.

Function with domain S x S and real values. The value V(z,y) is 1 when
the points z and y are mutually visible, zero otherwise (usually called the
visibility function). In chapter 3 this symbol also denotes a function with
domain D and real values. Here, the value V(r) is the variance of the
random variable X,.

Function with domain D and real values. Is the source term in the integral
equation defining the variance function (see definition (3.41)).

Function with domain D and real values. The value V'(r) is the variance
of the random variable Y.

A unit length vector. For each two different points = and y in S, wyy is
the unit length vector from x to y, that is, wgy = (y — z)/|y — =|.

Function with domain D and real values. The value W (r) is the fraction of
L(r) that hits an observer directly or after an arbitrary number of reflections.
It can be obtained as the sum of every W;.

A set of orthonormal basis functions in D, which models an observer. Its
elements are called W,; (see chapter 2).
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Function with domain D and real values, belonging to the set W. The
function W,; is called the emitted potential related to the i-th element of
the observer. The value We;(r) is the fraction of L(r) which directly hits
the i-th element of the observer (see chapter 2).

Function with domain D and real values. The function W; is called the
potential related to the i-th element of the observer. The value W;(r) is the
fraction of L(r) which directly or indirectly (after a number of reflections)
hits the i-th element of the observer (see chapter 2).

Random variable defined for infinite chains in C (see definition (3.9)). The
subindex r denotes an arbitrary element of D which is involved in the
definition of the random variable.

Random variable defined for infinite chains in C (see definition (3.51)). The
subindex h denotes an arbitrary function, with domain D and real values,
which is involved in the definition of the random variable.

Random variable defined for infinite chains in C' (see definition (3.91)).
The subindex r denotes an arbitrary element of D which is involved in the
definition of the random variable.

Random variable defined for infinite chains in C" (see definition (3.110)).

The subindex h denotes an arbitrary function, with domain D and real
values, which is involved in the definition of the random variable.

Random variable defined on D (see definition (3.92)). It is the random
variable used for direct source sampling.

The Dirac delta function. The integral [, 6(x)f(z)dz is equal to f(0) when
0 € I, and 0 in any other case.

Function with domain S and real values. The value A(z) is the error
involved when approximating E,(z) by 7;, where i is the index of the
surface patch containing x (see definition 4.21).

Function with domain S and real values. The value Aj(z) is the error
involved when approximating E;(x) by r;;, where i is the index of the
surface patch containing x (see definition 4.20).

Measure function defined for all the subsets of S. For any region S’ C S,
the real value ®(S’) is the total power leaving from S’. It is measured in
Watts (see chapter 1).

Measure function on S. Is the part of ® due to reflected power.
Measure function on S. Is the part of ® due to reflected power.

Total power leaving node number ¢ in the cluster-patch hierarchy described
in chapter 5.

Measure function in O. Is the solid angle measure in the sphere. For any
O’ C O, the real value o(0) is the total solid angle covered by O'.
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Ogx

Pd

Pp

Measure function in O. The subindex = denotes a point in S involved in
its definition. This measure is defined by its relation to the measure o,
because it obeys do,. (w)/do(w) = cos(n,,w). It is called projected solid
angle measure.

Measure function in D. It is obtained as the composition of area measure
A and projected solid angle measure ¢,. For any r = (z,w) € D, it holds
that du(r) = du(z, w) = dA(z)do, (w).

Function with domain D and real values (between 0 and 1). It is called
directional-hemispherical reflectivity. The value p(z,w) is the total power
reflected from z in all directions, due to a unit of radiance coming from
direction w (see definition 1.13).

Function with domain D and real values (between 0 and 1). The value
pa(x) is the fraction of power diffusely reflected at x.

Function with domain D and real values (between 0 and 1). The value
pp(x) is an upper bound of the fraction of power reflected at z in the way
modeled by the BRDF f,,.

Function with domain D and real values (between 0 and 1). The value
ps(z) is the fraction of power specularly reflected at z, in the way modeled
by the BRDF f,.
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Introduction.

This thesis is devoted to the improvement of Monte-Carlo techniques for the
computational solution of the integral equation which characterize the light trans-
port. Although this seems to be a rather technical statement, the basic purpose
behind these techniques is very simple: the creation of realistic images of real world
objects. In fact, this has been the target of two many efforts in science and art,
from the very beginning of the human being. Note that the first visible results of
human culture are tools for hunting and pictures on the walls of the caverns.

Through the history of the art, we can see how artists approach, with a growing
level of achievement, the creation of realistic images. Some of the techniques used
where never explicitly expressed by the artists, and thus couldn't be transfered to
other people. The first explicit expressions of these concepts where done during the
five-teen and sixteen centuries. In this age, the geometric laws governing perspective
projections where found, which allowed the production of pictures showing objects
which where perceived at different depths. This effort on depth perception also
produced the sfumato technique. Here, the attenuation of light intensity (due to
atmospheric scattering) was also used to emphasize depth perception in landscapes.
Later, at the beginning of the nineteen century, the fusion of color in the human
visual system was recognized and used to produce colors pictures composed of simple
dots in a small set of basic colors, without mixing the oils.

All these are just a few examples of how the study of human perception, geom-
etry, and physics is needed for the creation of realistic looking images. It can be
argued that the invention of photography made un-useful this knowledge. But it
is still necessary the creation of this kind of images, for example when the object
being depicted still does not exists, or no photos can be taken of it.

As the use of computers do help in almost all of human activities, it is no
surprise that they are also used to produce images. Computer Graphics is the
branch of Computer Science devoted to the creation and processing of images and
animations by using computers. Creation of realistic images is not by far the only
goal of Computer Graphics techniques, but this has always been included as one of
its subjects. It has been usually named as rendering or specifically realistic rendering.
Realistic rendering is very related to others Computer Graphics subjects, such as
modeling, image storage and display, and software engineering for graphics. But
rendering also uses results gathered from physics, mathematics, and from the study
of the human visual system.

At the beginning of Computer Graphics, the first problem solved (directly re-
lated to rendering) was the perspective display of wire-frame models of objects.
The next step towards realism was to remove the pieces of the objects not seen
because of occlusions by nearer opaque objects (this is called the visibility prob-
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lem). Efficient techniques for these goals where proposed and implemented. But
the images obtained did not seem realistic because of the use of constant intensity
of colors inside the piece of the image covered by the projection of each object. It
was soon recognized the need for some kind of simulation of shading, which would
aid in the perception of objects shape and relative position. Some simple techniques
where proposed in order to produce shading. These techniques where selected be-
cause they are simple enough for the available computing power while producing
acceptable levels of realism.

As computing power increases, the above techniques where used to produce
animations and static images in very short time. The simplicity of the techniques
allowed hardware implementation of the involved algorithms. All this led to inter-
active, real-time display of animations, which has a huge number of applications.

At the same time, other researchers focused on the creation of more realistic
looking images. It was perceived that matching real images can only be achieved
by paying the necessary attention to the laws governing light transport. These
equations are usually stated as an Fredholm Integral Equation, and are used to
derive algorithms for realistic rendering. The equations where previously used to
model radiation heat transfer and the flux of atomic particles, such as neutrons.

Two families of methods are used in order to solve those equations: Finite-
Element methods and Monte-Carlo methods. The first are based in the well known
finite elements technique, which has been previously used in other contexts for the
solution of integral and differential equations. In essence, this technique is based
on the reduction of continuous integral equations to discrete matrix equations (also
called systems of equations). This can be approximately solved in finite time, and
the solution can be stored in a finite amount of computer memory.

Monte-Carlo methods are ultimately rooted in the use of Markov Chains to
compute the solutions of integral equations. This can be seen as an extension of
the basic Monte-Carlo technique for computing integrals. As in all Monte-Carlo
sampling algorithms, it is necessary to define a random variable whose mean is
the value we want to compute. Then, this random variable is sampled, and an
approximation to its mean is obtained by averaging a sufficient large number of
samples.

Both kind of methods offers some advantages and suffer some disadvantages.
Finite-Element methods are usually faster for low and medium complexity environ-
ments, or when a not so exact solution is desired. Monte-Carlo performs relatively
worse in these cases, but this kind of algorithms are not so sensitive to an in-
crease in complexity or desired accuracy. Thus, Monte-Carlo method has been used
for solving complex environment, with complex reflection behavior, while Finite-
Element methods have been less used in these cases. In spite of this, Monte-Carlo
algorithms are still very slow when faced to this problem. The creation of realis-
tic image cannot be done, by far, in real time, and lengthly, resource-consuming
processes are still used.

In this dissertation, we propose techniques which try to improve the efficiency
of Monte-Carlo algorithms. This lack of efficiency comes mainly from the variance
involved in them. The variance is a measure about how close will be the solution
obtained to the exact one. Then, the goal is to design algorithms whose underlying
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variance is a small as possible. A correct understand of the nature of the variance is
needed. This work includes a characterization of the variance of a wide set Monte-
Carlo algorithms for solving environments with arbitrary reflection behavior. We
find that the variance is characterized by an integral equation. Based on these
results, we derive the ideal sampling strategy for Monte-Carlo algorithms (that is,
the strategy producing zero variance). Finally, we show how to apply these results
to produce two-step Monte-Carlo algorithms with reduced variance.

The structure of the thesis is as follows. In chapter one, the integral equations for
radiance and radiosity transport are introduced. Based on this equations, in chapter
two we state the problem of global illumination and classify the existing algorithms
solving it. This is a comparative study which classifies the huge amount of papers in
a small set of categories, highlighting the differences and similitude between them.
Chapter three focuses on Monte-Carlo algorithms: we study their variance and we
show the ideal sampling strategy. Finally, chapters four and five are devoted to
the implementation of more efficient Monte-Carlo algorithms, based on the results
shown in chapter three. First, a implementation restricted to diffuse environments
is presented, and after this, an algorithm for environments with arbitrary reflection
functions is proposed.
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Chapter 1

Light Transport and related
Computational Methods.

1.1 Introduction.

In this chapter, we describe the quantities which model light transport, and we
derive the equations relating them. First, we introduce the model for the environ-
ment where energy flux takes place, and then the domain of the functions and the
measures used in the integrations. By using these mathematical tools, it is easy to
derive those relations. These derivations can be found in the literature. We wanted
to include them here in order to introduce the notation while showing its coherence.
Furthermore, we give a slightly different expression for the rendering equation. This
expression has exactly the form of a Fredholm equation on the second kind (on
the ray space), which makes easier the introduction of various numerical algorithms
solving it.

In this chapter we will use a number of mathematical tools in order to introduce
relevant concepts!. Detailed introduction of those tools is beyond the scope of this
dissertation, and readers interested in any of them can resort to any mathematical
text or dictionary of mathematics, such as [It093].

1.1.1 Environment model.

Let us assume an environment composed of a number of object in the three-
dimensional space. At some of the points in the surface of those objects, energy is
emitted in the form of electro-magnetic waves, with constant intensity along time.
This waves are scattered at other surfaces. We consider that equilibrium state has
been reached in the environment, in the sense that the temperature of all the ob-
jects does not changes, and the intensity of radiant flux also remains constant at

LSome (but not all) of those tools are: measure spaces, measure functions, probability
measure functions, Lebesgue integral, vector spaces and basis set.

25
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all points. Surfaces are all opaque, so no particle travels through any of them (all
of it is either reflected or absorbed, but not refracted).

No participating media there exists in the space between the objects, which is
vacuum. Thus, any point is either in vacuum or inside a object. Those objects are
compact subsets of the three-dimensional space. Furthermore, their surfaces are
continuous (except at a null measure subset), and thus, a normal vector exists at
all of surface points.

Electro-magnetic waves have a single wavelength. All quantities describing flux
intensity are wavelength-dependent, so this dependence will be implicit in our for-
mulations, and the wavelength does not appears in them.

We will consider just closed environments. When faced to an open environment,
we can include in it an additional perfectly black surface, which surrounds all the
objects. This modified closed environment has exactly the same behavior that the
original open one, because waves or particles leaving the open environment are
absorbed on the surrounding surface in closed one, and the flux impinging on the
rest of surfaces is equal in both of them.

1.1.2 Domain and Measures

We call S to the set of all surface points of the objects described above. For all
points x € S, there exists a normal vector to the surface at that point, which will
be written as n,. This implies that on we can use the area measure on S, which
we will call A. If S" C S, then A(S') = [, dA(z).

The functions we are interested in are defined on the space of direction vectors
and points. That is, we define the domain D = S x O, where O is the set of unit
directions vectors.

The set O has defined the well known solid angle measure o. For any region A
in the sphere, the value o(A) is the area of that region, as can be seen in figure 1.1,
where the region A is shaded. For each point 2 € S we can define a projected solid

!

Figure 1.1: The measure o for a set of directions A.
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angle measure on O. This measure is called . For any unit vector = O’ C O, we
have the following definition of o,

0. (0") = / cos(w,n,) do(w) (1.1)
o,

where O, = {v € O' | cos(v,n,) > 0}. Thatis, O, is the subset of O' which is
on the hemisphere above x, as defined by n,. Finally, o is the known solid angle
measure on O. This definition implies that directions in the hemisphere under the
point have zero measure. In figure 1.2 it can be seen how (for a given set A of
directions) the value o, (A) is the area of the shaded region. This region lies in the
unit radius circle under the hemisphere, and is obtained by a vertical projection of
the hemisphere region covered by A

Figure 1.2: The measure o, for a set of directions A.

Once the measures A and o, have been introduced, we now define a measure

i on D which will be used later in the integral governing radiance transport. Lets

consider any element r € D. This implies that » = (z,w), where z € S and

w € O. The measure  is obtained as the composition of both previously introduced
measures:

du(r) = du(z,w) = dA(z)do,(w) (1.2)

. This measure is called the throughput measure [Veach97], and is very often used
in Global lllumination, and specially in this text.

1.2 Local light reflection.

1.2.1 Radiance and related functions.

For any subset S’ of S, we can measure the total radiant energy leaving per unit
of time (or power). This will be called ®(S’). This power is measured in Watts.
The value ®(S’) can be obtained as the sum of two other functions: ®(S’) =
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®.(S")+ D,(S'), where &, measures the total radiant energy per unit of time that
is generated on S, and ®,.(S’) measures the total energy that is reflected in S’ due
to incoming energy. We can also measure the total incoming energy onto S’ coming
from outside the surface. This functions is written as ®;. All these functions have
the same domain and units.

Usually, the amount of energy leaving a surface is different from one point to
another. In order to characterize this variation, we can use the radiant exitance
function M, which is the power per unit area:

M(z) = (1.3)

Where z € S. This way we can define the emitted and reflected radiant exitance
as M,(z) = d®.(z)/dA(z) and M,(x) = d®,(x)/dA(x). The irradiance function
is defined as the amount of power incident on a surface point per unit area:

B@) = TS (L.4)

All these functions, M,M,, M. and E have units of Watts per square meter
(Wm™!). Incoming power which strikes any surface point is either absorbed
or reflected. In this later case, we assume that reflected power leaves the sur-
face from the same point where the incoming power arrived. This implies that
M(z) = M.(x) + M,(z), where M, (x) is due to reflection of E(zx).

The value M (z) measures energy leaving in all directions above z. We can
measure the exitance leaving z in a given set of directions O’ C O. If we call this
value M(z,0"), then we view M as a measure function and we are able to define
the radiance function, as follows:

dM (z,w)

L(r) = L(z,w) = do (1)

(1.5)

where r = (z,w). Radiance is a function whose domain is D, that is, is defined for
every point and direction in D. The radiance function, evaluated at a point x € S
and a direction w € O gives the power flowing away that point in that direction per
unit of time, per unit of area perpendicular to the direction of flow, and per unit
of solid angle. This function is measured in watts per stereo-radian and per square
meter (W sr=! m~=2), and is written as L. In consistency with previous notation,
we define:

Le(z,w) = % (1.6)
L.(z,w) = % (1.7)
Li(z,w) = Bz, w) (1.8)

do, (w)
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all these functions are also measured in W sr—! m 2. The above equalities can also
be stated in an integral form:

M, (x) = /OLT(x,w)daz(w) E(z) = /OLi(ac,w)dJI(w) (1.9)

Note that we stated that M,(z) is due to reflection of E(z). This relation does
not holds between L, and L;. That is: energy hitting a point in a direction can be
reflected in other directions. The relation between the energy which is scattered from
one direction to another is governed by the Bidirectional Reflectance Distribution
Function or simply BRDF.

In order to define the BRDF, we can view both L,(z,w) and E(z) as measures
in O'. This is done be considering the amount of irradiance coming from directions
in any set O’ C O (lets call this E(z,0"). We can also measure the amount of
reflected radiance at direction w which is due to energy coming from directions
in O' (this is L.(z,w,0")). The BRDF (noted as f,) is defined as the relation
between these two measures:

dLr(xy Wo, wz)

X (1.10)

f’r‘(x,wovwi) =

With this definition, we see that the BRDF is the reflected radiance at direction w,
per unit of irradiance coming from direction w;. From (1.8) we see that dE(z,w) =
L;(z,w)do, (w). Then, we can rewrite the definition of the BRDF:

dL,(z,w,)
Li(z,w;)doy (w;)

fr(@,wo,w;) = (1.11)

By using the BRDF', we can express the value of L, as the sum of incoming
radiance from every direction. This is done by integration of (1.11) for all directions
in O:

L.(z,w,) = /Ofr(ac,wo,wi)Li(x,wi)daz(wi) (1.12)

in figure 1.3 it can be seen how the reflected radiance L, leaving a point is obtained
as an integral over all hemisphere directions of the incoming radiance from each of
them, as is derived from equation (1.12).

From the definition of BRDF, we define a related function, which is called the
directional-hemispherical reflectivity function. This function gives, for every point x
and direction w;, the fraction of radiance impinging on = which is reflected on the
whole hemisphere over z, and is called p. This can be seen as the value of M, (x)
when a unit of irradiance comes just from w; (that is, when L;(z,w) = §(w —w;)).
By using this definition, we can substitute L; in (1.12) and we obtain L,.(z,w,) =
fr(z,w,,w;). Now we can use (1.9) and we get:

plr,w;)) = M.(z) = /OLr(m,wo)dax(wo) = /Ofw(m,wi,wo)dax(wo)
(1.13)
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Figure 1.3: Local radiance reflection.

thus, p is fully determined by the BRDF. It can also be defined by using differenti-
ation instead of integration:

dM)(x,w;) dM] (x,w;)

p(mawi) =

where M,.(xz,0") is a measure of power leaving from point = due reflection of power
arriving at z from directions in O" C O. where dM,.(z,w;) is the differential amount
of radiant exitance at = due to irradiance from w;. The integral version of the above
differential definition is as follows:

M, (z) /O dM(z,w;)

_ /O o, w;) dE (z, w;)

= / p(z,w;) Li(x, w;) dog (w;)
o]

1.2.2 Properties of the BRDF.

Up to now, no restriction has been imposed onto the BRDF. But there are some
laws in physics which lead to properties that a BRDF function must obey. These
are: conservation of energy and symmetry.

Conservation of energy

The total amount of energy reflected on a point, per unit area, cannot be greater
than the amount of energy landing on that point, per unit area. This implies that
radiant exitance on z is bounded by irradiance at z, that is, for all € S, it holds
that

My (z) < E(x) (1.15)
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the above condition must hold for all possible distributions of incoming radiance.
This includes the case when energy is coming from just a direction. This case can
be modeled by using a Dirac delta for incoming radiance: L;(z,w;) = §(w; — ws).
This equation implies that all the energy on z comes from a single punctual source
whose radiance at x is 1 and is seen from x in direction w,. We can now rewrite
the last inequality by substituting this concrete example of L;. The presence of a
delta function simplifies the integrals, then L is canceled, and we get:

/Ofr(m,wo,wi)dax(wo) = plz,w;) <1 (1.16)

this condition is independent of L, and of the distribution of L;. Thus, we see that
conservation of energy implies that the p function is bounded by one.

It can be proved, by integration, that (1.16) implies (1.15), as can be seen in
[Lewis93]. We can integrate both sides of (1.16) for all incoming directions, and
also multiplying by an arbitrary incoming radiance function L;. We obtain

/Li(x,wi)daz(wi) > /p(x,wi)Li(ac,wi)daz(wi) (1.17)
o o

substituting p by its definition, we directly derive (1.15). As the implications in
both directions have been shown, both (1.15) and (1.16) are equivalent, although
(1.16) is simpler to check. The p function, thus, must always be bounded by 1.

Reciprocity or Symmetry

The Helmholtz Reciprocity Rule states that the chance a photon has for traversing
any path through various scattering events is is the same for the reverse traversing
order. As surface reflection is due to scattering at the atoms of the surface, we get
the following restriction of the BRDF:

fr(z,wo,w;) = fr(z,w;,w,) (1.18)

1.2.3 BRDF types.

Traditionally, in the Computer Graphics literature several well known types of local
reflection have been used. In this section we show the BRDFs which model these
type of scattering and try to guess if the obey the above restrictions. These are
simple and widely known models for BRDF. Other more complicated or realistic
models have been described, which are not included here. The reader interested in
these models can refer to articles such as [Lewis93, Schlick94].

Perfect specular reflection.

Perfect specular reflection is the reflection behavior shown by perfectly polished
mirrors. At a point z, the reflected radiance for some outgoing direction w, is a
fraction of the incoming radiance from the reflected direction of w, with respect to
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the normal at = (and independent of the radiance coming from any other direction).
We have that

Ly(z,wo) = ps() Li(z, refl, (w,)) (1.19)

where refl, (w,) = 2cos(ng,w,)n, — w,, and p, is a function which controls the
fraction of energy which is reflected this way, obeying 0 < p,(z) < 1 for all points
x.

This implies that just one incoming direction contributes to the outgoing radi-
ance. The BRDF must be zero for all directions except for that one, but its integral
is non-zero. Such a property is hold by the Dirac’s delta function. We can define
the specular BRDF (noted as f,;) as follows [Cohen93]:

0(wi — refl, (wo))

cos(Ng, w;)

frs(@,wo, wi) = ps(z) (1.20)

we can see that (1.20) implies (1.19) by using equation (1.12), as follows:

Lo(z,w,) = /O ps(2) 5(1‘;"0;(2’%;}(3’”)) Li(z, w;) doy (w;)

pal2) / 8(w; — refl, (1)) Li(ar, w;) dor(uw;)
O
= pul(a) Lile, refl, (w,))

here we have used the properties of the delta function, and also we have made the
substitution: do,(w) = cos(ng,w) do(z)

The symmetry of this BRDF is easy to prove, because of the reciprocity of the
reflection function: if w is the reflected vector of w’, then w' is also the reflected
vector of w, and also it holds that cos(n,,w) = cos(n,,w").

Conservation of energy can be proved by computing the directional-hemispherical
reflectivity:

S(w; — refl, (w,))

cos(Ng, w;)

pow) = [ flwwnwddown) [ oo 4o (1,)

pule) [ 8w refl () o)
Ps (35)

< 1

which is true because of the definition of ps. Here we have used again the properties
of the ¢ function. From the above we can derive that, when this kind of reflection
takes place, it holds that p(z,w;) = ps(z), and we see that f,.; conserves energy,
because p; is bounded by 1.

Diffuse reflection.

The diffuse BRDF is independent of the incoming and outgoing directions. That is,
the value frq4(z,w,,w;) only depends of . This can be written as f,.q(x, w,, w;) =
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=

Figure 1.4: The shape of the diffuse BRDF.

fra(z). In figure 1.4 we can see the shape of this BRDF. Note that, independently
of outgoing direction, reflected radiance remains constant. With this definition of
fr, we can use (1.9) and (1.12) to rewrite the radiant exitance M, as:

Mia) = [ oo doswn)

L[ @ pitow) doatn) | do )
= o) [ | [ Biww) dratun)| o)
= fua@) [ Bla)do,(w,)

= foul) E(2) / dory (w,)

o
= fra(z) E(z) 04(0)
= fra(z) E(z) 7w

from the above we see that M, (z)/E(z) = frq(z)m. This value is known as the
reflectance at . It is the ratio of reflected power to incoming power after diffuse
reflection at z, and is noted as pq(z). From all of the above, we can state the
definition of f,.q(z):

(e, wo, ) = frafa) = 22D (1.21)

it is obvious that this BRDF is symmetrical. Conservation of energy is proved by
expanding the p function. It is easy to prove that

ple,wi) = pale) (1.22)

for all incoming directions w;
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Glossy reflection.

Both previous BRDFs are very simple. Although some real materials show that
behavior, there are also too many surfaces that reflect energy in other ways. In
the Computer Graphics literature it is possible to find many papers devoted to the
task of modeling and implementing other types of BRDFs. Probably, the simplest
and older model for glossy surfaces is the one proposed by Phong [Phong75]. This
was a intermediate solution between efficiency and physical accuracy. The model
was named a shading formula, that is, an algorithm to compute the intensity of
reflected light for an outgoing direction, given a set of punctual light sources. After
this, in [Lewis93], that shading formula was interpreted as the model for a BRDF,
and it was proven that this BRDF does not obeys conservation of energy. In that
paper, some modified BRDF models where proposed obeying both conservation of
energy and reciprocity. Finally, in [Lafortune94], it was analyzed the use of those
models in the context of Monte-Carlo algorithms, and another BRDF was proposed,
also based on the Phong shading formula. This model has been called the modified
Phong model. Using the notation introduced in this text, it can be expressed as

n+ 2
2T

where n > 1 is a real value called the Phong exponent, with higher values produc-
ing surfaces with a narrower brightness peak centered at the reflection direction.
Figure 1.5 shows an approximate polar diagram of the BRDF for n = 1. For greater

frp(@, wo, wi) = pp(x) cos™ (w,, refl, (w;)) (1.23)

Figure 1.5: The shape of glossy BRDFs for n =1

values of n, the BRDFs gets closer to the shape shown in figure 1.6, which ex-
hibits a narrower cosine lobe. The function p, gives, for each point in the surfaces,
a value which is an upper bound of the ratio of reflected. This is easy to show,
because the integral of cosine term, for the hemisphere, is smaller than the inte-
gral for the whole sphere, and this is 2/7(n 4+ 2). Thus, conservation of energy
can be ensured if p,(z) < 1. In the case that w; = ng, then the directional-
hemispherical reflectivity reaches its maximum value, which is equal to pp(z). It
is difficult to give an exact analytical expression for it because the integration re-
gion boundary is complicated [Lafortune94]. Reciprocity holds obviously, because

cos(w, refl, (w;)) = cos(refl, (wy), w;).
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Figure 1.6: The (approximate) shape of glossy BRDF's for n > 1

It has been proposed also a model whose cosine term is defined by using the
halfway vector, called h, which is defined as the halfway between w; and w, (that
is h = (w; + w,)/|w; + w,|). Now the cosine term becomes cos™(h,n;).

Mixed reflection behavior.

Usually, surfaces do not show a perfect specular, diffuse or glossy behavior. Some
surfaces can reflect energy simultaneously in more than one of these ways. This
is the case, for instance, of materials with a transparent layer above an opaque
one. Some of the energy can be reflected in the transparent layer, causing specular
or glossy reflections, and some in the underlying opaque surface (after penetrating
transparent layers), causing diffuse reflection.

If we assume that, for all points z in an environment, it is true that

ps(z) + pa(z) + pp(z) < 1 (1.24)

then the mixed BRDF defined as f, = f,s + frq+ frp Obeys conservation of energy,
as can be easily deduced form previous formulations.

Finally, the relative weights of each kind of BRDF can depend also of the in-
coming direction w;, not just on the surface point . A typical example of this are
some polished stone floors. When viewed from above (cos(w,,n,) near 1), they are
perceived as diffuse surfaces, but when the viewing direction is nearly perpendicular
to the normal (cos(w,,n,) near 0), they look like perfect specular or glossy surfaces
[Lafortune97]

1.3 Global light transport.

The previous section was named as local light transport because equation (1.12)
models how incoming light is reflected locally on a point z. But our goal is to state
the equation governing global light transport, that is, light transport taking into
account all the points and directions on an environment. This equation is equivalent
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to that introduced by Kajiya, although in a slightly modified form. Kajiya equation
is ultimately rooted on the Boltzmann transport equation [Kajiya86, Arvo90].

1.3.1 Integral equations for radiance.

The first step towards the full integral equation is to note that incoming radiance
on a point is due to outgoing radiance from other point on the scene. As radiance
is conserved along straight lines, we have that the radiance incoming at point
x from direction w; is equal to the radiance outgoing from another point 2’ at
direction —w;. We can assume that both x and 2’ are points on the surfaces.
For this to be true, it is necessary that no other object blocks the light between
z and z’, that is, z' is the first visible point from z in the direction w;. This
can be stated formally by using the function p, which gives, for any point x and
direction w, the first visible point in S [Arvo95a]. Now, we state the previous rule
as L;(z,w;) = L(p(xz,w;),—w;). By using this equality we can rewrite equation
(1.12), as follows:

Ly(z,w,) = /Ofr(w,wo,wi)L(p(w,wi),—wz')dffz(wi) (1.25)

the previous equation can be written in operator form as L, = 7 L, where T is an
integral operator. Note that L = L. + L,.. Expanding L, by using the previous
equality, we obtain:

L = L, + TL (1.26)

this is an integral equation. For any given f,. and L. functions, there is only just one
radiance function L which obeys the above, proven that f, conserves the energy.

In order to introduce existing computational methods which solve for equation
(1.25), it is convenient to write it as a Fredholm Integral Equation of the Second
Kind, because such equations have been studied previously in order to find solution
methods for them. These equations are equations with the form:

@) = gle) + /D k(z,9) £(y) dm(y) (1.27)

where D is a domain, m a measure, and ¢ is an integrable function under the
measure m in domain D. If k obeys some properties, then there exists a unique f
obeying the equation. We can see in equation (1.27) that the unknown function
f is defined in the same domain of integration D, while in (1.25), L is defined on
S x O but integration is done on O. Another difference comes from the occurrence
of the p function in the arguments of L in (1.25), while in (1.27) the argument of
L is just y (no function is applied to it).

However, we can write an equation which is equivalent to (1.25), but has the
same form of (1.27). This can be done in two step: first, we remove the p function
from 1.25, by changing the variable of integration. Then, by using an additional
change, we transform the previous integration in an integration in D.

With respect to the first step, instead of integration for directions w; over z,
will make integration for points y in the surfaces.
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Figure 1.7: The relation between the measures o, and A.

In figure 1.7 we see two points x and y in the objects surfaces, with y = p(z, w;).
For any two arbitrary points in the surfaces, we define w,; as the unit length vector
from a to b, thatis, wep = (b—a)/|b—al. Then, we have wyy = w; y Wyg = —Wgy.
For any set O’ of unit length vectors, the value o(O’) is the small shaded region
over the hemisphere in the figure. This set of direction covers a region (the bigger
shaded region in the figure) S’ surrounding the point y, whose area is A(S’). Taking
limits when o (O") goes to zero, we obtain the following relation between differential

elements:
dog(w;) = H(z,y)dA(y) (1.28)

where y = p(x,w;), and H is a purely geometric term defined as

€8Ny, Way) COS(Ny, Wyz)

H(z,y) = 1.29
(+,9) - (1.29)
As radiance is conserved along lines, we also have, that
Li(m:wxy) = L(y:wyx) (1-30)
then we can change the variable of integration in (1.12) and we obtain:
L.(z,w,) = /3 fr(@, wo, way) H(z,y) L(y, way) dA(y) (1.31)

where S, C S is the set of points in S which are visible from z. The integral can
be extended to the whole S, by using another geometric term G(z,y) defined by

G(z,y) = H(z,y) Vay (1.32)

where V(z,y) is 1 when z and y are mutually visible, and 0 otherwise. By using
G, we get:

Lo(z,w,) = /S Fo( w0, Way) Gl y) Ly, way) dAG)  (1.33)
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In figure 1.8 we see now the reflected radiance expressed as an integral over all points
S of the outgoing radiance, instead of an integral over all directions of incoming
radiance.

Figure 1.8: Reflected radiance as an integral of outgoing radiance.

The previous integration is done over S, instead of O. We still have to transform
the previous integration on the domain S x O. This second step is done by using a
delta function. By using the properties of the § function, we get

L(y,wy.) = /O 5w — wy) Ly, w) do(w) (1.34)

where ¢ is the Dirac delta function with respect to solid angle measure o. Then,
we can substitute L(y, wy,) by the previous expression in (1.33), obtaining:

Lo(a,w,)
/ £ (0 w2y) G2 ) / 5w — wye) Ly, w) do(w)| dA(y)
S O

cos(ng, wy
= / fr(z, wo, way) (72?) Vay 6(w — wya) L(y, w) du(y, w)
Sx0 |z -yl

to simplify the notation, we isolate all the dependencies of both = and y in one
kernel function defined as:

K(z,wo,y,w) = fr(2,Wo,Wqy) Vay 0(w — wyz) (1.35)
We will use symbols to denote elements in D = S x O, instead of pairs in S x O.

Thus, we rewrite r = (z,w,), s = (y,w), and K(r,s) = K(z,w,,y,w). All this
leads to the following equation:

L.(r) = /D K(r,s) L(s) du(s) (1.36)
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In figure 1.9, we see how the integration is done for all the rays in D. Only those
rays pointing to = do contribute to the integral, and this is ensured by the presence
of the § function.

Figure 1.9: Radiance as an integral in ray space.

The previous integral equation (1.36) is equivalent to previous formulations, that
is, to equations (1.25), (1.26) and (1.33). Finally, equation (1.36) has the same
form that the generic equation (1.27), where L plays the role of f, L. the one of
g, and K the one of k. Note that in equation (1.26) we introduced the transport
operator 7. From (1.36), we can define the action of that operator over the L
function as follows:

L) = (T = [ Kl L) duts (1.37)

The K function is called the kernel of the transport operator 7. Equation (1.36)
can also be expressed in a differential form

dL,(r)

Ks) = Ty

(1.38)

and we can state that K (r,s) is the differential radiance of r due to a unit of energy
at s, (differential amount of energy leaving dA(y) trough the projected solid angle

doy(w)).

1.3.2 The radiosity equation.

In the case that an environment has surfaces with just diffuse reflection, as defined
in (1.21), the integral equation which governs radiance transport simplifies, yielding
the classic radiosity equation. Let us assume that L.(z,w) is independent of w
(that is, emitted radiance is the same for all directions at any given point). It can
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be shown that L, (z,w) is also independent of w, by using both (1.21) and (1.12):

Lo(z,w) = /O 2] 1 (o ) do () (1.39)
= pale) 22 (1.40)

thus we can remove the w from the radiance functions, and write L.(z),L,(z) and
L(z). Usually, these functions are called radiosity functions, and written using a
B. Then, we have emitted radiosity, B.(z) = L.(x), reflected radiosity, B,.(z) =
L,(z), and (total outgoing) radiosity, B(z) = L(z). We can rewrite equation
(1.33) by using the previous definitions:

Brle) = "2 [ 6oy B daG) (1.41)

As we know that B(z) = B.(z) + B,(z), then we can expand B, and obtain:

c0s(Ng, Way) cOS(Ny, Wyz)

B@) = Bu(@) + pule) / By)dA(y) (1.42)

S |z —yl?

This is the classic radiosity equation, which can be viewed as a simplification of
(1.33).

1.3.3 Integral operators and solutions to integral equa-
tions.

Lets consider any integral equation with the form of (1.27). It can be rewritten
by using operator form. For instance, let us define the operator A as the integral
operator induced by the & function:

An@ = [ ke ey (1.43)
then, equation (1.27) can be simply rewritten as:

f =9+ Af (1.44)

If we know both g and k (and thus A), we can wonder about the existence and
uniqueness of a function f obeying the previous equation. In order to answer this,
we briefly review here function and operators norms, as described in [Arvo95a], and
then we use those results to find the solution to that equation.

Operators and norms.

The L,-norm of a function f, under a measure m, is noted as |f|, and can be
defined as:

o = |[ #@dn) " (1.43)
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function norms induce operator norms, defined for all operators acting over those
functions. For an operator A, its L, norm is defined as:

|Al, = inf{a : |Af]p < a|f|pforall f} (1.46)

note that, from the above definition, we can derive the following property, which
holds Vf:
|Afl, < JAlplflp (1.47)

this is an interesting property which will be used later.

Note that operators can be added and composed. For any two operators A and
B, and a function f, we have (A + B)f = Af + Bf, and (AB)f = A(Bf). Itis
easy to show that:

|AB], | Alp [Blp (1.48)
|A+ B, [Alp + [Bly (1.49)

A linear operator is one which obeys A(f +¢g) = Af + Bgforall f and g. If Aisa
linear operator, the distributive property holds, that is, A(B + C) = AB + AC, for
all operators B and C. A special operator is the identity, noted as Z. This is the
one mapping every function to itself, that is, for all functions f, we have Zf = f.
The norm of the identity operator is always 1. We also define the operator A™, for
any base operator A and natural number n. This is done iteratively: A° = 7, and
ATt = AA™. From (1.48) we derive:

A", < Al (1.50)

<
<

Finally, we define the operator A as S"7  A’. Note that, when A is linear, the

following property holds:
APFD = T 4 A4 (1.51)

Existence of the solution

The existence and uniqueness of a function f obeying equation (1.44), and such
that [, fP(z) dm(x) exists, is guaranteed when A is linear and |A|, < 1. This can
be shown be considering the series of operators .A(™ . From previous results we see
that

n

JA™], < YAl (1.52)

=0
when |A|, < 1, the series of norms |.A(™)|, converges, and

1
lim [A™)], <

—_ 1.53
i VIR (159

thus, for any function h, the series of functions A(™h converge to a function &'
such that |h/|, < 1/(1 —|Al,). We can define the operator A™ as the one which
maps h onto h'. Function &' is the limit of a function series

B = Ath = lim AM™p (1.54)

n—o0
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If we apply both sides of (1.51) to any function and then take limits when n — oo,
we can derive an interesting property of AT

AT =T+ AAT (1.55)
now, applying both sides of this equality to the function g in (1.44), we get
(ATg) = g+ A(A'g) (1.56)

and we deduce that AT g obeys equation (1.44). From this we know that its solution
exists, and can be expressed as f = A*g. The norm of A" obeys

1

At), < ———
s T,

(1.57)
Operator AT is called the resolvent operator of A, as can be seen in [Arvo95al.

The norm of linear integral operators.

Let us assume that the A operator is defined as in (1.43). We can look for the
norm of this kind of operators. First, we define

mp — esssup {/ k(z,y) dm(m)} (1.58)
yeD D

where ess sup stands for essential supremum?® . We include a k as a subscript of my,

because this value depends on the k function. Now, lets expand the value |Ah|;

for any function h

AR, = /D (AR (z) dm(z) (1.59)
-/ { /[ k(ay)h(y)dm(w}dm(m (1.60)
_ / { k(a:,y)dm(a:)]h(y)dm(y) (1.61)
D D
< /D m h(y) dm(y) (1.62)
= mylhh (1.63)

the previous inequality is true for any h, then we can obtain a bound |A|;. By using
(1.46) we get

|A[1 < mg (1.64)

2The notion of essential supremum is briefly described in [Arvo95a). It is the supremum
of the set (that is, the infimum of all its upper bounds), except for a null measure set with
respect to measure m.
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1.3.4 The solution to radiance transport equation.

Once we know the conditions which ensure the solution to any integral equation,
we can question about the solution to the radiance transport equation, in the form
given in (1.26). From previous results, we know that the function L exists if T
is linear and |T|; < 1. Linearity holds for all integral operators, as can be easily
deduced from (1.37). With respect to the norm, we can use (1.64). If mg < 1
then |T|1 < 1. Thus, we have to check whether mg < 1, where K is as defined in
(1.35). To do this, we expand [;, K(r,s)dpu(r), where r = (z,w,) and s = (y, w)
(note that y and w are fixed values)

/D K(r,s) du(r)

= / fr(z,wo, Way) %,w;y) Vay 0(w — wyg) dA(z) dog (w,)
Sx0 |z -yl

J
-,

/ £ (@, wo, —w) doa (w,)
0]
plz, —

w)

cos(Ng, Way)
|z —y|?

[ 2, do, (wo>] 5(10 — wy2) Vay 1A ()

[ w0ty o, (wo)} 5w — w') do(w)

here, we have transformed the integration in S in an integration in 0, by using the
equality (1.28). From this last result we deduce an expression of mg

= €ess su,
mi = S {p(r,w)} (1.65)

from here we see that, if the underlying BRDF obeys conservation of energy then
mg < 1 and equation (1.25) has a solution.

1.4 Adjoint transport equations.

The solution function f of equation (1.27) cannot be expressed analytically for
almost all of the cases. Usually, the target is to know the inner product of f and
any other function h, written as (f | h). In this section we introduce the adjoint
transport operator and show how that inner product can be obtained from the
solution of two dual integral equations.

1.4.1 Inner products and adjoint operators.

The inner product of two functions f and h, is a real value® defined as:

1By = /D £(2) hz) dm(z) (1.66)

3We will assume that f and h are two arbitrary integrable functions in D (under measure
m)
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as can be seen, inner product is relative to a measure, used in the integration. This
can be stated by using the name of the measure function as a subscript, when any
confusion may arise. From its definition, it is easy to show the following properties
of the inner product, which holds for all functions f,h and A/, and for all real values
a

(f1h)y = (hlf) (1.67)
(fIh+n)y = (fIh) + (1) (1.68)
(af [h) = a(f|h) (1.69)

The adjoint operator of an arbitrary operator A is written as A*, and is an operator
which obeys

(Af[hy = (f1A™h) (1.70)

for all functions f and h. Note that not all of the operators have an adjoint. In the
case that A is an integral operator with a kernel &, as defined in (1.43), then there
exists A*, which can be defined as

(A*h)(z) = / k(z,y) h(z) dm(z) (1.71)
D
it can be shown that A* obeys (1.70), by expanding (Af | h)

(Af 1 h)

/D (Af) (@) h(z) dm(z)

= [ ][ *ew 5@ an)]| 1w dme)
D LJD B

- /D k(@) £(v) hla) dm(y)dm()

D
_ /D /D k(z,y) h(z) dm(z)
Ah

- /D (A*R)(y) f () dm(y)
(F | A°h)

fy) dm(y)

Lets assume that 4 and B are two arbitrary operators with adjoint, and f and h
two arbitrary functions. It is easy to prove that ((A+ B)f | h) = (f | (A* + B*)h)
and (ABf | hy = (f | B*A*h). Then we obtain the following equalities

(A+B)" = A*+B* (1.72)
(AB)* = B*A* (1.73)
(A" = (A" (1.74)
(A = (4 (1.75)
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1.4.2 The dual integral equation.

As stated, lets assume that we are interested in the value (f | h), where f is the
solution to (1.44) and h is an arbitrary function. We know that the linear integral
operator A, as defined in (1.43), has an adjoint A*. This adjoint is also a linear
integral operator, as shown in the previous section. Lets assume that |A*|; < 1.
Thus, exists the resolvent operator of A*, which is written as (A*)*. In these
conditions the following integral equation

[ = h+ A*1 (1.76)

has a solution, that is, exists an integrable function [ obeying it, and can be obtained
as | = (A*)Th. Note that g and h in equations (1.44) and (1.76) are arbitrary in-
tegrable functions. From the property (1.75), we can obtain the following equalities

(Atg ) = (lim A™g | )
= i (1)
- ol o)
= lim (g (4")"n)
= (o1 g corn)
= (9] (4")7"h)

so, we can state that (A*)™ is the adjoint of AT, that is
(AT)* = (A7* (1.77)

and we get
(f1ny = (g (1.78)

then, computation of (f | h) can be viewed also as the computation of (I | g). This
has a number of applications in Global lllumination.

1.4.3 Importance transport equations.

Once stated the notion of inner product and adjoint operators, we can apply them
to the radiance function and the integral equation defining it. Lets assume that W,
is any function used to measure the radiance function, that is, we want to compute
the value (L | W,). This function has been called emitted importance function, or
emitted potential function.

For example, we can define W,(r) as non-zero only for rays going through a
pixel in the viewplane and pointing towards the viewpoint, and zero for any other.
Then, the value (L | W,) is the average radiance of a pixel. Other examples can be
given.
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The inner product (L | W,) can be seen as a weighted sum of the values of the
radiance function at the different rays in the domain. The value W.(r), for any ray
r, can be taken as the fraction of L(r) which contributes to that weighted sum. In
the example given above, W, is the function which gives, for each ray, the fraction
of its radiance which contributes to the pixel intensity.

We know that when the BRDF conserves energy, then exists 7+ and the radiance
function L. It is easy to show that, in these conditions, and assuming also that the
BRDF is symmetric, then |7*|; < 1. This implies that the following equation

W =W, +T*W (1.79)

has a solution, that is, exists the operator (7*)™ which is the adjoint of 7T, and
also exists the integrable function W, which can be obtained as W = (7*)TW,.
Then the value (L | W,) can be rewritten as

(LIWe) = (TP Lo | W) = (L | (T W) = (L |W)  (180)

equation (1.79) is the adjoint of (1.26). It can also be written in integral form,
instead of in operator form:

Wi(s) = We(s) + /DK(I',S) W (r) du(r) (1.81)

It is usually called the importance transport equation. As can be seen, the structure
of both equations is the same. W, plays the role of L. (this is the reason way it
is called emitted importance), and W plays the role of L. So, importance can be
seen as a quantity which is transported, by operator 7*, as radiance is transported
by 7*. Finally, function W is called simply as the importance or potential function.
The value W (r) is the fraction of L.(r) which contributes to the inner product in
(1.80).

1.5 Computational methods.

Once the equations defining radiance and importance transport have been explained,
in this section we briefly introduce the basics of the methods used to obtain an
approximation to that function. These methods can be classified in two families:
Monte-Carlo methods and Finite-Element methods. Both techniques are rooted in
very different principles, which are introduced here.

1.5.1 Basis sets and projection operators.

Integrable functions in a arbitrary domain can be added between them and can be
multiplied by real values. This gives that set the structure of a vector space. Lets
consider any finite set B = {by,bs...b,} of n integrable functions in domain D.
Lets assume that this is an orthonormal set of functions, that is, (b; | b;) = d;; for
all i,j < n, where d;; is 1 when ¢ = j and 0 otherwise. The set B can be taken
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as the basis of a n—dimensional vector space Vg. For any function h in Vg, there
exists a set of n real values {cy,... ¢,} such that

n
h= Y cb (1.82)
i=1

it is usually said that Vg is the vector space spawned by B. Function A is said to
be a linear combination of the functions b;.

For any integrable function f, we can find the nearest function f’ to f such
that f is in Vg. Here the term nearest is used in the sense induced by the L;-norm.
That is, the value |f’ — f|i is smaller than any other value |g — f|1 where g € V3.
In the case that B is orthonormal, then we can obtain f' directly from f and B,

because
n

= (f1b) b (1.83)
i=1
The function f' is called the projection * of f onto V5. We can consider the
operator which takes any function g and returns its projection onto B. This operator
is written as Pg, and then f' = Pgf. This operator is defined by

n

(Paf)(x) = D (f|bi) bilx) (1.84)

i=1

It is easy to show that these operators are always linear, by using the linearity of
inner products (1.68) and the previous definition. If f € Vg then Pgf = f. This
implies that, for all n > 0, PR = Pg.

The values (f | b;) are called the coordinates of f with respect to B. Note
that any function in Vg is fully determined by its coordinates, and this allows to
represent such functions in a computer memory using a finite amount of memory.

1.5.2 Finite elements methods.

The key of Finite-Elements methods (FE in what follows) is the conversion of
equation (1.44) into a discrete matrix equation. This is done by trying to solve for
a equation which is related to (1.26), although not exactly equal. The approximated
equation solved is

"= Pe(g+Af') (1.85)

Function g must be given as an input data, then it has to be stored in a computer
memory. Usually this done by using a g which is in Vg, and then it is stored as a
vector of coefficients. Then g = Pgg. As Pg is linear then we can rewrite (1.85)
as

=9+ (PA)f (1.86)

4The term projection is used here because this operation, when done on the three di-
mensional vector space of points, is the perpendicular projection of a point on a plane or a
line.
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Equation is very similar to that in (1.44) except for the use of the operator Pg.A
instead of 4. The solution function f’ is in Vg, that is Pgf' = f'. This method
is called the Galerkin method in the literature about finite element methods. There
exist other algorithms for discretizing the original continuous equation, although
this is the most frequently used in Global Illumination.

It is easy to check that equation (1.86) leads to Galerkin method, because
the projection of residual function is zero. The residual function r is defined as
(Z —A)f' — g, and is taken as a measure of the error involved in approximating f
by using f’. Note the real error can not be known because f is unknown, but the
residual function 7 is only based in known entities, and goes to zero when f' is equal
to f. Each finite element methods imposes a condition on the residual function. In
the case of Galerkin method, it is established that its projection must be zero, that
is, Per = 0. To check this, we can expand r, and then use the equality (1.85)

Per = Pe((ZT-Af —9g)
(Pef' — PeAf') — Prg
= (f' = PAf') — g
= g—49

0

where this last 0 means the function equal to zero in all the domain.
Lets call {f; ... fn} to the coefficients of f’ with respect to B. Then the
function (Pp.A)f' can be rewritten as follows

(PeA) ' = (PBA) Y fibi
i=1

> fiPr (Ab)

=1

1=

ST

i=1 j=1

note that we have used the linearity of both Pg and A, and then the definition of
Pgs. Equation (1.86) can now be expanded

Zfibi = Zgjbj + ka chkbl (1.87)
=1 i=1 =1

k=1

where ¢, = (Abg | b)) and {g1 ...gn} are the coordinates of g with respect to B.
This last equation is a functional equation, which also holds when we consider the
evaluation of both sides at any point z of the domain. Reorganizing the terms, we
obtain, for all points x, the following equality

i=1 j=1

2”: {fi_gi—i: Cijfa} bi(z) = 0 (1.88)
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this last equation can only hold when the multipliers of b;z(x) are all zero, that is,
when

fi = g; + Z Cij f]’ (189)
j=1
for all ¢ € {1,...,n}. This equation can be written as a matrix equation
bil 91 11 - Cin bil
: = : + : : : (1.90)
fn In Cnl ' Cpn fn
Let us define F = (fi,..., fn)?, that is, F is the column vector of the coefficients

of f with respect to B. We also define G = (g1,...,9,)" and

€11 '+ Cin
A = : : (1.91)

Cnl 0 Cpn
then, equation (1.90) can be more compactly rewritten as
F =G+ AF (1.92)

the previous equation is equivalent to (1.85) although it does not involves functions
but their coefficients with respect to B

1.5.3 Monte Carlo Methods.

An alternative to the previous solution is to use Markov Chains to solve (1.44).
Instead of finding a projected approximation of f, by using Monte Carlo methods
we obtain a stochastic approximation (with a given variance) of the scalar product
of f and any other function h, that is (f | h). [Rubinstein81].

To develop this, we need to introduce Markov Chains. A Markov Chain (or
Random Walk ) ¢ is any infinite series of elements in D, ¢ = {¢g,...c;,...}.
Usually, we will call states to the elements of a chain.

We consider the set of every possible Markov Chain. In MC methods, we need
to randomly select a subset of Markov Chains from that set. This is done by
using a probability density function, pdf. This pdfis separable; in other words, the
probability of selecting a single chain ¢ is:

Q(c) = plco)P(co,c1)P(er,e) ...

where po () is the probability to select the first point, and p(y, z) is the conditional
probability of selecting z as the next point given that the previous one was y. These
functions obey the following properties (Vz,y € D)

/Dp(y,Z)dZ = 1
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/Dpo(z)dz = 1
h(z) # 0 po(z) >0
k(z,y) # 0 p(z,y) >0

With these definitions, we may introduce the following function for every Markov
Chains ¢ [Rubinstein81]

_>
_>

_ o) o=, .
V(C) = pO(CO) lz:; U; g( z)

where:

K(Co, Cl) L K(Ci_l, Ci)

p(co,c1)  pleioi,ci)

We define the random variable obtained as the set of values V' (c) for every Markov
Chain ¢. Each value V'(¢) has probability Q(c). The fundamental fact about this is
that the average value of that random variable is exactly (h | AT g). This gives the
following procedure to compute that value:

U, =

1. Select the probability density functions p and P obeying the required proper-
ties.

2. Randomly select a set of n chains {c!,...,¢"} with probability density @,
with n large enough.

3. Estimate the result by using the average of those samples, that is:

n

% > V(eh (1.93)

i=1

(h] 1)

X

Note that we have to deal with infinite Markov Chains, which is not computationally
affordable. This is solved by either truncation to finite Markov Chains, which yields
some residual error, or by expanding D with a new element called absorption state,
say a, such that for every x in D, p(x,a) >0, p(a,z) =0, p(a,a) =1, pp(a) =0,
k(a,z) = k(xz,a) =0, g(a) = 0. With these, the chain will fall almost surely in the
absorption state after a number of finite steps.

Adjoint Formulation.

In global illumination, we do not wish to compute just (h | f), but the set of values
(h; | f) for a given set of m functions {hy...h;...hy,}. By using the available
results, we have two options to achieve this. The first of them is to find, for every
i independently, the value (h; | f), as stated in the previous section. This requires
the creation of mn chains in total.

Another option is to use the adjoint of A™, which is (A*)T. By using the
properties of the adjoint, we know that:

(hi | f) = (hi | ATg) = (g | (A")" D) (1.94)

By using the last form, the following procedure is obtained:
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1. By using a selected p, obtain n random chains (¢/) with that probability
distribution.

2. For every h;, estimate the scalar product as:

S

(hi | £) = (9| Afhi) » = 32 Vi(ed) (1.95)
j=1
where
- _ g(co) - B,
Vi(e) = Po(co) j;OUJ hi(c;)
and
U]’ — K(Cl,CO)”‘K(Cj,ijl)

p(co,c1) p(cj—lacj)

This requires n chains, instead of mn. Note that the arguments of &k are reversed
with respect to the previous formulation. This is due to the use of the adjoint
operator, instead of the original one. (see equation 1.71)

1.6 Conclusions.

This chapter includes the definitions of the functions which characterize the flux of
electro-magnetic radiation, by using the particle model of light. The definition of
these function is done by using ratios of measure function (that is, differentiation).

After these functions have been introduced, we derive an integral radiance equa-
tion which has the form of a second order integral equation of the second kind. This
is done by deriving the expression for function K which is the kernel of the integral
operator involved in that equation. A number of numerical algorithm have been
previously designed and applied for that kind of integral operators, and can be also
applied to that radiance equation. Previous forms for the radiance equation do not
have this form, because the kernel is a three variable function as in [Kajiya86], or
because the transport operator is defined as the composition of other two, as in
[Arvo95].

In this chapter we also use the previous formulation in order to briefly introduce
existing computational methods for integral equations, that is, finite element meth-
ods (we restrict to Galerkin method) and Monte-Carlo methods (path-tracing and
particle tracing). This introduction to numerical methods uses standard formulation
which can be applied to any second order integral equation. Thus, we observe that
the given expression for the radiance equation is useful in order to derive numerical
methods which solve it.
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Chapter 2

Survey of (Global
Illumination Methods.

2.1 Image and observer definition.

Once L is characterized, this gives the luminous radiance at every pair of points in
an environment. But the goal of Gl techniques is to obtain images. An image, I,
is defined as a function of D, such that I(r) is the amount of radiance transported
through r which a given observer perceives directly. In order to store and display
I on a computer, we need to sample it at a discrete resolution, by using some
projection operator onto a basis which yields a finite set of coefficients or samples.
These values are used to set pixels colors.

The selected basis which is used to build this projection operator is an orthonor-
mal set of n functions W = {W,q,..., Wy}, such that the scalar value W,;(r)
gives the fraction of radiance traveling through r which contributes to the i-th
sample of the image. When we consider the projection operator Pw, the image
function can be write as follows:

I=PwL (2.1)

that is I belongs to Vay and can be represented by a finite set of values (which
are its coefficients with respect to W). The previous equality can be written by
considering the evaluation of I inaray r in D

I(r) = (Pw L)(x) = ZWei(r) l;

where lz = <VV€Z' | L>

Ideally (in the traditional perspective camera model), the each W,; function
must be non zero for all the rays passing through the focus and the rectangle
(on the viewplane) related to pixel number i. Unfortunately just a set of discrete
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samples can be taken at each pixel. This implies that usually, the W,; functions are
approximated as follows:

Wei(l‘) = Zwijé(r— Sij)
j=1

where s;; is the ray passing through the focus and the j-th sample point in the i-th
pixel on the viewplane. The set of weights w;; are normalized in the sense that,
for all pixels ¢, E;nzl w;i; = 1. In the case of some special camera, the focus may
have some extension (the image appears blurred), but the above expression remains
unmodified, except that the position of the samples s;; must account for a point
sampling of focus area. Similar considerations arose when considering lenses in the
camera model.

With all these results, the global illumination problem is stated as follows: for a
given radiance emission distribution L., a given transport operator 7, and a given
observer W, compute a finite representation of the image I the observer perceives,
by using the following relation:

I = PwTTtL (2.2)

We obtain I as a discrete set of coordinates with respect to the basis W. These
coordinates are then interpreted as pixels intensities, and then the image can be dis-
played on any device. This formulation is a general one, and includes any geometry
for the observer, and an arbitrary transport operator at a given environment.

2.2 Solutions.

Once the problem has been stated, and the tools used to solve it have been pre-
sented, we can now give the Gl methods in terms of those tools.

Local methods.
This family of methods does not really solve for Gl, but just for local illumi-
nation This allows simple and efficient algorithms to be used, at the cost of
lower realism. The computed image accounts for a single reflection of light
onto the objects, and a local operator (T) is used instead of the global one
(TF). Formally: I = Pw T L.. Simple ray-tracing, z-buffer and scan-line
methods fall into this category.

Discretization or Finite Element (FE) Methods.

We include here every method based on using a projected operator instead of
the original one. The problem is then converted into the solution of a given
system of equations, obtaining a projected version of L. Then, we project
L onto W to obtain the image. Formally, these two steps are as follows
(1) L = (Pe7)"L. and (2) I = Pw L. Note that although these are
called FE methods, we can use MC methods to obtain the projected kernel
coefficients (form factors).
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Stochastic or Monte Carlo methods.
These methods use Markov Chains to obtain the solution of the equation
(2.2). We get a stochastic approximation to the solution, with some given
variance. MC methods are subdivided into two sub-categories:

e MC path tracing from the observer. In this case, for every W,;
(independently) we obtain I; = (We; | Tt L.), by using the formulation
given in 777

¢ Photosimulation or MC path tracing from light sources. We
obtain a simultaneous solution for I; = (L. | 7,"b;) (for a given basis
B = {by...by}) by using the second option in sub section 1.5.3. For-
mally, we compute L' = Pg7 T L.. Once this is obtained, we projected
the L function by using some given observer: I = PwL’. Note that
although we use a basis B, this is necessary just to get a finite computer
representation L' of I, and no projected operator is used.

In following sections, further details about each family of methods are given,
and the main papers related to them are indicated.

2.3 Local Methods.

These methods were the first ones developed in order to synthesize realistic images.
The restriction to a local operator yields a significant income in computing time
and storage. We subdivide these algorithms in projection methods (find at which
pixels each object is seen) and ray-tracing methods (find what object is seen at each
pixel).

2.3.1 Simple projection methods.

In these methods, we compute the portion of screen covered by each scene object.
At each pixel displayed, we compute the direct contribution of light onto the observer
and the contribution after a single bounce. Formally:

I = Pw(T+I)L.
usually, the following assumptions are taken to simplify computations:

e Lg is restricted to a set of punctual light sources, (with intensity /; and
position z;) that is, L.(r) = Yo, l;6(z; —ry)

e The operator 7 includes a Phong like term and a diffuse term, that is 7 =
G + D, and does not account for occlusions.

Here we include the well known z-buffer and scan-line algorithms for synthesizing
images, and using Phong or Gouroud shading. A classical reference for this is
[Phong75].
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2.3.2 Simple Ray Tracing.

This well-known technique uses a tree of rays at every pixel to follow up (in the
reverse order) the path which light travels. Its advantage, with respect to projec-
tion methods, is that we are now able to trace perfect specular reflections. The
assumptions taken about W and Lg are similar to projection methods. Operator
T now includes a global specular component. This yields the following image:

I = Pw(Z+D+G+ST) L,

The first reference for a full ray-tracing method (including specular reflections) is
[Whitted80]

2.4 Discretization or Finite Elements Methods

This section includes every method in which a projected operator is used to solve
the Gl problem. This has probably been the option taken by the largest number of
researchers. Once given W, T and L., we have to select some finite basis function
set B and then obtain I = Pw (PgT)" L., by solving the associated equations
system. Due to the large number of papers in this category, we have subdivided it
in several sections, and are listed them in chronological order.

2.4.1 Classic radiosity.

In this section we will discuss the methods which deal with pure diffuse radiosity
and constant functions for the basis. We name C the set of basis functions {C;}
such that there exist a disjoint set of surface areas {A;} covering the surfaces, and
such that /A N

_ 1/A; whenr; € A;
Cilr) = { 0 in any other case

The operator used, D, obeys the property that yields a L function which does not
depend on ray direction. Therefore the problem is stated just on surface points,
and we talk about radiosity (which is not defined in terms of solid angle) instead of
radiance. If we call B to that radiosity function, the problem is a follows: find B
such that B = (Pc D)™ B.. The function B, is given as a set of coefficients ¢; called
emission of the patches. The coefficients of the projected kernel are expressed as
ki; = Fj;R;, where R; is called reflectivity of patch j and Fj; is called form-factor.
All these entities may be assigned a physical meaning, which is not developed here.
The method proceeds in two steps, as follows:

(2.3)

B' = (PcD)t B, (2.4)
I = PwB (2.5)

Once B’ (the approximated radiosity function) is obtained, the second step may
be repeated for further observers. The solution to the equation system is usually
done by iterative numerical methods [Gortler94]. Mainly one of the following two
methods is used:
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| Reference | Form.Fact. | Solv.Eqn.Sys. |

[Goral84] Stokes Gauss-Seidel
Cohen85 Hemicube Gauss-Seidel
Cohen88 Hemicube Progressive

Malley88] | Local MC
Wallace89] | Quadrature | Progressive
Bauma89] Stokes+HC | Progressive
Sbert93] Global MC

Table 2.1: Classic radiosity methods.

o Gauss-Seidel (GS) (Jacobi method with in place updates)
This method requires simultaneous storage of every form factor.

e Progressive Radiosity or Southwell Iteration (PR).
Just a row of form factors needs to be stored at each step. Allows intermediate
results to be presented.

Form factor computation usually demands a significant amount of CPU time. There
are great many of options for this calculation, such as:

e Hemicube methods.
The computational device used to project B’ onto W s also used to project D
onto C, by resorting to z-buffer techniques. A row of form factors is obtained
simultaneously.

e Quadrature or Random Quadrature.
Every FF is (independently) obtained by taking a finite number of samples of
the involved integral.

e Local hit-miss Monte-Carlo.
By using stochastic ray-casting, a row of form factors is obtained at each step
(rays from a patch are used to compute form factors from that patch).

e Global hit-miss Monte-Carlo.
Related to previous methods, but the full FF matrix is obtained (every ray is
used to compute form-factor of arbitrary patches pairs). This has been called
the swords method.

e Stokes methods.
By applying Stokes theorem, the FF computation may be done using analytical
methods with no errors, in the case of no occlusions. This is merged with
other methods in order to handle occlusions.

Table 2.1 lists the main contributions in this section, including the options (from
above) used in each paper.



58 Efficient Monte Carlo Methods for Global Illumination

| Reference | Basis | Init.Guess |
[Immel86] Hemicube | Emitted
Shao88] Hemicube | Diffuse
Buckalew89] | Links Emitted

Table 2.2: One-pass methods for non-diffuse environments

2.4.2 One-pass methods for non-diffuse environments.

These methods are direct extensions of classic radiosity, attempting to include per-
fect specular and/or glossy operators additional to the diffuse one, that is, the
following image

I = Pw (PeT)" L, (2.6)

is computed, where T = S+ D+ G. A two step computation is carried out, similar
to classic radiosity, as follows:

(1) L' = (Pe(S+D+G))" L,
(2) I = Pw L'

In this case, we deal with radiance instead of radiosity, and the problem has an ad-
ditional dimension with respect to classic radiosity. This implies larger computation
time. There are two options on the basis B selected to achieve this:

e Hemicubes
Each B; is related to a pixel on a hemicube over a patch center (or vertex).
B;(r) is non zero for rays throughout that pixel from the vertex, 0 in any
other case.

e Links
A high density structure of rays (links) is built. Each links connects two
patches. Each basis B; is related to each of these links (a ray called 1;).
Then we define the basis as follows: B;(r) = d(r — 1;).

Once stated, the equations system is usually solved by Gauss-Seidel. This requires
setting an initial estimation of radiances before the first step, and there are two
options for this:

e Use L., the emitted radiance function.

e Use L' = (PgD)*L,, that is, radiance computed with the assumption of
just diffuse transport (by classic radiosity). In the case that the number of
non-diffuse surfaces is small, this initial guess is close to the final solution,
and the process converges faster.

Table 2.2 shows some contributions in this section. Two problems arise by using
these methods:
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e Requires large amounts of memory and computation time.

e The perfect specular operator is hardly implemented, because the associated
BRDF is based on a Dirac delta function [Cohen93] such that projection of S
on any finite basis yields a significant error.

2.4.3 Two-pass methods for non-diffuse environments.

Two-pass methods are used in order to solve the problems stated above. These
methods are based on the separation of a general 7 operator as the addition of
another two

T ="T+T (2.7)

the use of the subindex 1 and 2 is due to the fact that 77 is dealt with in the first
pass and 75 in the second. In order to do this, first we show an interesting property
which this decomposition of 7 holds. This property is

TH = THLTHT = T (2.8)

whereld =Ty ’T2+ With these we can compute an approximation to U+ L, by using
projection methods, and then compute the image by a ray-tracing like algorithm.
This can be expressed as the following two stage algorithm

—~
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Usually, the D (diffuse) operator is included in 7, and the S (perfect specular)
operator is included in 75. Step (1) is equal to previous finite element methods,
except for the coefficients of Pglf, which are called extended form factors, because
they also account for the 7,7 term in U. The function L' accounts for all the
transport paths ending in a reflection modeled by operator 7;. Step (2) is formally
equal to a ray-tracing method (or to a Monte-Carlo path tracing from the observer),
except for the use of L’ instead of L,. This second step accounts for all transport
paths beginning after a 7; reflection, going through 75 reflections and ending at the
observer. These methods are shown as a combination of ray-tracing and radiosity.

There are two options for the selection of 7; and 75 operators, based on which
of the two accounts for the glossy (G) term:

e 7i=Dand T, =G+ S.
In this case L’ (the result of the first step) is called the diffuse emission. We
have to resort to stochastic ray tracing at second step, in order to handle the
G term in Ts.

e i =D+Gand 75 =S.
Here L' is directionally dependent. Consequently the first step is more com-
plicated whereas the second step is just a simple ray tracing procedure ac-
counting for just perfect specular reflections
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| Reference | T | T2 | Basis Functions | Extend.Form factors |
Wallace87] | D S+ G | Constant Virtual Patches
Sillion89 D S + G | Constant Recursive ray-casting
Sillion91 D+G | S Spherical Harmonics | Virtual Patches

Table 2.3: Two-pass methods for non-diffuse environments

A progressive method is used to solve the equation system. At each step, energy
from the shooting patch must be relayed throughout specular bounces before a
diffuse patch is found, in order to account for extended form factors. Two options
are available for this:

e We can use a virtual patch behind every mirror to duplicate the shooting
patch, and add the form factor from this to the extended form factor.

e Use recursive ray-casting in the case that a shooting patch "sees” a perfect
specular one.

Table 2.3 summarizes the work that has been done.

2.4.4 Wavelet and Importance methods.

The complexity order for all of the previous finite elements methods is at least O(n?),
where n is the number of basis functions in the set B. As this number increases,
the quality of the approximation does so. However the complexity grows quadrati-
cally. In practical applications, the number of bases functions (patches) required to
obtain a reasonable quality is so large that those methods become unusable. The
complexity comes mainly from computation of the projected operator.

One option to solve this in the context of FE methods is the use of wavelet
or hierarchical basis functions sets. These techniques yield lower complexity for
projected operator computation and equation system solution. They have been
used in other computing fields such as curve design, robot planning, and image
analysis and compression.

2.4.5 Wavelet projection.

As described in ([Mallat89]), a Multiresolution Analysis (MRA) is a set of vector
spaces {V;,i € N} such that V; C Vi, and that V; C £2(D). In other words,
each Vj is a set of square integrable functions on a domain D. Let us call S; to any
orthonormal basis of V;. The definition of a MRA includes additional restrictions
which ensure that Ps, f converges to f when i grows to infinity. Each S; is a finite
basis which approximates any function at increasing resolutions when i grows. !

Lfor simplicity, we assume here that we are dealing with functions over the unit interval,
although the definition of a MRA stands for functions on the whole real line.
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As V; C V;;41 we can consider the complementary vector space of V; in V.
We call it U;. When we add functions of V; with functions in U;, we get functions
in Viy1. We can state that functions in U; encode the differences between V; and
Vit1. Lets now call D; to an orthonormal basis of U;. Every element in S; is
orthonormal to any in D;, and S; U D; is also a basis for V;11. The functions in
every S; are called scaling functions, and those in D; are called detail functions.

Now we are able to build an hierarchical basis function set H,, from those basis,
as follows:

n
H,=S, U D,
i=0

When we project f against H,,, we get a coarse description of f and successive
differences with successive finer descriptions, up to resolution n. In the case that f is
well described at a given resolution, the coefficients (differences) for finer resolutions
are too small. In what follows we use the symbol P, for the operator which maps
any function to its projection on H,,.

For any given operator 7, the modified operator P, T is represented by an
array of coefficients. If we set to zero all the entries below a predefined constant
threshold value, then we obtain a very sparse matrix [Beylkin91, Alpert93], such
that operations on that matrix are done in O(n) complexity, where n is the number
of basis functions.

Hierarchical methods take advantage of that property, and are based on comput-
ing a projected operator against some given basis H, by using a recursive approach
which avoids the computations of the entries below a given threshold, and such that
this step shows O(n) complexity.

2.4.6 Families of wavelets.

The simplest wavelet basis used in Global Illumination is the Haar wavelet. For
simplicity, we assume that the domain of the wavelets is the unit interval, D = [0, 1].
The set S; has 2" elements (basis functions), and can be defined as:

Si = {¢ij(x) =22 o2z —j) | j=0,...,2" —1}

where ¢go(z) is 1 when = € [0, 1], 0 otherwise. That is, every scaling function is
a scaled and translated version of ¢gg. These Haar wavelet are easy to deal with.
Unfortunatelly, the spaces V; just include discontinuous, piecewise constant func-
tions. In order to overcome these limitations, Haar basis can be further generalized
in two ways:

e Instead of using just one constant basis in Sp, we can include in it a set of
orthonormal polynomial functions, which are a basis for polynomials of degree
less than k on the unit interval. Then, V; would include piecewise polynomial,
discontinuous, functions. This wavelets are called Multiwavelets of order k,
and are described in [Alpert93].

e Use also polynomials of degree k, but, in this case, ensure they are k times
continuous differentiable on the unit interval. This can be obtained by using
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the B-Spline blending functions of degree k as basis functions. These are
called Spline Wavelets, and they can be continuous and differentiable. Unfor-
tunately, they are not orthonormal wavelets, but semi-orthonormal wavelets.

2.4.7 BI-Refinement and Hierarchical methods.

In theory, there is just one set of scaling functions at the coarser level, but in Gl
problems, this number of coarser functions is at least k, the number of surfaces in
the environment. This implies in fact a O(k?) complexity. Even in the case of using
hierarchical basis functions, the number k2 is (for very complex environments) so
large that the resulting complexity O(k?) implies long execution times. A solution
for this is the use of brightness and importance refinement (Bl-refinement).

In this context, importance is the function f = (7*)*W, (where W, = Y. W.;),
which yields for every ray r the fraction of energy traveling through that ray which
reaches the observer (after an arbitrary number of bounces). As this definition in-
cludes the operator (7*)™, computation of importance is as difficult as computation
of radiance. But the importance functions gives a weight of the contribution of the
error at each ray to the error in the final image for a given observer. Recall that
hierarchical methods are based on discarding coefficients below a given threshold.
This threshold can be lowered when the error induced by each coefficient is greater,
and this error is a function of both radiance and importance.

Bl-refinement is based on the simultaneous computation of radiosity and impor-
tance. This is done by using Jacobi iteration on successive approximations of both
functions. In this case, at each step, the threshold error for form-factor computa-
tion is diminished, and new significant entries (links) are included in the array. This
error is based on the estimation for radiosity (or radiance) and importance, which
are available from all the previous Jacobi steps.

In fact, this approach yields a solution with increasing resolution in those areas
which are perceived by the observer and are highly illuminated. This has been called
a view-dependent resolution solution.

Hierarchical methods have only been used to solve diffuse radiosity (D operator)
and to account for glossy reflections (G operator) also. In the later case, radiance
may be defined on the domain of the points and direction vectors (PD), or on the
domain of emitter and receiving point (PP). The table 2.4 shows some contributions
in this field:

2.5 Stochastic or Monte-Carlo methods.

All the methods in this section are based on the use of Markov Chains as the basic
tool to solve for Gl equation. Even when Markov Chains are used, we have to resort
to some finite basis in order to store the solution, although no projected operator
is used.
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| Reference | Oper. | Basis | Bl-refin. | Domain |
[Hanrahan91] D Haar No P
Smits92] D Haar Yes P
Gortler93] D Multiwavelets | No P
Aupperle93] D+ G | Haar Yes PP
Pattanaik94] D+ G | Haar No PP
Christensen94] | D+ G | Haar Yes PD
Schroeder94] D+ G | Multiwavelets | Yes PP
Yu95] D B-Spline No P

Table 2.4: Hierarchical methods.

2.5.1 Monte-Carlo path-tracing from the observer.

These methods may be viewed as an extension of ray-tracing, or as an instance of
MC methods for integral equations. We know that every image pixel value [; is
obtained as I; = (W,; | TTL.). The method proceeds by sequentially processing
each pixel, and computing an approximation (with a given variance) to the previous
value. This value is obtained by the evaluation of (1.93) for a given set of Markov
Chains or paths. We may use importance sampling, such that the probability density
function @ (at pixel i) is defined by using the following py and p functions:

po(r) = Wei(r) (2.10)

prs) = K(r,s) (2.11)

pea) = 1= [ KExdu) (2.12)
D

The first ray is selected with a pdf proportional to W,; and every other ray is created
from the previous one by using the K function as a conditional probability function.
The absorption probability (that is, the probability to reach the a state) is made
equal to the fraction of energy absorbed at the previous state. There are other
options to define P(r, a), such that the technique called Russian roulette [Arvo90].
When using this pure importance sampling, the equation (1.93) becomes:

k

V(e) = Y Le(es)

=0

where k is the last state before absorption. That is, ¢; = a Vj > k. In order to
further reduce variance, some techniques are usually used. One of these techniques
is direct source sampling, which is based on estimating via the following formulation:

I PwT T L.
Pw (T+T + I) L,

= PwTH(T L) + Pw Le
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That is, we use T L, instead of L, as the source term, and we add the Pw L.
term (light from sources which strikes the observer directly) separately. Here we
have used the equality 7" = Z+ 7T+, which was previously stated in (1.55). The
evaluation of the 7 L, term at every sample can be done by adding the emitted
radiance at the first hit on a surface of every chain. This technique reduces the
variance because usually the L. function is a sparse function with isolated peaks
at light sources, and this implies high variance. On the other hand, the T' L. is
a smooth function with lower variance (a comparison of these options is found in
[Shirley92]).

There are other options available for the p functions. When the light sources
do not illuminate the surfaces directly, but do so indirectly, the method shows a
very high variance even with source sampling, due to the fact that even the T' L,
function shows isolated peaks. In this case, we are able to use a different P function,
such that chains are built up of two sub-chains, one starting from the observer (pdf
for the first point proportional to W,;) and the other starting from the light sources
(pdf for the last point proportional to L.). We'll call these a bidirectional pdf, in
contrast with a forward pdf.

These techniques do not use absorption states nor infinite chains, so a finite
number of iterations of the operator are computed, hence, we use T*) instead of
T, for some finite length k. Formally, this technique is rooted in the properties of
the adjoint operator, because

I, = <T<k> L. | Wet> (2.13)
k
= Y (T"Le | Wei) (2.14)
;0
= > > wi (T Le | (T) Wer) (2.15)
n=0 i+j=n

where w;; is a set of weights such that Ziﬂ.:n wi; = 1 for any n > 0. These
weights can be arbitrarily selected, although in [Veach95], a method for optimal
selection (in the sense of reducing the variance) has been introduced (see column
Optimal Sel. on table 2.5)

As explained, these methods proceed pixel by pixel independently, and do not
use any coherence of the image at all. In the case that the target function does
not show very high pixel-to-pixel variations, we may store solutions attached to the
surfaces and reuse them when necessary.

Table 2.5 shows some of the published work in this topic.

2.5.2 Photosimulation or Particle-Tracing Methods.

This method, (also called Photon-tracking, MC path tracing from the light sources,
shooting random walk, or backward ray-tracing) is also based on Markov Chains.
In fact, it uses the same principles as the previous methods, although in this case
we resort to the adjoint of the transport operator (7. instead of 7). We can
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| Reference | PDF | Coherence | Optimal Sel. |
[Cook84] forward No No
Kajiya86] forward No No
Ward88] forward Yes No
Veach94] bidirectional | No No
Lafortune94] | bidirectional | No No
Veach95] bidirectional | No Yes

Table 2.5: Path tracing from the observer.
compute the function L' = PgT + Lg (for any basis B) as a set of coefficients I; by
using the following:
i = (b | TTLe) = (Le | (T*)"0;)

So the above computation can be viewed as an instance of (1.95) where g = L,
and h; = b;. In this context, the selection of py and p are usually done as follows:

po(r) = Lqur) (2.16)
p(r,s) = K(r,s) (2.17)
pla,s) = 1-— /D K(x,s)dx (2.18)

where ® is a scaling factor introduced to normalize p, that is, ® = [, L.(r)du(r),
the total energy emitted in the environment. In the case of using constant, disjoint
basis functions (patches) as defined in (2.3), then the value b;(c;) is either O or
1/A;, and the computation of the summation over the set of basis is no longer
necessary. Instead, we just need to perform the selection of the patch in which ¢;
is included. If we call n; the number of chain states in the domain of patch number
i for all the m chains, then (1.95) is further simplified to:

@ni
P R

We can give a physical interpretation for the process described above. Each chain
is viewed as a photon, which is created based on L., which then bounces through
the environment based on K (which is viewed as the probability function for photon
state changes) and is finally absorbed at a given patch. Each photon has an energy
equal to ®/m. The division by A; is done to obtain average energy per unit area
instead of total energy. So the above equation is viewed as a simple count of the
energy of the photons leaving the patch. Given that this method was first described
in this context [Spanier69, Kalos86], its name is " photosimulation".

Instead of this basic selection, we may use an importance based P function,
such that a higher chain density is obtained in those areas of the scene which are
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| Reference | Operator | Imp. | Direct.Sol. |

[Arvo86] StTDS* No | No
[Heckbert90] | STDS* Yes | No
[Pattanaik92] | (S+D+¢G)" | No | No
[
[

Pattanaik93] | (S+D+G)" | Yes | No
Dutre94] D+G)7" Yes | Yes

Table 2.6: Path tracing from light sources (Shooting Random Walk)

viewed by the observer. There are several options to modify the P function in order
to achieve this, see, for example, [Pattanaik93].

Once the L' function is obtained, we still have to project it against a given
observer in order to obtain the image. This last step is done by using any simple
projection method, as those detailed in section 2.4. If the T operator includes any
perfect specular term, then L’ function does not captures the details of the exact
solution L = TTL,. This is solved by using two-pass methods, as described in
section 6.3. If 7 = T; + 75 then the process is: (recall that U = 7;7,")

L' = PgUt L.
I = PwTt L/

Again, simple ray-tracing is used to achieve the second step.

Finally, a one-step photosimulation method is available for environments with
no perfect specular reflections. In this case, the image is obtained directly. It may
be viewed as the counterpart of direct source sampling in MC ray-tracing methods.
Instead of using Markov Chains to project against a basis function set and then
project against the observer, it is possible to project directly against the observer
(the base W, introduced in section 2.1). The image is directly obtained as a result
of the photosimulation process.

Table 2.6 includes the articles where implementations of photosimulation has
been described. The column headed as Direct.Sol. refers to whether the above
technique has been used or not.

2.6 Conclusions.

In this chapter we introduce a formalization of the Global lllumination problem. We
state that this problem is the computation of a set of functionals or inner products of
the radiance function, which in turn is obtained after applying the global transport
operator to the emitted radiance function.

The set of inner products is done against a set of basis functions. We call this set
the observer. This formulation is used to introduce a number of algorithms which
have been previously designed for realistic rendering. The algorithms are classified
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according to the basic method used to obtain the discrete image. This allows to
highlight both the differences and similarities between them.

The main benefit we obtain from the notion of observer is in the introduction of
rendering algorithms. All of them can be mapped to a given expression (involving the
global transport operator, and the projection operator) which states the dependence
of the image function with respect to the emitted radiance function.
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Chapter 3

The Variance of
Monte-Carlo Methods.

3.1 Introduction.

In this chapter, we characterize the variance of Monte-Carlo methods which are
based on Markov Chains.

First we define a probability measure, defined in the space of all possible Markov
Chains. This probability is used to introduce a random variable evaluated over
Markov Chains. Path-tracing algorithm can be viewed, in essence, as the process
of sampling that random variable. By analyzing its mean, we show that path-
tracing is unbiased. Moreover, we also analyze its variance, and we show how the
variance function obeys an integral equation, as the radiance does. This allows to
characterize the variance for a some Monte-Carlo algorithms.

A related method is used to find the variance of path-tracing with direct light
source sampling.

3.2 Path-Tracing Variance

In this section we consider simple particle tracing and path-tracing methods. We
show how both methods are ultimately based in sampling a given distribution of
Markov-Chains. Then we analyze their variance, and we see how they apply to
problems in Global lllumination. The results about the variance of this technique
can be found in [Mikhailov92], although in that book the demonstration does not
appear explicitly, and the results are not applied to Global lllumination. The first
study of the variance of Monte-Carlo method (in the context of Global Illumination
techniques) is in [Shirley91]. In this case, the photosimulation algorithm for diffuse
environments is analyzed (with particles whose contribution to the estimators takes
place at their last impact). Here it was introduced a bound for the variance and then
it was proved that photosimulation has linear complexity with respect the number

69
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of patches.

A deeper study of the diffuse case is in [Sbert97]. Here, the variance for both
photosimulation and path-tracing are given (including estimators with just last im-
pact contribution and estimators with contribution at all impacts). Bounds for the
variance of the estimators where presented, and also it was shown linear complexity
with respect the number of patches. However, this study is limited to a special case
of Markov Chains. In these chains, after a particle or path hits a patch, the next exit
point is randomly selected in that patch. This implies that the solution we obtain
is no longer an approximation to the projection of the exact radiosity function, but
it is an approximation to the solution of the discretized equation which involves a
discrete matrix. Although further work must be done to extend these results to
classic chains, this can be done as it is briefly described in [Sbert97b].

In this chapter, we study the problem of the variance for an arbitrary environ-
ment, with any reflection behavior, and with classic Markov Chains including any
valid transition and absorption probability functions. We characterize the variance
of estimators at all impacts for a general integral equation, the we apply the result
to Global Illumination problems.

3.2.1 The density of Markov-Chains

The transition probability function.

Lets consider the set D' = DU{a}, where a is a special element called the absorption
state, with a ¢ D. Recall that the D is the domain where the integration of equation
(1.27) is done.

Integrations in D can be extended to integrations in D' by extending the defi-
nition of the arbitrary measure m used in (1.27) to a new measure m' defined on
D'. For any set A C D', m' is defined as

' _ m(A) ifa¢A
m'(4) = { m(A—{a}) +1 ifaeA

the previous definition implies that m'({a}) = 1, that is, the measure of the ad-
sorption state is always 1, independently of the measure of the rest of elements.
This definitions implies that, for any function f defined on D’, whose restriction to
D is integrable, we have

f@dn'@) = @) + [ f@)dn() (3:2)
D' D

By using the above measure, we define a transition probability function as any
function p defined on D’ x D', with the following properties, which must holds for
all r,s € D'

(3.1)

| = / p(r, 1) dm' (1) (3.3)

= pla,a) (3.4)

k(r,s) >0 — p(r,s)>0 (3.5)
p(r,a) > 0 (3.6)
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the value p(r, s) is the conditional probability for making a transition to state s,
when the previous state was r, in a chain of states in D'. Equality (3.3) ensures
that the function p is normalized and can be used as a probability measure. The
equality (3.4) ensures that all the transitions from the adsorption state go again to
the adsorption state. Equality (3.5) implies that all states s such that k(r,s) > 0
have a chance for being selected after r. Finally, inequality (3.6) implies that there
is always a chance to fall into absorption state after any state. This, in turn, implies
that it is impossible to find a chain which does not visits never the absorption state
(that is, the set of infinite chains with no absorption state have a zero probability
measure).

A probability measure for Markov-Chains.

Let us define C' as the set of all possible infinite lists of elements in D’ Formally,
we can defined C' as the smallest solution to the following set equation

C =D xC

Consider now any chain ¢ € C with ¢ = {cp,c1,¢2,...} and a element z € D'.
Obviously it holds that (z,c) € C. In what follows, we will write zc to mean the
chain (z, ¢). This implies that zc is the infinite chain obtained by placing z in front
of ¢, that is zc = {x, o, c1, ...}

In figure 3.1 you can see you can see an example of a chain for a given environ-
ment. Note that 7 is an element which points towards the observer.

O
L

Figure 3.1: An example of a simple chain.

Once C is defined, we define a probability measure on C, named U,., which
is induced by the transition probability function. This probability measure can be
used to integrate in C, in the Lebesgue sense. If we have A C (', we can find the
measure of A by Lebesgue integration:

U,(A4) = /C dU, (¢) (3.7)
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here, dU,(c) is a differential quantity which express the differential measure of a
chain ¢. We can view dU,(c) as the conditional probability that a chain visits
Co,C1,Ca, . .. just after visiting 7, where ¢ = {cp,c1,co,...}.

Once we have selected a transition probability function, and a element r in D’,
we define U, as the measure which obeys the following properties

dU,(sc)

dm'(s)dU,(0) p(r,s) A U(C)=1 (3.8)

Equation (3.8) defines the relation between U, and p. It can be used for change
the variable of integration, in integrals over C. In fact it will be used to change
the integration on C' by integration on D’ x C (both spaces are the same). The
value dU,(sc) is the probability to go from state r to state s and then over all
states in chain ¢. This probability is proportional to p(r, s) dm'(s) (the differential
probability to go from r to s) and to dU(c), which is the probability to go over
chain ¢ after visiting s. Condition U.(C) = 1 ensures that U, is normalized and
thus is a probability measure.

3.2.2 A random variable for Markov Chains

Once we have a probability measure dU,., we can define random variables in C', with
respect that probability measure. Let us define the random variable X,.. The r in
the subscript stands for any r € D’. This is done so because the definition of X,
is parametrized with respect to a given state r. This definition is:

k(r,s)

Xp(se) = 9(r) + 0

X;(c) (3.9)
The g and k functions used here are those of (1.27). We need to extend the
definition of these functions to account for the adsorption state. We make, by
definition, g(a) = 0 and k(r,a) = 0, for all r € D'. The mean of the random
variable X, with respect to the probability measure dU, is:

E(X,) = /C X,(e)dU,(c) = £(r) (3.10)

this is an important result, because allows to use Monte-Carlo methods for finding
the value f(r), where f is the solution of equation (1.27). These kind of estimators
has been widely used both in neutron transport problems and in Computer Graphics.
They are called gathering random walk estimators.
In order to show the above and analyze the variance, we define the set of
functions E,, for n > 1 as:
E,(r) = BE(X)) (3.11)

We will be interested mainly in the functions F; and E>. The mean of X, can be
find as follows

E(r) = E(X,) (3.12)
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= X, (sc) dU,(sc) (3.13)
c

= r k(r, ) c sc

= [ ooy + EeD x0)] v .19

Xs(c)dU,(sc) (3.15)

= g(r)/CdUr(sc) +/ k(r,s) Xs(c)dm'(s) dUg(c) (3.16)

D'xC
= g(r) + /D’ k(r,s) [ ; X;(e) dUs(c)} dm/(s) (3.17)
= g(r) + . k(r,s) E1(s)dm’(s) (3.18)

The integration in equation (3.18) can be limited to D instead of D’, because
k(r,a) = 0. Now, we rewrite (3.18):

Ey(r) = g(r) + /D K(r, 5) By (s) dm(s) (3.19)

Now we observe that the above equation is exactly equal to (1.27). As that equation
has a unique solution, then we get that E; = f, and then, at all points r, we have
that E(X,) = f(r). This implies that sampling X, yields unbiased estimators for
the f function.

3.2.3 Analysis of the variance

Although we have an unbiased estimator for radiance, this estimator can be im-
practical due to the variance. In this section we analyst the variance involved in
the estimation of f(r) by using the random variable X,. The expression for the
variance is:

Var(X,) = /O [X,(c) — B(X) dUL (o) (3.20)
- B(XY) - BY(X,) (3.21)
= B - ) (322

We explicitly define the function V() = Var(X,), as this is useful for our purposes.
We will also use a linear integral operator i/, defined as follows:

= L(T’S) s)dm(s
UF(r) = /D pY F(s)dm(s) (3.23)

In what follows, we will prove that the function V' can be found as the solution of
an integral equation of the second kind which involves the operator /. We now
develop the expression of Ea(r):

FEy(r) = E(X?) (3.24)
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= / X2(sc) dU,(sc) (3.25)
c

- [0+
[ [0+ 2000 B2 x4 S0 0] v sgpm

X (c)} dU,(sc) (3.26)

If we do separate integration for the three terms above, we get, for the first term,
that:

/ P dUs(s)) = ¢*(r) / dU, (sc) (3.28)
C C
9°(r) (3.29)

With respect to the second term in (3.27), we can rewrite it as follows

[ 20t K (r,5)
C

p(r, s) p(r, s)

Xs(c)dUy(sc) = 2g(r)/c Xs(c)dU,(sc) (3.30)

Using the same reasoning which converts equation (3.15) into (3.18), we find that
the value (3.30) can be converted into:

29(7")/ k(r,s) f(s)dm(s) = 2g(r) Af(r) (3.31)
D
Now, we expand the third term in (3.27):
k2(’l",8) 2
/C e XU, (50 (3.32)
_ / EAT25) %2(6) Ip(r, 5) dm(s) dUL (€)] (3.33)
pxc PA(r,8)
= K (r,5) 2(¢ c)| dm(s
= [ EEA [ o) e (339
_ / "; ((7"’ S’)) Fa(s) dm(s) (3.35)
D r,s
— UB(r) (3.36)

Putting together the three terms in equations (3.29), (3.31) and (3.36), we can
rewrite (3.27), as follows:

Esy(r) = g*(r) + 2g(r) Af(r) + UM(r) (3.37)
putting the above as a functional equation we get

By = ¢*+29Af+UE, (3.38)
(g+Af)> — (Af)? +UE, (3.39)
= fP—(Af)’ +UE; (3.40)
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Then we can find a similar expression for V'
V == E2 — f2

= UE, — (Af)?

= UV + f*) = (Af)?

= Uf—(Af)> + UV
Here we have used the identity Af = f — g. Now we define the function V, as

Vo = UF* — (Af) (3.41)
and we get the following integral equation whose solution is the variance function

V= V. +Uuv (3.42)

the previous equation is a second order integral equation of the second kind, as
equation (1.27). This variance equation has a solution (that is, V' function exists)
if the norm of the involved operator is bounded by 1, that is [U{|; < 1. Then, we
can impose an additional condition to the p function:

k2(r,s)
/D i) <1 (3.43)

the above must hold for all points r in domain D. This ensures that ||, = 1.

3.2.4 Transition probabilities proportional to the kernel.

In the previous section, it was introduced an expression for the variance when an
arbitrary transition probability function was used, on an arbitrary domain D. In
this subsection, we apply those result to Path-Tracing, in the context of global
llumination. The most usual transition probability function used is proportional to
the kernel function K, that is p(r,s) = ¢K(r, s), where ¢ is a constant. The most
obvious selection is to make ¢ equal to 1. Then p(r,s) = K(r,s) for all s in D,
and we get

/’ p(r,s)dm'(s) = p(r,a) + /D k(r,s)dm(s) (3.44)

Normalization of the function p, as stated in equality (3.3) is ensured because
my < 1, as stated in the first chapter. Then we know that

/ k(r,s) dm(s) < my <1 (3.45)
D

for all r and s in D, and we get. The value p(r, a) is determined by equality (3.3),
from which we deduce

p(ra) = 1— /D k(r, 5) dm(s) (3.46)
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now, the p function is fully determined. This instance of p obeys all necessary
restrictions, and also (3.43), so we obtain finite variance. With this definition of p,
we can find the value for V, that is, the variance function. In order to do this, we
first find the value of the function U/h for an arbitrary function h

[ B,
uh = /D p(r, s) Hs) dmts)
_ / k(r, s) h(s) dm(s)

D

= Ah

and we deduce that, for this transition function, the operators U/ and A are the

same, then the variance is
V =V.+ AV (3.47)

where

Ve = Af? — (Af)? (3.48)

the variance function V is thus integrable in D because it can be obtained as the
solution to (3.47) and |A|; < 1. This means that V' has finite values in D except
for a zero-measure set of points. Furthermore, the variance is given by

Vo= AV, = AT (AL - (AF) (3.49)
and from (3.40) we get that F» = (f> — (Af)?) + T E> and thus

By = A* (f* = (Af)?) (3.50)

3.2.5 Estimation of inner products.

In the previous subsection, we have seen the variance involved in punctual estimation
of the function f. But usually, in Global lllumination the target is the estimation
of the inner product (f | h) of f and an arbitrary function h, as stated in chapter
2. This can be done also by using MC methods. In order to formalize this, we
introduce a new random variable X}, whose mean is (f | h). The definition is

Xp(re) = ;:)(é)) X,(c) (3.51)

where pg is a probability density function, obeying
h(r) >0 = po(r) >0 (3.52)
| m)dutr) =1 (353)
D

the function pgy induces a probability measure Uy, on C (the space of all chains),
which obeys
dUp(rc) = po(r)dm(r)dU,(c) (3.54)
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Now, we expand the expected value of X}, with respect the probability measure Uy,

B(X,) = /C X (re) dUp (rc) (3.55)
_ / h(r) X, () dm(r) dU, (¢) (3.56)
CxD
= /Dh(r) /CX,n(c)dUr(c)} dm(r) (3.57)
_ /D h(r) B(X,.) dm(r) (3.58)
= /D h(r) L(r) dm(r) (3.59)
= (fIh) (3.60)

With this, we know that the random variable X} can be sampled to guess a value
for (f | h). The efficiency of the method depends on the variance. To obtain an
expression for Var(Xy), we begin by expanding E(X7)

E(X}) = /DX,QL(rc)dUh(rc) (3.61)
= / X7 (re) po(r) dm(r) dU,(c) (3.62)
CxD

= 2(c c W (r) m(r

- [ [ xowo] S e
_ 2 hQ(T) m(r
_ /D B(X}) T dmi) (3.64)
= (Bx|h*/po) (3.65)
And then, the variance is

Var(Xy) = E(X}?) — E*(Xy) (3.66)
= (B2 | W’ /po) — (f | B)? (3.67)

The value po(r) is the differential probability for selecting 7 as the first element in
a chain. Once this is done, transitions are governed by the p function.

In the case that it is possible, we select py proportional to h, because when no
other information is available, this is an optimal selection. In this case we have
po = h/c where ¢ is a normalization constant, that is, ¢ = [}, h(r)dm(r). With
this example of py, we get the following variance:

Var(Xp) = ¢ (AT (f2 = (Af)?) | h) = (f | h)° (3.68)
= c(f2 = (AN | (A h) — (f | h)? (3.69)
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3.2.6 An ideal transition probability with zero variance

From the above section we can deduce when the variance involved in the estimator
X, is zero. This can only happen if the V. function is zero at all points. From
(3.41) we get that V. = 0 if and only if Uf? = (Af)?. We select the following
transition probability function:

f(s)
Af(r)

it is easy to prove that the above function p obeys equations (3.3) and (3.5). With
respect to the variance, we find U/ f2:

p(r;s) = K(r,s)

(3.70)

2 _ K?(r,5) . s) ds
ure) = [ = ped 3.1)
= /DK(r,s)Af(r)f(s)ds (3.72)
= Af(r)/DK(r,s)f(s)ds (3.73)
= (Af(r)? (3.74)

As expected, we have found that U/ f> = (Af)?, and then V, = 0 when p is as
defined in (3.70). Obviously we can not select chains with the probability density
induced by this p, as its definition involves the unknown values f(s) and Af(r).

3.2.7 Applications to Global Illumination

In this subsection we see how the results in the previous subsections can be applied
to analyze the variance for a number of problems in Gl.

Computation of a pixel intensity

In this case, the problem is the computation of samples of the image function, as
stated in chapter 2. Recall that the set of functions W = {W,q,...,W,,} is used
to project the radiance function and obtain a discrete image. The intensity at each
pixel is I; = (W¢; | L). Thus, the problem can be stated as the inner product of the
radiance function and other function, and path-tracing can be applied. This can
be done by sampling the random variable X}, as defined in (3.51), with h = W,
A=T,9=0L., f=L, Af =TL = L, and m = u. Lets assume that W,; is
normalized, in the sense that fD Wei(r) du(r) = 1, then we can use pg = W,;.
We also use transition probabilities proportional to the kernel, and hence p = K
and 7 = U. Now, we have that E(X}) = l;, and the method is unbiased. With
respect to variance, we get from (3.50), (note that &/ = T') the value of Es

By = T (L* - L2 (3.75)
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by using po = h = W.;, equation (3.67) can be rewritten as

Var(Xp) = (L*—L2| (T We) =17 (3.76)
= (L =L} |Wi) =1 (3.77)

note that W; = (7*)* WL, is the potential (or importance) induced by the i-th
pixel in the image, as defined in section 2.1.

Computation of the radiosity of a patch

In this case, the goal is the obtention of the radiosity of a patch, either by shooting
power carrying particles from the light sources, as stated in sub section 2.5.2, either
by gathering random walk, by using paths starting from the patch.

We assume that L, has a diffuse distribution (that is, L.(z,w) is independent
of w) and that 7 is the diffuse transport operator. In this circumstances, (as can be
seen in sub section 1.3.2) radiance transport is modeled by the radiosity equation.
The radiosity of a patch is the average value of the radiosity function for all its area.
Lets call A to the patch region, and b to its radiosity, then we have

1 1
bzi/ L(r)du(r) = — L(r)du(r 3.78
WA 0] Jao "W T ] [, MO BT
by defining the following W, function
—1 h e AxO
Wer) = { 74 T (3.79)
0 otherwise

we can write b as an inner product
b= [ W) Ltdutr) = (L] W) (3.80)
D

Let us define W = (T*)TW,, that is, W is the potential function. We can state
these two adjoint equations

B = B.+TB (3.81)
W o= W.+T'W (3.82)

and also express b in two ways
b= (B|W.) = (T*B.|W.) = (B | (T)"W.) = (B.|W) (3.83)

then there exists two different MC methods to estimate b. Both are based in the
random variable X},, as defined in subsection 3.2.5, which are described:

Particle tracing. In this case we can make f = W, A = T7*, and h = B,.
This implies that E(X},) = (B, | W) = b. This is called particle tracing
algorithms. The variance of particle tracing methods can be obtained by
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assuming that transition probabilities are made proportional to the kernel,
that is p(s,r) = K(r,s). The function p, is made also proportional to
B., by doing po(r) = B.(r)/¢. where ¢, is the total power emitted in the
environment, that is, ¢, = [, Be(r)du(r). Then h?/py = ¢ B.. With these
definitions, we get

Var(Xp,) = (W?=W?|TTB.) ¢ — b (3.84)
(W? =W?|B) ¢ — b° (3.85)

where W, = T*W.

Path-tracing. In this other case we make f = L, A =T, and h = W,. In this
case we get a gathering random walk process (or path-tracing) and E(X},) =
(B | We) = b. The variance of gathering random walk can be obtained when
p(r,s) = K(r,s) and pp(r) = W,(r) (note that W, is normalized). In this
conditions, we obtain

Var(X,) = (TT(B*-B2)|W.) — b* (3.86)
= (B*-B2|W) — (3.87)

3.3 Path-Tracing with direct light source sam-
pling.

As was explained in the survey about Global lllumination methods, direct light source
sampling is an enhancement to raw Monte-Carlo Path Tracing. In this case, instead
of adding the emitted radiance, the reflected radiance (at each bounce) is sampled,
also by using Monte-Carlo techniques. This was proposed in [Kajiya86]. After this,
several sampling distributions have been proposed with this purpose ([Shirley96]).
In this section we try to find an expression for the variance when this method is
used. The first step is to introduce the density of Markov-Chains, then we show
that the method is unbiased, and we find its variance. Finally, we show how this
method is applied in Global Illumination.

3.3.1 Extended density of Markov Chains.

Now, we introduce a probability measure for Markov-Chains which is involved in
direct source sampling. This density is very similar to that used in section 3.2.1,
although this is defined in an extended space. Lets consider the space C' of all
infinite chains of pairs of elements in D’, that is, if ¢ € C' then ¢ = (ry,ra,...)
where r; € (D [J{a})?. We will also use the notation rc, where r € D> and ¢ € C’,
thus if ¢ = (r1,r2,...) then r¢ = (r,71,7r2,...) € C'. Each state s in a chain is a
pair whose two elements are called s; and s;, respectively, that is s = (s4, s;). The
element s, is used for direct source sampling, while s; is the next element in the
chain. Assume that current state in a chain is ¢ = (r4,7). The probability for the
next state to be s = (sg4, s;) is depends of r and is independent of ;. Furthermore,
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this probability can be decomposed as a product of the two components in s (it is
separable with respect to s). Thus, we can write this probability as

pa(r, sq) p(r, s;) dm(sq) dm(s;)

where p4(r,sq) is the probability of selecting py for direct source sampling, and
p(r, s;) is the probability of continuing the chain through s;. Figure 3.2 shows an
example of an extended chain. It starts in r (is the ray pointing to the observer),
and then continues with (sg4, s;). The origin of s; usually is in a light source.

Figure 3.2: An example of an extended chain.

With all this, we can define the probability measure @, for every r € D', is
defined by the following equality

dQr(sc) = pa(r,sq) dm(sq) p(r,s;) dm(s;) dQs,(c) (3.88)

The value pq(r, sq) dm(sq) is the (differential) probability for selecting s, for direct
source sampling, while p(r, s;) dQs, (c) is the differential probability for making a
transition to state s; and then going through all states in chain ¢ The function p
here is also the transition probability function, and obeys properties defined in (3.3)
and (3.4). The function py is used to make direct source sampling, and obeys

1= / (s 5) dm(s) (3.89)
D
k(r,s)g(s) > 0 = pu(r,s) > 0 (3.90)

Extended chains used in this section are supposed to follow the distribution induced
by the probability measure @,.

3.3.2 A random variable on extended chains.

Now we define the random variable Y;., for all elements » € D, and evaluated on
extended chains

Y.(se) = Z.(sq) +

Ys, (c) (3.91)
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where Z, is another random variable defined as

k(r,sq)

Zr(sa) = pa(r, sa)

9(sa) (3.92)

Note that 7, is defined on D instead of C'. lts mean with respect the density
pa(r,s) dm(sq) is

E(Z,) = /DZr(Sd)pd(S,dm)dm(sd) (3.93)
= [ ks asa) dm(sa) (3.94)
= (Ag)(r) (3.95)
The mean of Y, with respect to measure Q, is
E(,) = /C Vi(s6) dQ1(50) (3.96)
K(r, 51)

ros:
= Z.(8q)dQ,(sc +/ Y5, (e) dQy(sc 3.97
L Zsnaeise + [ SEIY (0 Q) 307
the first term above can be written as
/ Z,(54) dQx (s0)
C!

- / Z,(84) palr, sa) dm(sa) p(r, s:) dim(s:) dQs, )
D2xC'

[zt ([ wtrsd [ [ 0u@) dmisn) ) patrsiamisa

_ /D Z(54) palr, s4) dm(sa)
- E(Z)
= (Ag)(r)

while the second term in (3.97) is

~

k(r,s;
[, SR )40, (se)
k(r, s;) Ys, (¢) pa(r, sq) dm(sq) dm(s;) dQs; (c)

/O Ysi(0) </D p(r; 84) dm(sd)> dQ,, (C)} dm(s;)
/C, Vs, (€)dQs, (c)] dm(s;)

[l
S—

D2xC’

k(r, s;)

I
SN

k(r, s;)

k(r,s;) E(Ys,) dm(s;)
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= /D k(T‘, Si) El(si) dm(si)
= (AE)(r)

here, we have defined the function E;(r) = E(Y}.), as in previous section. Joining
again the two terms in (3.97) we get

E(X,) = Ei(r) = (Ag)(r) + (AE1)(r) (3.98)
or, in a functional form
E] = Ag + AFE; (3.99)
and thus, we deduce
E; = At (Ag) = A(Atg) = Af (3.100)

we have used the identity AT A = AAT, which is easily derived from the definition
of AT. Then we have that E(Y,) = (Af)(r) and we can use this random variable
to guess that value. The target is to compute the values of f instead of Af, and
this is done by sampling Y, defined as

Y!(e) = g(r) + Y.(c) (3.101)
and obviously
E(Y)) = g(r)+E(Y;) = g(r)+ (Af)(r) = f(r) (3.102)
obviously, it holds Var(Y,) = Var(Y,). In the next section, this variance is ana-
lyzed, as it was done with the variance of X,..
The variance of Y,

With respect to variance, we have Var(Y,) = Var(Y,), so we analyze the first
of them. As in previous section, we define Ej(r) = E(Y,?). This value can be
expanded as the sum of three terms. Each of them can be simplified by using the
same steps involved in the derivation of the mean value.

By(r) = E(Y?)
= [ v2(s0)dQu(50)
.
_ 2 k*(r, 5i) 2 )
- /D 22 (54) palr, 5a) dm(sa) + /D S B2 dm(s)

o

(r,si)
+2 [ 2,(50) S, (6) dQ, o0

The first two terms above can be written as FE(Z2) + (UES)(r). The third term
can be expanded as

™

(r, s;)

5 /D Zn(s54) o5 Vo (€) Q1 (50




84 Efficient Monte Carlo Methods for Global Illumination

[ zonitrsnamta| | [ s | [ ¥ i@ | dmis)|
= 2B(Z) (AB)()
2 (Ag) () (4°)(r)

Joining again the three terms, we can rewrite the expression of E} as

Ey(r) = B(Z]) + UE)(r) + 2 (Ag)(r) (A*f)(r) (3.103)

the value E(Z2) can be written as (Fg?)(r) where F is the integral operator with
kernel k% /pg, that is

(Fg*)(r) = /D%g%sd)dm(sd) (3.104)

For simplicity, we define f, = A" f and g, = A"g, for all n > 0. Applying A™ on
both sides of (1.44), we get f,, = gn + fat1- As gn > 0, then we get fr11 < fn.
With all these definitions, equation (3.103) can be written as

Ey = Fg*> + 2(Ag)(A%f) + UE},
= Fg' + 291 f> + UE,
Fg® + fi —gf — f + UE,
The previous equation is an integral equation, because E} is in both sides of the

equality. If we assume that U obeys inequality (3.43), then |U/|;, and then exists
U*. By using this operator, we can write E} as:

By = Ut [Fq - g2 + /2 - /2] (3.105)

If we define the function V' as V'(r) = Var(Y;) then we have Ej(r) = V'(r) +
E2(Y,) = V'(r) + (fi(r))?. If we substitute in equation (3.103) the function E}
by this value, then we obtain the following expression for V'
Vo= Fg' - g — 5 UV +fD)
= Fg* —gi - fi +Uff + UV

this is equivalent to
V= Ut [Fg® —gf — f5 + US] (3.106)

So we see that random variable Y, has a variance V' which is the solution of an
integral equation of the second kind.

In the case that the transition probability function p is proportional to the kernel
k then (as we saw in previous section) it holds A = U/, and then we can write E}
and V' as:

E, = A" [F¢® —gi + 1 — f5] (3.107)
VI = AN [Fe¢® - gi — f3 + Af}] (3.108)
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3.3.3 Estimation of inner products.

As has been stated previously, frequently we want to compute inner products of f
and an arbitrary function h. This can be done by using extended chains, by using
an algorithm similar to the one used for simple chains. In what follows, we define a
probability measure and a random variable used to do this.

With respect to the probability measure, it will be named as (), and is defined
in the space D x C'. This means that the sample space is an element in D and a
chain. For simplicity, we will write rc to mean the element (r,c) in D x C', where
r is an element in D and c is an extended chain in C'. We will define the new
measure by using its relation to @, as follows:

dQn(re) = po(r)dm(r)dQ,(c) (3.109)

where py obeys the properties established in (3.52) and (3.53). The value py(r) is
the probability for selecting r as the first ray in the extended chain. The random
variable Y}, is defined also in D x C’, as follows:

h(r) -

Yi(re) = pO(T)YT(C) (3.110)

the mean value of Y}, with respect to ()}, is obtained as:

E(Y,) = /D o Y5 (re) dQn(rc)

= [ w0y | [ ¥ 00 dmr)

D
h(r) E(Y,)) dm(r)
D

/ h(r) f(r) dm(r)
D
= |

then we see that sampling Y7}, is useful for obtaining unbiased estimators of (f | h).
With respect to variance, we know that Var(Yy,) = E(Y?) — (f | h)>. The, if we
expand E(Y}?), we obtain:

E(Y})

/ Yh2 (re) dQp(re)
DxC

h2 (7“) 12
/D BV Qure)

[ v @daa] an

= (W/po| By + £ = f7)
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where we have used the equality E(Y/”) = Ej(r) + f2 — f2, which is obtained
easily from the definition of Y}, given in (3.101).

If we assume [}, h(r)dm(r) = 1 (that is, the function h is normalized), that
po is equal to A at all points, and we select p proportional to k then we get A = U
and h?/py = h. For this particular conditions the value E(Y}?) can be written as
follows:

E(Y)

(h| By + £ = f7)

(h | By) +(h| f? = f})

(AN | Fg* — gt + f2 = f3)+ (| 2= f})
= (I F@ =gt + 7 = BY+(n 7= 1)

where [ = (A*)™ h is the solution to the equation | = h + A*l, which is the adjoint
of equation (1.44).

3.4 Conclusions.

In chapter three we focus on existing Monte-Carlo methods for second order integral
equations. We present a probability measure on the space of all infinite chains, and
a random variable defined over this probability measure. Then, some Monte-Carlo
methods can be viewed as the obtention of samples from that random variable.

By using those tools, we obtain a characterization of the variance, by using a
general formulation. A interesting result is that the variance function obeys a second
order integral equation. Finally, we apply that result to path tracing for radiance,
particle tracing for radiosity, and gathering random walk for radiosity. In all the
cases we obtain expressions for the variance, and those expressions involve just the
potential function and the unknown radiance function.

Related characterizations of the variance where previously known [Mikhailov92],
but did not included finite chains ended in absorption. We also introduce ideal
estimators with zero variance.

The main benefit is in a higher comprehension of the nature of the variance
function. This makes easier the design of better algorithms with reduced variance.



Chapter 4

Improved Final-Gather for
Radiosity.

4.1 Introduction.

The computation of radiosity on arbitrary environments is a problem which has been
solved by either projection or Monte-Carlo methods, as has been explained in the
second chapter. The former algorithms can be improved if hierarchical and/or higher
order basis functions sets are used [Gortler93], instead of constant non-overlapping
basis. The main drawback is that the process yields a projected (discrete) approxi-
mation to the radiosity function, which may not capture some details of the exact
function. The process is summarized in figure 4.1: A simulation of energy transfers
between pairs of elements yields a vector of radiosities B;, each of them is related
to each of the elements.

Figure 4.1: Classic finite elements radiosity.

This can be solved by using a basis function set which is known to approxi-
mate more accurately the target radiosity function. A proposed solution is to use
discontinuity meshing [Lischinski92], in which the domain of each basis function
extends to an area which does not includes any discontinuity up to some given or-
der. Another option is the shadow masks technique [Zatz93], for higher order basis

87
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functions. Unfortunately, the computation of either the discontinuity mesh or the
shadow masks is complicated for environments with a large number of surfaces.

With respect to Monte-Carlo methods, they rely on sampling a distributions
of Markov Chains [Spanier69, Kajiya86]. The computation process involves some
given variance for the estimators used. In all the cases, a huge number of chains is
needed to reduce this variance to acceptable levels.

In order to overcome these limitations, we consider two pass methods, in which
the first pass yields a low resolution approximation to the radiosity function, and in
the second pass (also called rendering pass) this approximation is refined by using
final gather at the pixel level. The process of final gather can be stated as the
computation of irradiance in each given visible point during rendering. This implies
gathering radiosity values from all the possible sources in the environment (see figure
4.2)

Figure 4.2: The final gather step.

Several papers deal with this problem. In [Rushmeier88]. a Monte-Carlo method
for final gather was presented, and in [Reichert92] it was described a system in which
hemicubes and graphics hardware was used. Both methods require a large amount
of computation at each pixel.

An improvement to the raw scheme comes from sampling just for direct lighting
as described in [Shirley90], and use the stored radiosity for indirect illumination.
In order to further improve the sampling method, it is possible to guess which
sources or reflectors contribute the most to the irradiance at the target point. Then
a bigger effort can be made for those selected areas. In [Kok91], a method is
shown in which the first pass yields, for each patch, a set of other patches that
have been classified as sources for the first. At the rendering pass, those other
patches are directly sampled by adaptive ray-casting. Ward describes [Ward91] a
method to avoid sampling all light sources, for scenes with many of them. An
spatial index can be used to compute the area of influence of sources, as described
in [Zimmerman95, Shirley96]. Others approaches to compute irradiance include
the use of Evolutionary Algorithms [Beyer94], or simplified geometry for the source
function [Rushmeier93, Zimmerman95].

In this chapter we propose a simple yet efficient Monte-Carlo method to compute
irradiance over target points in the second pass. We use information gathered at the
first pass, to guess the distribution of irradiance over each patch, with respect to
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the source patch. We show how this data can be used to built a valid pdf, yielding
an unbiased estimator of irradiance with low variance. The method does not need
complicated data structures, neither modifications to standard techniques for low
resolution radiosity computations. The number of samples that each patch receives
is (approximately) proportional to the irradiance it induces on the patch where the
receiver point belongs. This number of samples can be reduced, and in fact, it can
be lower than the number of patches. Thus, by using a simple and well defined pdf,
we avoid the explicit sampling of every patch.

In the following sections, we introduce the notation and then we give the details
about various sampling distributions for final gather, including the weighed distri-
butions that use information from the first pass. Finally, we give sample images and
numerical comparisons which show the performance of this method as compared
with other standard method.

4.2 Monte-Carlo Final Gather.

The methods which use final gather to refine a low resolution radiosity function
can be expressed as a two-step computation, by using the notation introduced in
chapter 2.

(1) B'" = (PeD)"B.

20 I = Pw (DB + B,)

The first step is a computation of a projected version of the radiosity function B’.
This is done by using a basis B, which yields a low resolution result. At the second
step, for each pixel, we compute the first visible point from that pixel, then we
perform final gather over x to guess the value E,(x) (which is an approximation to
the irradiance), and add the emitted radiosity. Thus, the radiosity is obtained as

(4.1)

B(z) = B.(z) + 22 E,(2) (4.2)

The problem of final gather over points can be stated as follows. We are given
B’, which is our current approximation to B, the emitted radiosity function B, and
a target point x. With this data, we have to do a final gather over x to get an
estimate of irradiance . Note that the exact result of the final gather is different
from the exact irradiance on z. This is due to the usage of B’ instead of B as the
source term. In fact, we define the exact result of the final gather over z as E,(z).
This value is given by the following expression:

Ey(r) = /S Glz,y) B'(y) dA(y) = /S T(z,y) dA(y) (4.3)

where G(z,y) is as defined in (1.32), and we have defined, for simplicity, T'(z,y) =
G(z,y)B'(y). Although we would like to obtain Ej, this is not affordable because
the previous integration cannot be done in short time for real environments. As
usually, we can resort to MC sampling to achieve this goal. The result we get is an
approximation (under a given variance) to E,, which we call E;.
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4.3 Sampling distributions for Final gather.

In order to approximate the integral (4.3) by using Monte Carlo techniques, we have
to select a valid probability distribution function ' p, over the domain of integration,
S, whose integral is one, that is:

/ pa(y)dy =1 (4.4)
S

and assigns non-zero probability to any point y with a non-zero contribution to the
integral, that is, for all points z in S and direction w € 2, it holds that:

T(z,y) >0 = p(y) >0 (4.5)

Any function meeting both previous restrictions is valid for our purposes. Once
pz has been selected, we can sample surface points, and get an approximation
to E,(x). This is done by selecting a number of samples n, and then n points
on S with distribution p, (these are named y;). Then, as stated by Monte-Carlo
integration rules, the approximated value can be computed by:

El(x) = ; % (4.6)

The set of possible values we obtain for £} (x) have a distribution whose mean is
exactly E,(x), when the points y; are distributed according to P, (y).

The problem stated above is closely related to the problem of direct light source
sampling. In final gather, every other object must be sampled, while in distributed
ray-tracing algorithms, just the light sources are sampled. Except for this, the two
problems are similar, as the irradiance is gathered from the sampled points to the
target point. Numerous papers in the context of realistic rendering are devoted to
the problem of finding an efficient function P,(y), and the importance of this is
stated in [Shirley96]. The basic goal is that the amount of samples taken for each
source 2 is as proportional as possible to the energy that the source radiates toward
the target point. But in fact this implies some knowledge about the irradiance at
the target, which is an unknown value.

4.3.1 Variance of the distributions.

As stated, any P, is valid, but the efficiency is not equal for all of them, because
each p, induces a different variance in the estimation. The goal is then to select a
sampling distribution with low variance, using known data. The variance is called
V(E,4(z)), although we simply write E(z) in the context of this chapter. This value

Ithis function has as subscript the target point where we want to perform final gather,
because the definition of p, usually includes x as a parameter.

2Tn our implementation we use the word source in the sense of objects which radiate toward
the target point z, not just objects with self emitted radiant energy
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is the mean of the squared distances from the samples to the exact mean value. It
can be expressed as:

V(z) = % </5 Jiiiaé;z)ﬁdy _ Eg(a:)> (4.7)

If we use P,(y) = T(z,y)/E4(x), then the above term is just zero. This is the
ideal sampling strategy, but it is impossible to implement because the definition of
pz involves the target (unknown) value E,(z). Our goal is to use a function P,
whose shape is as similar as possible to the above, in order to reduce variance.

4.3.2 Solid angle sampling.

An option for selecting P, is to assign a probability to any y which is proportional
to the solid angle subtended by y when projected over x. This is usually called
hemisphere sampling. Here p, is expressed as follows:

1 cos(ny, wys)

Pely) = Vay (4.8)

21 Jz—y]?

note that the factor 1/27 is introduced in order to meet condition (4.4), as 27 is
the surface of a hemisphere with unit radius. In figure 4.3 it can be seen the shape
of this PDF

s i 7

Figure 4.3: Shape of PDF for solid angle sampling.

The variance induced by the previous distribution is obtained by substituting
(4.8) into (4.7)

n

Vi) = & (2 [ costuaua) Gl B2y - B0 ) (09)

This expression of the variance cannot be further simplified, as we cannot make any
assumptions about the values of Bj’f. All we can do is to make some assumption
about the scene, and then compare the variances when that assumption holds. In
our case, we assume that the radiosity function B! is constant for all the points y

p
at the environment. Let’s call b to that constant value. To analyze the variances
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we can see how the differential area element dy at y is related to a differential area
element dp at a point p on the unit radius circle under the hemisphere centered at
x. This relation is obtained by projecting the point y onto the unit hemisphere, and
then projecting the resulting point again onto the unit circle. The relation allows to
change the variable of integration. Instead of integration over S, we integrate over
points in the circle, C. The differential elements are related, as dp = n#G(z, y)dy,
then we obtain:

202 202 (2 4
2 [ coste) Glan B2 dy = 25 [ costpyan = 22 (35) =
S

O ™ \3
(4.10)
where cos(p) = (1 — p2 — p2)'/2. The irradiance at  is also obtained by using a
change of variable of integration:

B = [ G Bmd = b [ Geads = 2 [ dp = 27 =

(4.11)
With all these, we can simplify (4.7), and we get:
b2
Vi(z) = 3 (4.12)

To obtain a point y with the above distribution, we select a random unit length
vector w uniformly distributed in the hemisphere, then we obtain y as the first visible
point from z in the direction of w, by ray-casting.

4.3.3 Projected solid angle sampling.

We know that the contribution of directional irradiance from direction w to the
radiant irradiance at a point z is weighed by the cosine of the angle formed by
normal at z and w. This implies that the contribution from any direction is weighed
by this cosine term. Then, a better selection is to sample taking into account this
cosine weight. Directions near the normal to the surface are sampled with more
probability that directions away from it. The expression for P, (y) is now:

Py(y) = G(z,y) (4.13)

figure 4.4 shows the shape of this PDF. Note that direction away from the normal
have a smaller chance to be selected.

It's easy to show that this distribution is normalized. Again, the variance is
obtained by substituting (4.13) into (4.7)

) = ([ G B - B ) (1.14)

Now, we can made the same assumption we used for hemisphere sampling. If we
suppose that B, is constant and equal to b at all points, then this sampling method
has zero variance. In fact, in this case, the probability distribution function P, (y) is
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S

Figure 4.4: Shape of PDF for projected solid angle sampling.

proportional to the target unknown function T'(x,y), so cosine weighed sampling is
the perfect ideal sampling method, in the sense described in section 4.3, and under
the assumption of constant radiosity.

For selecting points y; with this distribution, we first select a random point
uniformly distributed in the unit circle. Then we find the point on the hemisphere
which is above the first in the direction of Y axis. This point is interpreted as a
ray direction. By using ray-casting we select the first visible point in that direction
from x, and that point becomes the selected y.

4.3.4 Area sampling.

We can assign a constant probability density to every point of the surfaces. This
distribution is independent of z, and is easy to select any point. Now, we have that:

1

(4.15)

The variance of this distribution is obtained by substituting P, in (4.7), which gives:

v = B ([ e s - B (4.16)

The algorithm for selecting points with this distribution has two steps: first, we
must select an object or surface in the scene. The probability for each of them is
proportional to its area. After this, a point in the surface of the object is selected.
The actual algorithm to do this depends of the geometry of the object. We must
ensure that regions with equal areas have equal probability of including the selected
point. For simple objects such as planes, spheres, cones and cylinders this is simple,
while for others (as spline surfaces) this is rather complicated.

4.3.5 Parametric area sampling.

For some object shapes, area sampling becomes difficult. When the objects in
the scene are composed of parametric surfaces, we can select the sample point in
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parametric space, and then find the surface point y by using the image through the
parametrization function of the original sample in 2D. We assume that the scene is
built up of m surfaces S; ...S,,, each of the with area |S;|, and parametrization
function f;. Let u be a point in [0, 1] (the unit plane in 2D). Then f;(u) is a point
in surface number ¢. Lets write A; for area measure on surface number i, and A
for the standard area measure on [0, 1]2. The function J;, which depends on f;, is

defined as:
_ dAl(y) _ dfi(uv ’U) dfz(ua U)
Ji (y) - dA(u, ’U) - du X dv

(4.17)

that is, J;(u) is the relation between differential areas around point (u,v) and its
image y, and is obtained as the module of the cross-product of tangent vectors at
y. Once J; is defined, we can define p,(y) as follows:

pa(y) = (4.18)

here, ¢ is the index of the surface where y is included. We have assumed that each
surface is selected with a probability proportional to its area, as in area sampling.
The point u is selected uniformly in [0, 1]?.

4.4 Probability Distribution Functions with reuse
of information.

It is possible to interleave the computation of E!’] with the collection of information
about the distribution of radiant irradiance. This information can be used during
final gather to obtain probability distributions with lower variance. In this section,
we see how we can easily extend photosimulation in order to obtain approximation
of the average irradiance landing on a path i coming from another patch j. Then,
we define probability distributions which are parametrized with these values.

4.4.1 Approximations to the distribution of irradiance.

The distribution of radiant irradiance over any point is exactly described by the
function T'(x,y), which gives the amount of radiance arriving at z from y. Obvi-
ously, this function can not be known exactly. But we can extend the process of
computing B’ to also approximate the above function. We have to resort to some
kind of projection on any basis function set. For simplicity, we use a partition of S
in a set of m disjoint areas, which are called A;. We assume that each A; is planar,
with area |A;|. We also assume that I, is projected by using the above set of areas
or patches. The problem now is how to modify the method used to compute I, in
order to get also an approximated, projected version of T'(x,y). This can be done in
the case of using progressive radiosity and also with Monte-Carlo photosimulation.
The algorithm starts with an array of values r;; initialized to zero.
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o In the case of progressive radiosity, at each shot from patch A; to the patch
A;, we add the transferred radiosity to the current value of b;. We can also
add this energy to r;;.

e In the case of photosimulation, every time a particle leaves patch A; and hits
patch A; we will add its current weigh to r;; (even in the case the particle is
absorbed at A;)

As can be seen, in any case we obtain an array of values. Each r;; is an approximated
value of the average irradiance over A; due to radiosity coming from A;. Computing
these values does not increments very much computing time. Unfortunately, the
storage required for this is proportional to the squared number of patches. But we
do not need a huge number of patches, as they are not directly used in the obtained
image.

The exact irradiance at a point x due to energy coming from patch number j
is given by the function E;, defined as:

B = [ Gl B dy (4.19)

obviously, it holds that Ey(z) = 3, E;(z).

We also define the approximated average irradiance on patch i as r; = E;’; Tij.
The difference between the exact and the approximate radiance is an error function
A; defined as:

Aj (:L‘) = T‘ij - Ej (:L‘) (420)

where i is the index of the patch which contains . The error in the total average
irradiance is A, whose expression is:

Alz) = r; — By(z) = ZAj(x) (4.21)

4.5 Weighed probability distributions.

Once the values r;; are obtained in the first step, we can use then during final
gather. The goal is to use a probability distribution whose shape is as similar as
possible to the actual target function T'(z,y), as explained in section 4.3.

Assume that the target point is x, which is placed in patch A;. Then we can
assign a probability distribution such that the probability to select a point y on path
A; is proportional to 7;;. This implies that P, holds the following restriction

_ru_ Bl +4(@)

J
The above equation does not fully characterizes P,, because it just fixes its integral
at each patch, not its values at each point. In fact, we can define a probability
distribution function (), which gives the distribution of the samples in the interior
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of patch j when the target point is . This pdf is defined on patch A; and is
normalized, that is:

/A Quiw)dy = 1 (4.23)
Then, the function P is defined as follows:

ris
Pow) = " Qui(w) (4.2
(2

where i is the patch of = and j is the patch of y. It is easy to show that the
function P obeys the required properties. In order to select a point y with this
distribution, we first select the patch to sample by using a discrete pdf, in such a
way that patch i is selected with probability r;; /r;. After this, the actual point y in
the interior of patch is selected with distribution (),;. Thus, we can view Q,;(y) as
the conditional pdf for selecting y knowing that we have previously selected patch
j-

We can use various distributions for the probability at the interior of the patches.
In the following subsections, we examine some of them.

4.5.1 Weighted sampling of area and parametric area.

The simplest selection is to choose a constant value for g, ; in the interior of patches
J- All the points in a patch have the same chance for being selected. Then, ¢,; is
fully characterized by equation (4.23), and we obtain:

Qajly) = - (4.25)

|45
This implies that regions with equal areas are selected with equal probability. For
surfaces with simple geometry, area sampling is easy. In the case that area sampling
is difficult to achieve, we can use parametric area sampling. We will assume that
the patch number j is the image under a function f of a region H; € [0,1]?, with
area A(Hj). Then, the expression for Q,; is as follows:

1 dA(u,v)

Qzi(y) = ACH;) dA;(y). (4.26)

where y = f(uy) and A; is the standard area measure on surface number j. In
order to select a point y with this distribution, we first select a point (u, v) uniformly
distributed on Hj, then we obtain y as the result of evaluating f on w.

4.5.2 Weighted sampling of solid angle.

In this case, the probability of selecting a point y is equal to the differential solid
angle subtended by y when projected on z. This implies that:

1 cos(y,wsy)
Gj(z) |z -yl

Quj = (4.27)
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where

(@) = /S cos(y, Wey) 4

o =yl
note that G () is the solid angle subtended by patch j when projected on the unit

radius sphere around z (not taking into account possible occlusions). The figure
4.5 show an example of the shape of this PDF in a closed environment with no

occlusions.

Figure 4.5: Shape of PDF for weighted solid angle sampling.

It is difficult to obtain a point y for all the possible shapes of the patch j. But
in the case of planar triangular patches we can resort to the technique described in
[Arvo95] to obtain points y with exactly this distribution. We do this by selecting
a point A with uniform distribution in [0, 1]?, then obtaining B as the image of A
under the parametrization function for spherical triangles. Finally, we get C' as the
first visible point (in the planar triangle) from 2 in the direction B. Point C is then
the sample point y used in the computation This can also be used in the case of
polygonal patches which can be decomposed in planar triangles. Figure 4.6 helps
to visualize the elements involved in this sampling process.

AV

o
u

Figure 4.6: Algorithm for weighted solid angle sampling.
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4.5.3 Weighted sampling of projected solid angle.

In this case, the value ();;(y) is proportional to the value G(z,y). Including the
necessary normalization constants, we get:

1 cos(x,way) cos(y, Wys)
Fj() |z —y?

Quj(y) = (4.28)

where

F] (.’L') — / COS(.’L’, wzy) coi(ya wym) dy
S; |z -yl
note that F;(z) is equal to the point-to-patch form factor from the point y to patch

j, multiplied by 7. In figure 4.7 we see an approximate picture of the shape of this
PDF.

Figure 4.7: Shape of PDF for weighted projected solid angle sampling.

This distribution is the closer one to G(z,y)B. (y). In fact, when the error
terms A; are all zero, the variance we obtain is also zero. This can be shown by
obtaining the expression of the variance. With the above equation, combined with
(4.19) and (4.20) we obtain the variance:

Vi) = & ([Eg(ac) NI % - Ej(@) (4.29)

when A;(z) = 0, for all 4, then A(z) = 0 and V(z) = 0. This implies that, the
closer r;; to I;(z), then the lower the value we obtain for V' (z).

Unfortunately, there is no a known algorithm for selecting points with this dis-
tribution. Such an algorithm should be based on the analytical expression of the
form factor between a point and a triangle, and using the same principles exposed
in [Arvo95] for sampling the solid angle.
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4.6 Implementation and Results.

To test the described sampling distributions, we have implemented a two-step
method in our rendering system girt. In the first step, we compute the function
E’ as a discrete approximation to the actual irradiance function. This is achieved
using photosimulation, or particle tracking, as described in [Pattanaik92]. We have
extended the method detailed there in order to compute the amount of irradiance
at each patch coming from each other patch.

Figure 4.9: Simple scene: 64, 128 y 256 samples per pixel.

After this first step, we perform the second pass. Here we select a view point,
and then, for each pixel, we sample the pixel area by using ray-casting. At each
sample position we compute the first visible point in the scene, say x. After this
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Figure 4.10: Simple scene: path tracing with 64, 256 y 1024 paths per pixel.

we perform final gather over x by selecting a number points y; in the scene, with
distribution p, (y). Then, by using (4.6) we obtain £ () as an approximate value
of E4(x). Finally, we compute an approximate value of the radiosity at z, which
can be easily obtained from the irradiance.
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Figure 4.11: Plot of o2 versus total CPU time.

We have implemented three different methods to achieve final gather:

e Projected solid angle sampling, as described in subsection 4.3.3 This
method has the disadvantage that small sources illuminating the target point
are very poorly sampled. The image appears too noisy, because this sources
have a small chance to be sampled, although they can greatly contribute to
the irradiance at the target point.

e Weighed sampling of parametric area, as described in subsection 4.5.1
In this case, each sources receives (in the mean), a number of samples which
is proportional to its contribution to irradiance at the target. Unfortunatelly,
this method shows high variance when the target point is very near the source
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patch. This is due to high variations in the differential form factor from the
target point to the sampled point.

e Weighed sampling of solid angle, as described in subsection 4.5.2. In
this case, weighed sampling ensures that important sources are correctly sam-
pled. Even in the case that the target point is near the selected patch, the
variance is smaller than in previous method.

The second method is not comparable to the the third, because the noise is vary
large when the target point is near the sampled source point. This noise is smaller
when using the third method.

Unweighted Weighted
ns rays | CPU | o? | o rays | CPU| o% ] o
1 384 58.2 | 17.818 | 4.221 384 70.6 | 1.915 | 1.384
441 67.3 9.078 | 3.013 441 93.6 | 1.052 | 1.026
556 102.7 | 4.617 | 2.148 555 134.8 | 0.591 | 0.769
8 784 121.4 2.307 | 1.518 783 219.9 | 0.351 | 0.593
16 1241 201.0 1.198 | 1.094 1239 390.8 | 0.216 | 0.465
32 2155 338.3 0.652 | 0.807 2152 733.6 | 0.159 | 0.399
64 3983 624.0 0.377 | 0.614 3976 | 1413.0 | 0.129 | 0.360
128 7639 | 1199.2 0.240 | 0.490 7625 | 2782.0 | 0.114 | 0.338
256 || 14952 | 2348.9 0.169 | 0.411 | 14924 | 5509.4 | 0.107 | 0.328

[\

o~

Figure 4.12: Results from numerical comparisons.

With respect to the other two methods, we have run simulations on a very simple
scene with two walls, the floor, a large light source on the ceiling, and a cube. For
every target point, the light source covers a large solid angle, so projected solid
angle sampling shows less variance than in scenes with small light sources, which
are unlikely to be sampled. 100.000 particles where shot from the light sources.
The scene is meshed using 100 patches.

Figure 4.12 shows the results we obtained for the described scene. The first
column gives the number of samples, and covers all the powers of 2 from 1 to
256. After this we give CPU time in seconds and the number of rays in thousands.
Both previous values are for the whole simulation, including particle tracing. The
errors are measured with respect to a solution obtained with pure MC path tracing
(without explicit light source sampling), and using 1024 paths per pixel. We show
the average squared error per pixel (¢2), and the root of that value (). Values are
for the whole simulation, including particle tracing. Note that CPU times are higher
in the case of weighed sampling for the same number of samples. This is due to
the cost involved in sampling spherical triangles® A plot of o2 (with CPU time in

3The current implementation is not optimized in the sense that a new spherical triangle
is built for each sample. We would have obtained less CPU time in the case of caching and
reusing the spherical triangles whenever possible, as described in [Arvo95].
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the X axis) for the two methods is shown in figure 4.11. As can be seen, weighed
sampling of solid angle performs better than projected solid angle sampling.

Besides this numerical errors, the images obtained by projected solid angle sam-
pling show too much more noise than those obtained with weighed solid angle
sampling, even for similar CPU times. This can be seen in figures 4.8 and 4.9.
Each of those figures show two rows of images. The first row was obtained with
projected solid angle sampling, the second with weighed solid angle sampling. At
each column, the number of samples taken is the same for both images. These
images where used for the numerical comparisons.

Figure 4.10 shows three images obtained with MC Path Tracing, by using 64,256
and 1024 paths per pixel. The last of them is the one used as reference for all the
others.

Finally, figure 4.13 shows a room with 540 objects, meshed in 800 patches, and
rendered with weighed solid angle sampling. For this image, 4 samples where taken
for each pixel, and 50 samples where taken for final gather.

4.7 Conclusions.

The use of a priori information about a function can help in the design of sampling
distributions for Monte-Carlo integration of that function. This is the basic idea
presented in this chapter. In the context of radiosity computations, we have shown
how the first pass (in two-pass algorithms) can be used to gather information about
the distribution of radiance transfers. This information is used in the second pass
in order to reduce the time needed for sampling, by assigning a higher probability
to relevant sources or reflectors.

By using the above idea, we have designed a final-gather algorithm with re-
duced variance. We have compared the results obtained for a simple scene, by
using the proposed method, standard path tracing and final-gather without a priori
information. These test include both numerical comparisons of the error and visual
comparison of image quality. The underlying system used for implementation was
the same for all the cases. The proposed method resulted the most efficient of all,
because its reduced variance.
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Figure 4.13: Room with 800 patches, and 4 x 50 samples for final gather.



104 Efficient Monte Carlo Methods for Global Illumination



Chapter 5

A two-pass Monte Carlo
algorithm for Global
Illumination.

5.1 Introduction

In this paper we propose a two-pass Monte-Carlo algorithm for glossy environments.
In the first pass, a low resolution approximation to the radiance function is obtained
by using a particle tracing algorithm. In the second pass, an image is produced
after a final-gather (or local-pass) step at the pixel level, as has been done for
finite-elements global illumination algorithms. This final gather step is improved by
importance sampling with reduced variance. Importance sampling is based on the
information about energy exchange between surface elements which is stored in an
hierarchical structure of links.

With respect to previous finite-element methods, the use of stochastic sampling
avoids explicit sampling of every link during final-gather. As in previous chapter,
the number of samples taken is not related to the number of links in a receiver
patch, but it is related to the variance. This variance can be greatly reduced when
visual importance is taken into account in the links structure, specially for glossy
environments.

The new proposed algorithm extends the one presented in previous chapter
to glossy environments while reducing the time and storage complexity shown in
that work. In that paper, improvement of the final gather step was obtained by
explicit representation of energy transfer between every pair of patches. This is too
inefficient for medium and high complexity scenes. However, the involved complexity
can be reduced by a view-dependent first pass (which yields the amount of each
energy transfer weighted by its importance to the observer), and also by the use of
an hierarchical clustering approach for the representation of those transfers.

Computing radiance increases the dimension of the problem (with respect to

105



106 Efficient Monte Carlo Methods for Global Illumination

computing radiosity), because radiance is defined on the ray space while radiosity
is defined just on the two-dimensional space of surface points.

The classic radiosity equation and the radiance equation are both second order
integral equations with a two variable kernel, and a one variable, unknown, func-
tion. This unknown function can be represented, in both cases, as a low resolution
function stored by using a set of coefficients for a given basis. These coefficients
can be approximately computed by particle tracing.

5.1.1 Previous work.

As has been stated in previous chapter, the problem of refining a low resolution
approximation to the radiosity function has been largely studied in the field of
realistic visualization. To all the papers referenced in the previous chapter (which
deal with diffuse environments) we can add the paper by Jensen [Jensen95] for
glossy environments. In that paper, it was described a two-pass algorithm, including
a particle-tracing first pass and a rendering second pass. After the first pass, the
set of particle impact points and incoming directions is stored. In the second pass,
that set is used to guide the sampling process in order to obtain the final image.

The sampling process which takes place in the second pass is a modified path-
tracing algorithm. The selection of a direction on the hemisphere for secondary,
reflected rays is done by using a discrete pdf which has been built by using the
impact position and directions around the sample point.

This has the disadvantage that the creation of the pdf may slow down the
algorithm. Furthermore, important sources covering a small solid angle can still
be missed, because of the limited resolution of the discrete pdf. In our rendering
system, we have tried to solve this by using the links structure, because those links
allow us to direct the sample to appropriate sources.

5.1.2 The proposed algorithm.

If a structure of links is considered between all the possible pairs of ray space
elements then a scalar value for any given pair of those elements should be stored.
This would imply an overwhelming cost in terms of storage and time, because the
number of basis used to approximate radiance is an order of magnitude higher than
the number of basis (patches) used to model the radiosity function.

In order to overcome this limitation, we consider the nature of the kernel K
involved in the definition of radiance, as defined in equation (1.35). The presence
of a delta function in it implies that for almost all of the pairs of rays there is no
direct energy transfers between them. In fact, we have just to account for energy
being transfered between trios of surface points, by using a three point transport
formulation, as done in ([Aupperle93]). The resulting complexity is then in the
order of n®, where n is the number of surface patches, which is still very high for
medium or high complexity environments.

The complexity can be further reduced by using a view dependent first pass. We
do not need to represent the power being transfered between all the possible trios of
surface points, because the length of the paths in the second pass is just two. Then,
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the first point is always the observer position, and thus is fixed for the simulation.
The representation of the power transfers is a two-variable function, which gives,
for all pairs of points x,y the power going from z to y and then bouncing towards
the observer. This is done at the cost of obtaining view-dependent results, but
complexity is kept in the order of n2, as in the previous chapter.

This is still a very high complexity for environments with a huge number of
patches, and is the main drawback of the technique exposed in the previous chap-
ter. The next step is to consider hierarchical clustering techniques. Lets consider
any fixed receiver patch. The algorithm described in previous chapter uses the dis-
tribution of irradiance on that patch coming from each patch in the environment,
and this leads to O(n?) complexity.

A more efficient algorithm can be considered by discarding transfers of energy
whose weight is below a given threshold. Then the maximum number of transfers
considered for the receiver is bounded (and this bound is inversely proportional to
the threshold). This leads to an hierarchical representation of the power transfers
on a patch. This is done by structuring the scene in a cluster-patch hierarchy. For
each receiver patch node, a link is kept which holds the energy coming from a given
source cluster or patch.

5.2 Clustering

The clustering algorithm we have used is described in [Christensen97]. As a result
of the clustering process, a tree is obtained in which each node is associated to
a portion of the surfaces in the environment. The area covered by any node is a
subset of (or equal to) the one covered by its parent. The root node covers all the
surfaces of the objects.

Figure 5.1: A set of clusters and objects.

We classify the nodes in three types: cluster nodes, object nodes, and patch
nodes. A cluster node covers a set of objects, an object node covers a single object,
and a patch node covers a portion of the surface of an object. Direct descendants of
a cluster node can be either other cluster nodes or object nodes. Object nodes have
patch nodes as descendants (one for each surface the object is made of). Finally,
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patch nodes are either leaf nodes or point to other leaf nodes.

The algorithm used for clustering is as follows: first, the root node is created
and associated to all the objects in the scene. When a cluster node is created, each
geometric object in that node is tested in turn (the list of objects for the cluster
is given as a parameter to the constructor method). If its size exceeds half of the
bounding box size, it is attached as a direct descendant of the cluster. Otherwise,
we consider the bounding box of all the objects in the node, and its eight octants.
The center of the object bounding box is processed and the octant it belongs to is
obtained. Then, we include the object in that octant. When a cluster node includes
a single geometric object, a object node is created and this is the only son of the

cluster.
( ;Cluster Nodes

Figure 5.2: The corresponding tree for figure 5.1.

A object node is always composed of a set of patch nodes. These patch nodes
are always split in four sub-patch nodes, each covering a quadrant of the original
one, except when patch area is smaller than a threshold. In this later case, the
patch node is a leaf node, and no further processing is required.

For all the nodes in the hierarchy, their axis-aligned bounding boxes are stored,
the list of pointers to their children (except for leaf nodes, of course).

Figure 5.1 shows an example of a object-patch hierarchy. Each ellipse includes
a cluster, which is mapped to a node in the tree. The associated tree for this object
set is shown in figure 5.2. In this tree, three levels are shown (cluster nodes, object
nodes and patch nodes).

5.3 First Pass

The first pass of the proposed method is just a particle tracing algorithm, extended
in order to process the links between elements in the cluster-patch hierarchy. In the
next two subsections we explain the details about particle tracing, and the algorithm
used to update the links.
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5.3.1 Particle tracing

The particle tracing process implemented is, in essence, as described in [Pattanaik92].
Particles are created at light sources, and traced through the environment. All light
sources do produce energy with a diffuse distribution, and with a constant intensity
inside each source area. Then, each source is selected with probability proportional
to its total power emitted.

After the source is selected a random point inside it is obtained, with a uniform
distribution with respect to the area measure. Then the initial outgoing direction
for the particle is computed. This mean that the probability measure function for
the first ray of a particle is equal to L.(r)du(r)/¢. where ¢, is the total power
emitted by all the sources in the environment.

=P
'\.

Figure 5.3: A particle path.

After a particle is created, a stochastic simulation of the path it travels takes
place. The simulation ends whenever the particle is absorbed on a bounce, [Pattanaik92],
or leaves the scene (which is not necessarily closed). The selection of the new parti-
cle direction after a bounce is done by importance sampling of the BRDF. Note that
the particle path hits, at each bounce, a leaf node in the cluster-patch hierarchy.
Thus, we can view the path as a sequence of leaf nodes in the hierarchy.

In figure 5.3 we can see an example of the path traversed by a particle, through
a set of objects. This path is mapped to a sequence of nodes in the tree, as can be
seen in figure 5.4.

5.3.2 Particle state data.

The state information for a particle includes all the necessary data for computing
the radiance function. This information is updated after each bounce. It includes:

e The point where the bounce happened (or the point where the particle was
created on a light source)

e The direction vector of the particle after the bounce.
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Figure 5.4: Leaf nodes visited by path shown in figure 5.3.

e The weight of the particle, that is, the amount of power it carries.

When the environment is monochrome, a scalar value for the weight is enough, but
in fact all the environments show surfaces with a reflectance and emissivity which
depend on wavelength. This can be solved by using a number of simulations, each of
them for a fixed wavelength, and then combining the resulting images, as usually is
done in finite elements algorithms. Another option is to assign a wavelength to each
particle, by using a random distribution proportional to the spectral distribution of
particle source emissivity as described in [Pattanaik92]. This can be called single
wavelength particles. Finally, a third method is to assign an RGB triple to each
particle, as done in [Jensen95].

This later option can be generalized to account for an arbitrary spectral distri-
bution. This means that a particle weight is a function of wavelength w, such that
w() is the actual weight of the particle at wavelength \. When the particle hits
a surface, the directional-hemispherical reflectivity for the surface point and parti-
cle incoming direction is represented also by a function of wavelength p(\) (which
depends on the BRDF).

This representation is introduced in order to differentiate between the model
used to store energy distributions and the particle tracing algorithm, as required by
our rendering architecture [Urena97]. Single wavelength particles can be viewed as
a particular case of this scheme, in which the energy distribution is a delta function
with a spike in the particle wavelength.

5.3.3 Survival probabilities.

In the case of simple scalar energy values at a fixed wavelengths, the reflectivity is
also a scalar value between 0 and 1, and thus it can be used as the survival proba-
bility when simulating particle bounces. Unfortunately, when the energy has various
components, the reflectivity can be different for each component (the reflectivity is
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a function of wavelength we call this function p), although it is still necessary to use
a given survival probability. This is done by using the luminance of the particles.

Lets consider the luminous efficiency curve! ¢, then the inner product (w|c) is
the luminance of the energy distribution w. When a particle hits a surface, we
consider the luminance of the distribution® wp , which is (wpl|c). This luminance
is necessarily smaller than the particle luminance {w|c), because p is bounded by
1. Then, the survival probability we use is r = (wp|c) / (w|c), that is, the ratio of
luminances between both distributions.

This scheme implies that the luminance of a particle is kept constant along the
path. Other methods, such as Russian Roulette can also be implemented by using
this survival probability. When implementing this, it is necessary that the interface
for energy distribution objects allows to obtain their luminance, and also includes
a pointwise product operator. Thus, the interface is independent of the underlying
color model used. In fact, this color model must be based in some kind of projection
of the curves in a discrete basis, thus involving some error in the approximation.

5.3.4 Radiance function approximation.

When a particle leaves a surface point after a bounce (reflection) on it, it is necessary
to update the estimators used to approximate the radiance function. Any basis
function set defined in the space of point and directions can be used. In our
implementation we have selected the simplest approach, which is constant, non
overlapping basis functions.

As noted earlier, all the scene objects are meshed in patches. For each patch
an array of energy distributions is allocated, and initialized to zero. Each entry in
the array holds an estimation of the average radiance through a set of directions
in the unit radius hemisphere. Let us assume that patch number i covers a region
S; € S, and that there exists n patches.

Figure 5.5: Hemisphere meshed in beams.

Lthat is, ¢()\) is proportional to the human eye sensibility to a unit of energy at wavelength
A

2this inner product (w|c) is defined by an integral over the one-dimensional set of all wave-
lengths, by using the standard length measure on the real line, that is, (w|c) = fR w(N)e(N)dA.

3The expression wp stands for point-wise function product in the real line, that is,
(wp)(X) = w(N)p(A)-
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The hemisphere is meshed in a number of regions. These regions are defined by
a set of parallels and meridians. Each region covers a subset b;;, of the hemisphere.
The set of rays in region jk, with origin at patch ¢ will be called Djj, with D;j;, =
Si X bjr,. The number of parallels is n,, and the number of meridians is n,,. Thus,
the set of basis functions is defined as:

B = {fix| 1<i<n,1<j<ny, 1<k<n,} (5.1)
where each function f;;; is the indicator function for region D;ji, that is:

m when r € Dl]k
]

fiji(r) =

0 otherwise

It can be easily proved that the above set B of basis functions is orthonormal. The
average reflected radiance c;j;, on the region jk of patch i can be written as follows:

1
o = s /D L)) = (| 2 (5.2)

where the above inner product is defined with respect to the ;1 measure. Then, the
function L, is approximated by its projection on B, which is the following function

(PBL,)(x) = Y cijk fij(r)

ijk

The coefficients c;;;, can be approximated by using particle tracing. Whenever a
ray bounces on a surface point at patch 4, and survives, the estimators for radiance
are updated. This is done by finding, from the ray direction, the beam jk in which
it is included. Then the power distribution w f;;i(r) is added to the current value
of the estimator c;;x, where w is the current weight of the particle. Each c;j;, is
a power distribution, initialized to zero at the beginning of the simulation. At the
end of it, this distribution is taken as an estimator of (L| fiji).

5.3.5 Link updating

Whenever a particle travels from a source path to a receiver patch, the information
stored in the link structure is updated. This is done because the particle transition
models a quantum of energy which travels from source to receiver. The first task is
to find the link the particle contributes to. As can be seen in figure 5.6, we consider
the pair of leaf nodes visited. Then a search is made in order to determine whether
a link exists from receiver to source. If it is not found, the process is (recursively)
repeated for the parent of the source, until we reach the root node. Necessarily, the
source or one of its ancestors includes a link from the receiver.

When the link has been found the data stored in it is updated. This data is
composed of two values: an integer one used to count the total number of particles
traversing the link, and an scalar value which is called the link weight, and represents
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Figure 5.6: Finding the link a particle traverses.
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Figure 5.7: Geometry for a particle transition between two surfaces.

the luminance of the fraction of power going through the link and reflected in the
observer direction (see figure 5.7). Thus, this data is updated by incrementing the
particle count. With respect to the link weight, the following scalar value d is added
to it:

N

d = (wr]ec) (5.3)

n¢ —No

where w is the current particle weight, 7 is a reflectivity distribution obtained by
evaluating the BRDF in the intersection point at the receiver, (thus wr is the
distribution of power reflected in the observer direction), ¢ is the luminous efficiency
curve, n; is the total number of particles shot during the whole simulation, and ng
is the number of particles already shot when the link was created, with ng < n;.
That is, d is the luminance of wr, corrected by the factor n./(n; — no), which is
necessary because n; — ng is the total number of particles shot during the link life.
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5.3.6 Link refinement

Link refinement is based on adaptive splitting of links by using the count of particles
traversing each of them.

Each link is said to go from a receiver node to a source node, because it is stored
in list at the receiver and includes a pointer to the source. This is done so because
links are queried from the receiver at the second pass, that is, once we know the
receiver, we must know the set of links leaving it and their corresponding source
nodes.

Before particle tracing starts, a links is created from every leaf node to the
root node. Once a given number of particles n,,;, has gone through the link, it is
subdivided. If this links goes from leaf node a to node b, then a set of new links
is created. Each of them goes from a to a child of b. When a link is created, its
particle count and its weight are initialized to zero. The value ng for the new link
is the current number of particles shot.

Links which have been split are ignored from that instant, and only non-split
links are taken into account for the second pass. With this scheme, it is possible
the existence of a link with the value ng very close to n;, that is, the link was
created near the end of the simulation. The weights of these links are very bad
estimators of the exact weights, because the value n; — ng (the number of particles
shot during link life) is very small, and the variance can be very high. To avoid this,

Figure 5.8: Refinement of a link.

we establish a number 1,4, (With 1,pin < Numaz < 1) such that no link is created
with ng > Nyq,. That is, after the number of particles shot becomes higher than
Nmaz, NO link is split. With this, the minimum number of particles shot during a
link life is n; — Nymaes-

At the end of the simulation there exists, for each leaf node, a set of links
pointing to others nodes in the hierarchy. In figure 5.8 you can see how a link (from
a leaf node to the root) is refined during the simulation, and the resulting links from
that node.
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5.4 Second Pass

The second pass is used to obtain an image of the environment as viewed by the
observer. This is done by using a final gather step. In this context, final gather is
the problem of finding the value L,(r) for a given ray r, by applying the transport
operator 7 to a low resolution radiance function L’. This final gather is done by
using Monte-Carlo importance sampling, guided by the information stored in the
links structure.

First, a ray is shot from the observer towards the scene, passing through the pixel
area. The first visible point z on the scene, if any, is obtained. Then, the problem
is to obtain the radiance towards the observer from the point z, that is, we face
the computation of L.(r) = L.(z,w), where w is the unit direction vector from
x to the observer. This is done by sampling a given set of points z; on the scene
surfaces with a given probability density function, and querying the approximate
radiance reflected at x towards the observer from those points.

5.4.1 Problem statement.

As in the previous chapter, this final gather can be formalized as the computation
of the following integral

L) = Lolw) + [ Kleos) L(s) duto (5.4)

where L' is the low resolution radiance approximation computed in the first pass
(which will be called L), that is, we compute L = L, + TL'. The value L.(r)
is known for any r, thus the problem is the computation of the integral. We can
conceive a probability density function p, such that:

1= / pe(s) du(s) (5.5)
D
K(r,s)L'(s) >0 = pe(s) >0 (5.6)

Once a valid p is selected we can conceive Monte-Carlo algorithms for solving (5.4).
This is done by selecting a set of n rays in the environment s; = (y;,w;) with
probability density function p,, and computing an estimator of L(r) by using the
following random variable X,

— K(r,si) L'(si)
Xr = —_— 5.7
; Pr Si) ( )
it is easy to prove that E(X,) = L(r), and thus X, is a unbiased estimator of
L(r). Then the goal is to build a sampling distribution which approaches the zero
variance sampling distribution. This zero variance sampling distribution is

K(r,s) L'(s)

pe(s) = TN

(TL)(r)
This example of p, obviously obeys (5.5) and (5.6), and has zero variance because
is proportional to K (r,s) L'(s).

(5.8)
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5.4.2 A pdf for final-gather.

The goal is to obtain an optimal p, as near as possible to the ideal one, as stated
in previous subsection. This can be done by using the link structure. The set of
links leaving any given leaf store an approximate model of the distribution of power
landing on that leaf node (weighted by the importance towards the observer) Thus,
we can use a density function which is proportional to that distribution, in order
to reduce the variance. This means that, if a link exists from a leaf node ¢ to an
arbitrary node j with weight r;;, then for all pairs of rays r (with origin in node 7)
and s (with origin in node j) the value p,(s) is proportional to r;;.

The link from i to j is a leaf link, that is, no others link exists from i to any
descendant of j. Thus, links weights are not enough to fully characterize p,, because
they give no information about the shape of p, inside the piece of surface (or set
of objects) covered by node j. Once the source link j is selected, we still have to
descend the tree until a leaf node is found, and then we have to select a point inside
that leaf node.

This can be formally expressed by the following definition of p,.(s)

Pr(s) = L tra(i, k) Gur(s) (5.9)

(2

where i is the index of the leaf node where r resides, & is the index of the leaf node
where s resides, j is the first ancestor of k such that a leaf link exists from i to 7,
ri; is the weight of that link, r; is the sum of the weights of all links starting at
node ¢ (that is, r; = >, 74;), and qkr(s) is a normalized pdf defined for the rays
starting at node k, which gives the probability for selecting s as source. Finally,
trs(j, k) gives the probability for going down the hierarchy from node k& to leaf node
j. The function t is iteratively defined as follows

. B 1 when j =k
tes(4, k) = { fe(j,h) tes(h k) otherwise

where h is the direct descendant of j which covers the origin of s and f.(j, h) is a
value function which gives the probability for selecting h as the son node of j, when
r is the target ray.

Once r is known, we have to select a set of sample rays, with distribution p,.
Each sample ray s is selected by following the next steps:

(5.10)

1. Obtain the index i of the node where the origin of r lies.
2. Select a node j with probability 7;;.
3. While node with index j is not a leaf node:

(a) Select a son node (with index h) of node j, with probability f.(j,h).
(b) Make j become h.

4. Select a ray s, with origin in node j, by using the probability distribution
gjr (s).
In the following subsection, we detail the functions f,., which governs tree descend-
ing, and g, which is used to select a ray inside node k.
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5.4.3 Tree descending.

The algorithm introduced in the previous section is not complete, in the sense that
it is still unspecified which functions f, and g, are used.

Lets assume that j is non-terminal node, with a son node h, and that the target
ray is r. Then, the scalar value f..(j, h) is the conditional probability that the sample
point lies in node h, knowing it lies on j. The better strategy is to make f.(j, h)
equal to the following fraction:

fe(Gh) = (5.11)

where L;(r) is the radiance at r due to energy coming from node 7. This isimpossible
to implement because these are unknown values whose computation is expensive
because of the nature of the transport function K.

In order to approximate the value in equation (5.11) we use an approximation
to the function L;. This approximation is necessarily easy to compute in order to
avoid long execution times, and also enough close to the exact value to prevent very
high variance. We have used the following expression:

Li(r) = Lir) = fr(z,w,w')®;cos(n,, w)s(zr,i) (5.12)

where r = (z,w), f, is the BRDF function, w' is the vector ¢; — x normalized, ®;
is the total energy of all the particles leaving node i and the point ¢; is defined as
follows: when node i is a planar patch, ¢; is the center of the patch. In the case
that i is a cluster or an object, ¢; is the center of its axis-aligned bounding box.
Finally, the value s(z,%) is an approximation to the solid angle covered by node 4
when projected over z.

In the case that i is a planar patch node with area a and normal n;, we approx-
imate s by using a planar disc with area a and radius r and whose normal points
to . This solid angle can be exactly computed. This value is then multiplied by
cos(ni, —w'), in order to (approximately) take into account the reduction in the
solid angle covered because of the relative slope of the patch with respect to the
point . Thus, for a planar patch i, s is defined as:

7.2

s(x,i) = cos(n;,—w') 7 (5.13)
where d = |c; — x|, note that the fraction above is the solid angle covered by a front
facing disc. In the case that node i is a cluster, we set s(z,i) = r?/d* where d has
the same definition as before, and r is the radius of a sphere whose area equals to
the total area of all surfaces in the cluster.

Finally, the value g, (s) is the probability for selecting a source ray s inside leaf
patch node k. First, the patch is subdivided in triangles, and one of them is selected
according to its covered solid angle. Then we use the Arvo mapping [Arvo95] from
the unit rectangle to the projection of the triangle, in order to select a point inside

that triangle.
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5.5 Results.

A simple scene composed of a rectangular diffuse emitter and a Phong reflector has
been used to test the algorithm. The Phong exponent was set to 2. When rendering
these images, 200.000 particles where shot from the emitter. The value n,,;, was
set to 100, and 7,4, was set to 100.000. The set of images can be seen in figure
5.10. The number of samples for final gather is 1,2, and 4 for the images on the
upper row, and 8,16,32 for the images on the lower one. A set of images computed
by using raw path-tracing has also been obtained, and can be seen in figure 5.9.
The noise for the new algorithm is smaller when compared to path-tracing.

Figure 5.9: Path-tracing with 4,16 y 32 paths por pixel

Figure 5.10: New method with 1,2,4,8,16 y 32 samples per pixel.
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As can be seen, the variance (noise) in the reflector is higher for points near the
emitter and very low for points far away the emitter. This is because, for far away
points, the differential form factor from the receiver point to each source node point
is almost a constant, while for near points this value shows high variations. Note
that in the far region the variance is so small that even by using just one sample
per pixel the noise is not noticed. Anyway, this variance is smaller than a similar
simulation using BRDF sampling, because the samples are directed to interesting
parts of the source.

3
New method ——
Path-tracing ——
25 L
2
15

MSE error

0.5 \\
\\

0 300 600 900 1200
CPU time (seconds)

Figure 5.11: Numerical comparison for simple glossy scene.

We have done numerical comparisons with the before mentioned images. We
have used as reference a path-tracing image obtained with 1024 paths per pixel.
We have computed the difference between each image and the reference image.
This difference is the mean of the squared differences at each pixel (MSE error).
Path-tracing images have been obtained by using 1,4,16,64 y 256 samples per pixel.
The images obtained with the new method has been obtained by using 1,2,4,8,16
y 32 samples for final-gather. A graphical picture of the error can be seen in figure
5.11, where it is compared to total computing time (including the first pass for the
new method). As can be seen, the new method outperforms raw path-tracing, even
by taking into account the time necessary for the first pass. Both implementation
use the same code for intersection computations.

In figure 5.12 we can see a medium complexity scene (including two table-chairs
sets) rendered with both path-tracing (left) and the new method (right). Path-
tracing took 11 CPU hours, and was done by using 256 paths per pixel. The new
method took 7 hours of CPU time to render, and we used 4x50 (equivalent to 200)
samples for final gather. We can see how the noise is clearly higher for path-tracing.

By using this scene (the two table set), we have synthesized a set of images for
numerical comparisons. The set of path-tracing images has been obtained by using
1,4,9,16,36,64,121 and 256 paths per pixel. The RMSE error (root of mean squared
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Figure 5.12: Quality comparison for a medium complexity scene.
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Figure 5.13: Numerical comparisons for a medium complexity scene.

error) was obtained by comparison with a path-tracing image with 1024 paths per
pixel. We have also produced images with the new method by using 8,16,32,64,128
and 256 samples per pixel. For this set, we have computed RMSE error with respect
an image obtained also by the new method by using 256 samples per pixel. The
error is plotted in Y axis, while X axis represents total CPU time in seconds.

In figure 5.14 we observe a complex scene with a number of table and chairs
sets. This scene has been rendered by using the new method with 256 samples for
final gather, and 4 samples per pixel. The number of particles (from left to right)
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Figure 5.14: A complex scene with 3,6 and 12 million particles.

was 3,6 and 12 millions. It can be observed how table and chairs legs are darker in
the left image, and brigther in the right one. This is because those small objects
did not receive enough particles in the 3 millions particles simulation, but do so in
the 12 millions particles simulation. The links weights are better estimated in the
right image, thus producing a more exact image with smaller variance.

5.6 Conclusions.

In this chapter we describe an algorithm which extends the one presented in previous
one to glossy environments. Here, we use an already existing method for the creation
of cluster-patches hierarchies, but applied to Monte-Carlo techniques, instead of
finite-elements methods. We propose a new method for the creation of a hierarchy
of links by using particle tracing in the first pass. Later, this hierarchy is used
for importance sampling in the second pass. Moreover, we show how a recursive
algorithm can be used to get samples from the link structure, by a traversal algorithm
which runs over the cluster-path tree and selects leaf nodes.
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Chapter 6

Conclusions and Relevant
Contributions.

In this chapter we include the conclusions and an abstract of the more relevant
contributions found in this dissertation.

The main conclusion we obtain from this dissertation is that Monte-Carlo algo-
rithms can be used as an efficient tool for the computation of Global Illumination on
arbitrary scenes. This techniques are frequently considered as low-efficiency tech-
niques because of their high variance, and this has limited the research about and
use of them. However, for the class of problems that realistic visualization faces, it
is possible to design good sampling strategies which improve the efficiency of the
sampling process thus reducing the necessary computing time. Although the use
of naive algorithms is inefficient, we show how to improve the technique by using
importance sampling.

In the first chapter we show an integral radiance equation which has the form
of a second order integral equation of the second kind. This is done by deriving
the expression for function K which is the kernel of the integral operator involved
in that equation. A number of numerical algorithm have been previously designed
and applied for that kind of integral operators, and can be also applied to that
radiance equation. Previous forms for the radiance equation do not have this form,
because the kernel is a three variable function as in [Kajiya86], or because the
transport operator is defined as the composition of other two, as in [Arvo95]. In
this chapter we also use the previous formulation in order to briefly introduce existing
computational methods for integral equations, that is, finite element methods (we
restrict to Galerkin method) and Monte-Carlo methods (path-tracing and particle
tracing).

In the second chapter we introduce a formalization of the Global Illlumination
problem. We state that this problem is the computation of a set of functionals or
inner products of the radiance function, which in turn is obtained after applying
the global transport operator to the emitted radiance function. The set of inner
products is done against a set of basis functions. We call this set the observer. This

123
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formulation is used to introduce a number of algorithms which have been previously
designed for realistic rendering. These algorithms are classified according to the
basic method the used to obtain the discrete image. This allows to highlight both
the differences and similarities between them.

In chapter three we focus on existing Monte-Carlo methods for Global Illumi-
nation. We obtain a characterization of the variance of all those algorithms, by
using a general formulation. This is done by introducing an appropriate probability
measure on the space of all chains, and defining a random variable with that mea-
sure. A interesting result is that the variance function obeys a second order integral
equation. Finally, we apply that result to path tracing for radiance, particle tracing
for radiosity, and gathering random walk for radiosity. In all the cases we obtain
expressions for the variance, and those expressions involve just the potential func-
tion and the unknown radiance function. Related characterizations of the variance
where previously known [Mikhailov92], but did not included finite chains ended in
absorption. We also introduce ideal estimators with zero variance.

The main contribution of chapter four is the demonstration of importance sam-
pling feasibility for high quality rendering of radiosity environments by using two-pass
algorithms. Importance sampling is based on the result obtained in previous chap-
ter about the ideal, zero-variance sampling density. This sampling density can be
approached by using information obtained in the first pass. The efficiency of the
sampling process is proved when compared to standard path-tracing techniques.

Finally, in last chapter we describe an algorithm which extends the one pre-
sented in previous chapter to glossy environments. Here, we use an already existing
method for the creation of cluster-patches hierarchies, but applied to Monte-Carlo
techniques, instead of finite-elements methods. We propose a new method for the
creation of a hierarchy of links by using particle tracing in the first pass. Later, this
hierarchy is used for importance sampling in the second pass. Moreover, we show
how a recursive algorithm can be used to get samples from the link structure, by a
traversal algorithm which runs over the cluster-path tree and select leaf nodes.

As an abstract of the more important contributions, we include here a brief list
with each of those:

o A new expression for the rendering equation, which uses a two-variable kernel.

e A classification of a huge set of Global lllumination methods.

A characterization of the variance for a wide set of Monte Carlo algorithms
for Global lllumination.

A new algorithm with reduced variance for Monte Carlo final gather in diffuse
environments.

A new two-pass Monte Carlo algorithm for Global lllumination, including clus-
tering and importance sampling for final-gather.
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