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SUMMARY

Subjective perception of randomness has been nass by psychologists using a
variety of production and judgement tasks, resgltim a number of different
descriptions for the biases that characterise pegpperformances. These research
findings, especially those concerned with childseahd adolescents' understanding of
randomness, are highly pertinent to didactic prees, as new mathematics curricula
for compulsory teaching levels are being proposed incorporate increased study of
random phenomena. In this article, we first analjtse complexity of the meaning of
randomness from the mathematical point of view amdtline philosophical
controversies associated with this. Secondly, weptement previous research by
comparing the meaning of randomness for 277 secgnstadents in two age groups
(14 and 17 year-olds), through the identificatiohtiee mathematical properties they
associate to random and deterministic sequenceg@ndo-dimensional distributions.
Some implications for teaching and future reseaehthen suggested.

New mathematics curricula are being proposedfferént countries that place more
emphasis on the study of randomness and probahilidythat suggest the performing
of simulation experiments, based on random seqger® example, in the Spanish
curriculum for compulsory secondary-level teachiigEC, 1992), we find the
following topic "Random phenomena and the associated terminold@gference is
made td'using the vocabulary adapted to describe and g@ardndom situationsand
to “building frequency tables to represent the randphenomena’s behaviarAlso,
within the list of algorithms and skills to develdmbtaining random numbers with
various devicesand the'detection of common mistakes in the interpretatibnhance™
are suggested. In the general strategies we "fiecognizing random phenomena in
everyday life and in scientific knowledge", "forating and testing conjectures on the
behavior of simple random phenomenahd "planning and performing simple
experiments to study the behavior of random phenamdhis curriculum is not an
exception, since similar terms or expressions awmad in recent curricula adopted in
other countries, for example those in France, Ergénd Wales, and the United States.

However, epistemological analysis of the concagptyell as psychological research
results have shown that the meaning of randomreessti easy for statistically naive
people. There is an apparent contradiction in peEspunderstanding of random
processes and sequences, which is related to yohgdsgical problems associated with
the concept, namely that randomness implies ‘thaything possible might occur”.
Subjectively, however, many people believe tbaty the outcomes without visible
patterns are “permissible” examples of randomnésswkins et al, 1991, p.104).
Despite the relevance of the topic in probabilityl sstatistics, little research has been
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carried out within mathematics education and mpsychological research has merely
concentrated on the accuracy of people’s judgewferndomness.

Before introducing a new topic in the curriculum, fundamental issue is to
determine students’ preconceptions, because theyitably construct their own
knowledge by combining their present experienceth wheir existing conceptions.
Shaughnessy (1996) also suggest the need of dotmgehe changes (or lack of
change) of students’ thinking over time and aftestriuction to identify the problematic
teaching areas in which we need to revise our aumm or instructional practices
(Shaughnessy, 1997).

The experimental study reported here was intendexkamine possible differences
in secondary students’ conceptions of randomnesfrdé and after instruction in
probability, which occurs in the Spanish curriculbetween the ages of 14 and 17. At
the same time we wanted to explore the similaribetsveen our student’s conceptions
and various historical conceptions of randomness.

To achieve these aims, the written responses @f s&tondary students in two
different groups ( 14 and 17 year-olds) to sonst items taken from Green (1989,
1991) concerning the perception of randomnessquances and two dimensional
distributions are analyzed from different points wéw. Our results show that
students’ subjective meaning of randomness is closesome interpretations that
randomness has received throughout history. Becafithe fact that Green’s studies
were carried out with 11-16 years old students,alge provide a complement to this
research by extending its results to 17 year-aldesits.

In the following sections all these aspects wadldescribed, starting off with a brief
analysis of the mathematical meaning of randomnasd some philosophical
controversies relating thereto, as well as a sumrobearlier research on which our
study is based.

MATHEMATICAL MEANING OF RANDOMNESS

Randomness has received various interpretatiodisf@tent periods in history. Even
today, there are still serious difficulties invalven defining randomness (Fine, 1973;
Zabell, 1992; Toohey, 1995).

Randomness and causality

An early meaning of randomness was that it waspgposite of something that had
some known causes. ‘Chance’ was then assumedthelmause of random phenomena.
This meaning was given to randomness throughoupéhed extending from antiquity
to the beginning of the Middle AgesNothing happens by chance, but rather
everything occurs for a reason and a necesgibgucippus, Vth Century BC, quoted by
Bennet, 1993). If we adopt this meaning, randomigesdsie to our ignorance and has a
subjective nature.

Poincaré (1936), however, found this meaning taibgatisfactory because, if we
accept it, certain phenomena with unknown lawshsascdeath) would be considered to
be deterministic. Among the phenomena for which |dves are unknown, Poincaré
chose to differentiate between random phenomenayticch probability calculus would
give us some information, and those non-random qunena, for which there is no
possibility of prediction until we discover theiaws. As Ayer (1974) stated, a



The meaning of randomness. 2

phenomenon is only considered random if it behameaccordance with probability
calculus, and this definition will still hold evemhen we have found the rules for the
phenomenon.

Randomness and probability

With the first theoretical developments of prolihi randomness was related to
equi-probability (for example in theiber of Ludo Aleaeby Cardano), because this
development was closely linked to games of chawbere the number of possibilities is
finite and the principle of equal probabilities fitre elementary events of the sample
space in a simple experiment is reasonable.

Nowadays, we sometimes find randomness explaimedeims of probability,
although such an explanation would depend on thdenying understanding of
probability. If we adopt &lassicinterpretation, we say that an object (or an évisna
random member of a given class, if there is theesprobability for selecting this than
for any other member of its class. This definitmnrandomness may be sufficient for
random games based on dice, coins, etc., but Kyd#@4) suggests that it imposes
severe, non-natural restrictions on its applicaidoNe can, for example, only consider
that an object is a random member of a classsfalass is finite. If the class is infinite
then the probability associated to each memberhvigya null, and therefore still
identical, even when the selection method is biagadthermore, this particular
explanation precludes any consideration of randesirapplied to elementary events
that are not equi-probable.

When we transfer the applications of probabilitytie physical or natural world, for
example studying the blood type of a new-born balyany other hereditary
characteristic, we cannot rely on the equi-prolighirinciple. Here, we may consider
an object as a random member of a class if we el@ctst using a method providing a
given ‘a priori’ relative frequency to each membeéthis class in the long run. Thus, we
use thefrequentistbasis of probability, which is most appropriateewhve have data
from enough cases. However, we are left with tle@iétical problem of deciding how
many experiments it is necessary to consider ierambe sure that we have sufficiently
proven the random nature of the object.

Within either of these two frameworks, randomnéssan ‘objective’ property
assigned to the event or element of a class. Kyljii®g4) criticizes this view and
proposes an interpretation of randomness compddée ¢ollowing four terms:

- the object that is supposed to be a random menilzeclass;
- the set of which the object is a random memberylaion or collective);

- the property with respect to which the object imadom member of the given
class;

- the knowledge of the person giving the judgememanfiomness.

Whether an object is considered to be a randombeewf a class or not, depends,
under this interpretation, on our knowledge. Thiswy supported by the subjective
conception of probability, is more appropriate wenhave some information affecting
our judgement about the randomness of an event.

Formalization of randomness
At the end of the XIXth Century, Edgeworth, Galtd®earson, Fisher and their
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collaborators started to base statistical analysepplied research on random samples
of data. Before this period, rather than beingried towards inference, statistics was
often confined to the descriptive study of completgulations. When samples were
used, they were not selected at random, becausewlas not an awareness of the need
for this if valid and precise inferences about plogulation were to be achieved. Once
theoretical developments began to show the impoetasf random sampling, then
interest in finding models for processes providimgg sequences of random digits was
born.

With the advent of tables of pseudo-random numlzenscern about how to ensure
the ‘quality’ of those numbers began to emerge. possibility of obtaining pseudo-
random digits with deterministic algorithms alsmgested the need for examining the
sequence produced, regardless of the process lphvithhad been generated. It was
discussions about such things that led to the flizatgon of the concept of randomness
(Fine, 1973).

Von Mises based his study of this topic on theiitive idea that a sequence is
considered to be random if we are convinced ofitigossibility of finding a method
that lets us win in a game of chance where winrdliepends on forecasting that
sequence. He defined the randomness of a sequgnmepmnsing the invariance of the
relative frequency for each possible event intadl possible sub-sequences of the given
sequence.

This definition of randomness is the basis fottistigal tests that are used for
checking random number tables before presenting tteethe scientific community.
However, since in all statistical tests there is possibility of error, we can never be
totally certain that a given sequence, in spiteadfing passed all the tests, does not have
some unnoticed pattern within it. Thus, we cannet dbsolutely sure about the
randomness of a particular finite sequence. We dake a decision about its
randomness with reference to the outcomes of &etintques and instruments. This
explains why a computer-generated random sequemb&h is not random in an
absolute sense) can still be random in a relaBmses (Harten & Steinbring, 1983).

Another attempt to define the randomness of a essmpi was based on its
computational complexity. Kolmogorov’'s interpretati of randomness reflected the
difficulty of describing it (or storing it in a cgpuiter) using a code that allows us to
reconstruct it afterwards. In this approach, a sage would be random if it cannot be
codified in a more parsimonious way, and the alesenifc patterns is its essential
characteristic. The minimum number of signs neagseacode a particular sequence
provides a scale for measuring its complexity, lse definition allows for a hierarchy in
the degrees of randomness for different sequeitassmportant to remark that in both
theoretical approaches perfect randomness woulg apply to sequences of infinite
outcomes and therefore, randomness would onlytheaetical concept.

SUBJECTIVE PERCEPTION OF RANDOMNESS

There has been a considerable amount of resealdults’ subjective perception
of randomness (e.g., Wagenaar, 1972; Falk, 1981:HBkel and Wagenaar 1991).
These psychologists have used a variety of stimalsiss, which have been classified in
a recent review by Falk and Konold (1977) into tw@in types. In the first type
(generation tasks subjects generate random sequences under slamdénuctions to
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simulate a series of outcomes from a typical ran@omaess, such as tossing a coin. The
second type of research approach wsesgnitiontasks. People are asked to select the
most random of several sequences of results thgittrhave been produced by a random
device or to decide whether some given sequences yweduced by a random
mechanism. Similar types of research have also pedormed using two-dimensional
random distributions, which essentially consistaridom distributions of points on a
squared grill.

In these investigations, systematic biases hawsistently been found. One such
bias is known as thgambler's fallacyby which people believe that, after a long run of
a same result in a random process, the probalmfityhat event occurring in the
following trial is lower. Related to this is thentéency of people in sequence generation
tasks to include too many alternations of diffen&sults (such as heads and tails in the
flipping of a coin) in comparison to what would tinetically be expected in a random
process. Similarly, in perception tasks people tengkject sequences with long runs of
the same result (such as a long sequence of haadsfonsider sequences with an
excess of alternation of different results to hedman. Comparable results are found in
people’s performance with two-dimensional taskswihich clusters of points seem to
prevent a distribution from being perceived as cand In addition to various
psychological mechanisms suchlasal representativenegKahnemaret al, 1982) that
may be in operation and may explain these biasese sauthors (e.g. Falk, 1981; and
Falk and Konold, in press) believe that individaahsistency in people's performance
with diverse tasks suggests underlying misconceptabout randomness.

Konold et al (1993) used a different type of task consistingn@fing people judge
the randomness of different natural phenomena. rékalts suggested that subjects’
conceptions about random experiments could beifiabto the following categories
that we believe parallel the historical interprietas of randomness outlined earlier:

- Subjects for whom an experiment is random, onlyhd possible results are
equally probable. If the probabilities of the eweimivolved are very different,
they would not be considered to be random - sudfaiasig on a day for which
the possibility of it raining has been forecas8@%o.

- Randomness as opposed to causality, or as a spgeadf cause.

- Randomness as uncertainty; existence of multiplssipdities in the same
conditions.

- Randomness as a model to represent some phenonuepmemdent upon our
information about it.

Research into children's conception of randomness

From a didactic point of view, a crucial questianwhether these biases and
misconceptions are spontaneously acquired or whétleg are a consequence of poor
instruction in probability. Below, we outline a nber of key research studies looking at
children’s and adolescents’ conceptions of rand@snand their performance when
faced with tasks requiring the generation or regagnof sequences of random results.

According to Piaget and Inhelder, chance is dugh&interference of a series of
independent causes, and the ‘non presence’ dia@lpossible outcomes when there are
only a few repetitions of an experiment. Each immlacase is indeterminate or
unpredictable, but the set of possibilities mayfdaend using combinatorial reasoning,
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thereby making the outcome predictable. This notibprobability is based on the ratio
between the number of possible ways for a particdae to occur and the number of all
possible outcomes. This would suggest that chandepaobability cannot be totally

understood until combinatorial and proportional seang are developed and, for
Piaget, this does not happen until a child reachesformal operations stage (12-14
years).

Piaget and Inhelder (1951) investigated childremderstanding of patterns in two-
dimensional random distributions. They designedeaepof apparatus to simulate rain
drops falling on paving stones. The desire for Ity appeared to dominate the young
children’s predictions. When they were asked whieeefollowing rain drop would fall,
children at stage 1 (6 to 9 years) allocated the dmops in approximately equal
numbers on each pavement square, thereby prodacingorm distribution. With older
children, proportional reasoning begins to developd Piaget and Inhelder report that
such children tolerate more irregularity in thetdlition. They believed that children
understood the law of the large numbers, which arplthe global regularity and the
particular variability of each experiment simultaosly.

Green’s (1983) findings, however, contradict thadePiaget and Inhelder. His
investigations with 2930 children aged 11-16, uspaper and pencil versions of
piagetian tasks, showed that the percentage ofirehilrecognizing random or semi-
random distributions actually decreased with ageeéond study with 1600 pupils aged
7 to 11 and 225 pupils aged 13 to 14 is descrilbeGreen (1989, 1991). Using a
slightly different task, Green found that geneeglsoning ability was a significant factor
influencing children’s responses, and concluded thare detailed investigations of
children’s concepts of randomness were needed.

In his second study, Green gave the children g¢ioarand recognition tasks related
to a random sequence of heads and tails repregehgnresults of flipping a fair coin.
The study demonstrated that children were ableesxribe what was meant by equi-
probable. However, they did not appear to undedstiaa independence of the trials, and
tended to produce series in which runs of the sawelt were too short compared to
those that we would expect in a random procesboth studies, Green found that the
perception of random sequences does not improve age. Children did base their
decisions on the following properties of the se@easnresults pattern, number of runs
of the same result, frequencies of results, andragigtability of random events.
However, these properties were not always correaflgociated to randomness or
determinism.

Toohey (1995) repeated some of Green's studiésAgitLl1-15 year-old students and
concluded that some children have only a localgestive of randomness, while that of
other children is entirely global. The local perdpa of randomness emphasized the
spatial arrangement of the outcomes within eactarequwvhile the global perspective
concentrates on the frequency distribution of ouies.

Other authors, such as Fischbein and Gazit (188d)Fischbeiret al (1991), have
also documented children's difficulties in diffetiating random and deterministic
aspects, and their beliefs in the possibility ohteolling random experiments. In
contrast to the Piagetian view, these authors mal@ed towards stating that even very
young children display important intuitions andqresor concepts of randomness. They
argue that it is not didactically sound to delaypleking and building on these
subjective intuitions until the formal operationage is reached.
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AIMS AND METHODOLOGY OF THE EXPERIMENTAL RESEARCH

In the following we present the results from aevidtudy (Serrano, 1996) in which
277 secondary school students were asked to arswertten class questionnaire
including generation and recognition tasks, whidremaken from Green (1991). About
half of the students (n=147) were in their thirduyef secondary school (14 years-old)
and had not studied probability. The rest of thelshts (n=130) were in their last year
of secondary education (17-18 years-old, pre-Usityetevel). This second group had
studied probability with a formal, mathematical eggzh for about a month when they
were 15 years old and for another month duringrtipeevious school year. Five
different schools in the town of Melilla (Spain) wweused. The test took between 45 and
60 minutes to complete.

Our research was intended to compare secondargerggl conception of
randomness before and after instruction in proligpiMvhich occurs in the Spanish
curriculum between the ages of 14 and 17. As Sheesgy (1996) points out, there is
still a need to document the growth of studentglaratanding of probability concepts
over time. We also wanted to refine Green’s reseanethodology, in particular to
permit further analysis of children’s reasoning whadging the randomness of two-
dimensional distributions, and to compare studentsiceptions with some of the
interpretations that randomness has received di@tgry. In this paper we present the
responses to recognition rather than generatids.tds Konold and Falk's opinion(in
press), these reflect subjective conceptions afoamess more directly, because people
may be able to perceive randomness, even if tteepairable to generate an example of
it.

A total of eight items will be analyzed, four ohigh refer to random sequences and
the reaming to random two-dimensional distributiofRer each type of item (random
sequences and two-dimensional distributions) wst foompare the percentages of
students considering the situation to be randomngushe Chi-squared test of
independence between the response and group oénssudThen, the students’
arguments supporting or rejecting randomnessclassified and compared by items,
age group and type of judgement (randomness/ detism), using again the Chi-
squared test. Synthesis of the general tendencyhése subjective meanings of
randomness is finally achieved through correspocele@malysis. This is a multivariate
data analysis technique, which us applicable tditqtise data and serves to identify
factors in a multiway contingency table. In ouresathe 2216 responses (277 students
x8 items) were classified by item, type of respofsmdom or fake) and argument
provided (7 different categories). The type of itgrmandom sequence or two
dimensional distribution) and group of student wesed as supplementary variables,
which does not intervene in the analysis, but dogtgn on the graphs to help in
improving the interpretations of factors.

Recognition of properties of random sequences

Firstly, we analyze the responses to items 1 ia &hich we studied the students’
capacity for discriminating random models in Beiliosequences. Two different
variables were changed in the different sequences:

a) The proportion of heads: In items 1 to 3 thispprtion is very close to the
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theoretical probability (P(H)=.53 in item 1, P(H}8.in items 2 and 3), while in item 4
the proportion of heads in only .30.

b)The length of runs, and, consequently the ptapoof alternations (change in the
type of outcome, from head to tail or from tailltead). This proportion is the quotient
between the number of alternations and the sequength and is very close to the
theoretical value .5 in items 1 ( P(A)=.54), 2 aBd(P(A)=.51). On the contrary
P(A)=.74 in item 2 that have too many alternati(io® short runs) to be considered to
be random.

Therefore, from a normative point of view, we wbutonsider that the correct
response to items 1 and 3 is that the child wagngacorrectly and for items 2 and 4
that the child was cheating. However, as in adésandomness there is always a small
probability that the sequence is not random, itespf having passed the randomness
tests, we are not just interested in whether thdesits responses coincide or not with
the normative answer, but in the properties of eages that associate to randomness.

Items 1 to 4. Some children were each told to toss a coin 40gtirSeme did it properly. Others just made
it up. They put H for Heads and T for tails.

Maria: TTTHTHHTTTHTHHHHHTHTHTHTHHTTTTHHHTHHTHH
Daniel HTHTTHHTHTHHTTHTTHHTHTHHTTHTHTHTHTHTTHT
Martinn HTTTHT THHHTHTTTTTHTHTHTHTTHHHHTTTHTTHHH
Diana: HTTTHTTHTHTTTHTTTTHHTTHTTHTTHTTTTHTTTHT
Item 1: Did Marla make it up? How can you tell?
Item 2: Did Daniel make it up? How can you tell?
Item 3: Did Martin make it up? How can you tell?

Item 4: Did Diana make it up? How can you tell?

The students' answers to these four items aremess in Table 1. Most students
considered all the sequences to be random, exgaipititem 4, in which the frequency
of heads (12) is quite different from the theomtirequency expected in a random
sequence.

Fifty-four 14 year-old students and thirty 17 yeld students gave a positive
response to item 2, but most of the students ceresdthe sequence to be random, in
spite that the number of alternations (and consgfuéhe length of runs) has been
biased. This result confirms Green’s findings (19€iat suggested that the students
have more difficulty in recognizing runs propertiggan frequency properties. The
consistent percentages of students consideringetpeences to be random in items 1, 2
and 3 indicates that the similarity between obsrared expected frequencies may be
more important than the length of the runs in degavhether a sequence is random.

In all items, the Chi-squared test of independdmetween response and students
group Yyielded a significant result (p-values wegiaa to .0011, .0045, .0028, and .0192
in items 1 to 4). A smaller proportion of 17-yedd-astudents considered that the
sequences were made up, and a higher proportionadiceach a conclusion. This also
coincided with Green'’s findings, and suggest thatdlder students are more cautious in
their judgment, because they better appreciateahability of random phenomena.

Table 1: Percentages of students' responses te ltefrand levels of significance in the
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Chi-squared test

Sequence Response Age=14 Age=17

Maria: P(H)=.53 Real 60 58
P(A)=.54 Fake 34 27

No decision 6 15

Daniel: P(H)=.48 Real 58 63
P(A)=.74 Fake 37 23

No decision 5 14

Martin: P(H)=.48 Real 53 56
P(A)=.51 Fake 42 29
No decision 5 15

Diana: P(H)=.30 Real 36 37
P(A)=.51 Fake 56 48

No decision 8 15

We asked the students to justify their answerse fdasons that they gave were
classified according to the scheme followed by Grg®91), which is described below.
In some cases students might be reasoning accaalitng representativeness heuristic
described by Kahnemaat al (1982), where people tend to estimate the likelthfor an
event based on how well it represent some aspétiie parent population.

a) There is a regular pattern in the sequen@ais reasoning refers to the order in
which heads and tails appear in the sequence,aatiek tregularity of this patterriHe
did not cheat, because there is a very regular eege of heads and tails, which is most
probable to happen”, "He might have made it up bseahe results are very uniform;
heads and tails almost alternate”.

b) There is an irregular pattern in the sequenEer example;'He did not make it
up, because the sequence does not follow any order”

In the last example or argument (b) the studassociates the lack of pattern to
randomness, which agree with @mplexity approacto randomness described before,
where the absence of patterns is an essenticdatbéastic.

c) The frequencies of the different results are gsiiteilar: For example;Because
the numbers of heads and tails are very balanc8die proportion of heads and tails is
very similar”, "The results are about 50-50".

d) The frequencies of the different results are gditierent: This is the opposite of
the previous reasoning.

These two reasons, (c) and (d), are both basesbmie sort of comparison between
the observed frequencies and the theoretical pidyaldistribution. Here, the
frequentist approachto probability and randomness, where an objeatonsidered as a
random member of a class if we can select it usingethod providing a given “a
priori” relative frequency in the long run, mighinderlay.

e) There are long runsHere students show misconceptions concerningdib@ of
independence between successive tridd@cause there are many consecutive tails”
Again, the students might be relying on the repregveness heuristic here.

f) There are no runsThis is the opposite to the previous reason, f@angle,
"There are too few sequences of heads".
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g) The probability of different events must be theesarhis reason is related to (d),
but here there is an allusion to probability. A feubjects’ responses do fall into this
category, stating for exampl&lhere must be equal probability for heads andstailin
this case students relate randomness to equiptipabsing aclassical approacho
this concept, where an object is a random membex dass if there is the same
probability for this object and for any other meanbf its class.

h) It is unpredictable; it is randomStudents giving this response might say, for
example,'That is luck”, "Though correctly flipped it canvgi those results, because it is
a game", "When flipping a coin, there is no certagsult, here randomness plays a very
important role".

Here the “outcome approach” described by Konoltens people interpret questions
about probability in a non probabilistic way antyren the unpredictability of random
events to reject taking a decision. Belief in amenying causal mechanism, which
parallel the earlier meaning of randomness, midgéb de implicit in some of these
categories of student explanations. This poindififscult to decide with our data, and
would require further research using interviews amdore varied types of tasks.

As shown in Table 2, the highest frequencies appearesponses based on
unpredictability or luck, somewhat in contrast teeén’s findings (1991). We are also
able to detect variations in the more common resg®rto the different sequences:
regular pattern in item 1; irregular pattern ilmmge2 and 4; difference of frequencies in
item 2, 3 and 4; long runs in items 2 and 3. Thagation suggests that the students
were able to discriminate between the featuret@fifferent sequences. Green (1991)
did not look at variation by items in this way.

Table 2: Percentages of students’ arguments irsltesh according age

Marla Martin Daniel Diana
Argument 14 17 14 17 14 17 14 17
Regular pattern 6 3 7 4 44 18 10 2
Irregular pattern 13 5 18 10 9 1 8 5
Similar frequencies 4 12 0 10 5 23 3 2

Different frequencies 9 8 9 7 0 4 13 27

Runs 21 13 24 18 4 5 22 16
Impredictibility 35 33 32 28 31 29 31 28
No argumer 12 26 10 23 7 20 13 20

In each item we carried out the chi squared tesindépendence between the
argument and group of students (p-values were eguad01, .002, .0001 and .02).
Younger students made more reference toptiteern of a sequence, whereas 17 year-
old students usefrequencyarguments more often. As it is shown in Table & t
responses that they gave also differed dependingwbether the sequence was
considered to be random or not (p. values in thesGhared test of independence
between argument and type of response were equ0@a in the four items). The main
argument given to support randomness was unprédittalrregular pattern, long runs,
and non-coincidence of the outcome frequencies wassociated with lack of
randomness.

Table 3: Percentage of students’ arguments in itetos4 according to whether the
sequence is considered to be random or not
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Marla Martin Daniel Diana
Argument Real Fake Real Fake Real Fake Real Fake
Regular pattern 5 6 1 13 12 81 13 3
Irregular pattern 14 2 23 5 8 1 7 7
Similar frequencies 10 6 7 2 19 6 5 1

Different frequencies 5 18 4 18 3 1 5 35
Runs 2 53 4 54 4 6 4 33
Impredictibility 52 12 48 5 43 5 51 18
No argumer 12 3 13 3 11 0 15 3

RECOGNITION OF PROPERTIES IN TWO-DIMENSIONAL ARRAYS

We included four further items in which studentsrevrequested to indicate their
perception about whether the points in a two-dinwre array were distributed
randomly or not. Our aim was to analyze the progewttributed by students to random
two-dimensional distributions and the differencesa®en the two age-groups. In order
to make the stochastic model clear for the studdrgdollowing introductory activity
was set:

Paul plays a game using 16 counters numbered3,, £,..16. Paul puts all the counters in a tia. H

shakes the tin a lot. Rachel shuts her eyes ahg piat a counter. It is number 7. Paul puts a drobsx
7. The 7 is put back in the tin and someone elgesput a counter.

1 [2 |3 |4

5 6 |[&% |8

9 10 |11 |12
13 [14 |15 |16

After reading out this text, children were toldpiay this game until they understood
the rules. They were then given two items explotiregchildren’s perception of what
might happen in the experiment if continued oveaf@ 30 selection (generation tasks).

The last four questions (the recognition tasks)eveer follows:
Items5to 8: Some children were told to play the counters gayémselves using 16 real counters.
Did some cheat and make it up?

X X X XX X
X XX XX XX y X
X X xX X X
X X X X X X
Jaime Jes’s
5. Did Jaime cheat? How can you tell? 6. @&l dcheat? How can you tell?
X |xx X T X
x P« x[x |* |x
x [x* X I
X [xx® x[x [ X
Marla Luls

7. Did Maria cheat? How can you tell? 8. Didd.cheat? H---------=mmnnnnn---

Table 4: Percentages of students' responses te fein

Array Response Age=14 Age=17
Jaime:xx*=1 Real 85 85

Fake 14 12

No decision 1 3
Jes'syx’=11 Real 57 58
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Fake 42 38
No decision 1 4
Maria: x°=2.3 Real 36 38
(Diagonal) Fake 63 58
No decision 1 5
Luis: x°=24.3 Real 25 22
Fake 74 75
No decision 1 3

In a theoretical random distribution of the numimdrcounters, about 6 empty
squares, 6 squares with only one counter, 3 withh ¢aunters and 1 with 3 0o more
counters will be expected. The chi-squared testgoebddness of fit between the
theoretical and the observed distribution in eatkhe items yielded a value of 1 for
item 5 (Jaime), 11 for item 6 (Jes’'s), 2.3 for iterfMaria), and 24.3 for item 8 (Luis).
In addition, Maria’s pattern has too many adjacempty squares, all of them on the
main diagonal. Consequently, only Jaime’s distidouwould be considered random
from a normative point of view.

There was a greater spread in the number of stsidensidering the distributions to
be random now (Table 4). The percentage of studantged from 85.1% and 85.4% in
item 5, to 25.2% and 22.3 % in item 8, where eyaatle point is distributed in each
square. There were no significant differences déijpgnon the age-group in the
proportions considering the distributions to bed@n in the Chi-squared test. This is
not surprising as, in Spain, teaching does notudwlthis type of activity. The
percentages were also similar to those obtaine@teen (1991) in 13-14 year old
students. Toohey’s study (1995) did not includehstmmparison data. In neither Green
(1989, 1981) nor Toohey (1995) were the studeritedagor reasons to justify their
answers, as they were in the present study. We geoged the students’ responses
into categories that can be compared with those insigems 1 to 4:

a) There is a regular pattern in the distribution mdints: Similarly to the previous
items, the subjects noted the presence of soméarégun the spatial arrangement of
results presented and argued that the pointstisitvn followed a regular pattern. For
example,"lt is all too correct, all in its place, well osted", "It is too lucky to have all
the squares in the top right and bottom left cosneith dots and nothing in the
others".

b)The sequence follows an irregular patteifirhis is the opposite reason to the previous
one. When the student associates the lack oérpatb randomness, tt@mplexity
approachto randomness might be implicit.

c) The frequencies of the different results are simiThis characterizes the reasoning
of students who find the frequencies of differegsuits to be too similar. It was the
favorite argument to justify item 5, referring taiis. The following statements are
variations on the same theni#.is very difficult not to have some square raes”, "It

is very difficult that all the squares should apptee same number of times".

d) The frequencies of the different results are diffe In contrast, subjects responding
in this category gave more importance to the difiees between the results presented:
"The results are quite different, from an X to 4Xddherefore reasonable”, "l believe
that we should get more even results, not so diftethe number of times that squares
are repeated"”.
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We can observe tHeequentist approacko probability implicit in these arguments c)
and d).

e) There is a cell with too many poinfehis argument is frequently used to justify items
6 and 8:"Some squares have too many crossdslis would be equivalent to an
argument that the runs are too long in items 1-d¢cabse it implies similar
misconceptions about the idea of independence.

The following arguments were hardly used; althowghhave included them in order
to maintain consistency with the classificatioragjuments in items 1 to 4.

f) There are no cells with several pointsis is the reversal of the previous reason.
g) It must be equal possibilities in the number ahfgoby square.

h) Unpredictability of the results in random experitee Students giving this type of
response seems to reason by the ‘outcome approably’belief in an underlying causal
mechanism. For exampl&uch is each person's luck, we cannot guess Hutte

Table 5:Percentages of students’ arguments in lEeiand level of significance in the
Chi-squared test

Jaime Jes's Marla Luls
Argument 14 17 14 17 14 17 14 17
Regular pattern 1 1 52 45 7 45 38 6
Irregular pattern 36 21 10 5 24 5 0 0

Similar frequencies 1 0 3 5 0 5 41 65
Different frequencies 9 11 0 0 5 0 1 1

Clusters 8 2 0 0 26 0 1 0
Unpredictability 30 44 24 35 29 35 10 22
No argumer 15 21 11 10 9 10 9 6

The students’ responses are presented in Tablbe&more frequent reasons were:
too regular pattern, irregular pattern, similargfrencies, different frequencies, cells
with too many points, and unpredictability. The mégquent response did change
according to the item, which suggests that the estied are able to distinguish the
characteristics presented in the distributions. uReg pattern is more frequently
associated with items 7 and 8, irregular patterthwiems 5 and 6, equality of
frequencies with item 8, and cells with too maningowith items 5 and 6.

We found significant p-values in the Chi squaredt tof independence between
student group and arguments, except in item 6 [pegawere equal to .004, .001, and
.001 in items 5, 7, and 8). The older students seleim favor frequency-based reasoning
and unpredictability, whilst the 14 year-olds tethde comment on the regularity or
irregularity of the pattern.

Table 6: Percentages of students’ arguments acaptdiwhether the sequence is
considered to be random or not

Jaime Jes’'s Marla Luls
Argument Real Fake Real Fake Real Fake Real Fake
Regular pattern 3 1 9 74 2 17 14 27

Irregular pattern 31 20 12 6 28 6 0 0
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Similar frequencies 0 0 0 1 0 0 25 63
Different frequencies 11 5 4 2 4 5 3 0

Clusters 1 33 0 2 6 a7 0 0
Unpredictability 39 25 62 10 46 20 40 8
No argumer 17 14 14 5 14 5 18 2

We also found significant p-values in the Chi-ggdatest of independence between
argument and whether the student considered thebdison to be random or not (p-
values were equal to .0001, .009,.004, and .000Table 6 we can see that the reasons
given when the student did not believe that théridigion was random were; regular
pattern, the equality of frequencies of the différeesults, and the existence of cells
with too many points. The irregularity of patteemd unpredictability, were more often
used to support a belief in the randomness of idtalalition.

Factors affecting the perception of randomness

One research issue was whether the students esdplbg same arguments to reject
or to confirm randomness, and whether these argisnedranged according to the task
variables in the items. In the previous section abserved that particular responses
appeared to be associated with different items.hatee also found variations between
the responses employed to justify saying that aessce was random (the child was not
cheating) or otherwise. Since the classification reponses was made to allow
comparison in the eight situations proposed, weehaampleted our results with a
correspondence analysis, using BMDP software, thighaim of identifying which task
variables were associated with each argument.

The results of the analysis support our hypothéiséd students recognized the
characteristics that we changed in the items amthdrmore, that they used them to
decide if the situation was random or not. Theswmadteristics may be summarized in
terms of the three factors identified below whibkfween them, explain 87.5% of the
total variance:

1. Students attribute a local variability to ramdphenomena. Because of this, they
expect frequent alternation of results and a lgggattern in the order or in the spatial
arrangement of results.

2. Students expect a global regularity given leydimilarity between the frequencies
of different results and the theoretical probaie#it

3. However, some discrepancy (though not muchiyéden the theoretical and the
observed distribution is expected. These discréparare easily observed in the linear
sequences, but are not so obvious in the itemsecoed with distributions of points in
arrays.

DISCUSSION OF FINDINGS

Our results show a mixture of correct and incdrpgoperties associated by students
to randomness. On one hand. they perceived thévagdability, lack of patterns in the
lineal or spatial arrangement of outcomes, andediptability of the random processes
underlying the tasks we gave them. In many casesstodents carried out a statistical
analysis of the frequencies for the different egemt the random sequences and
compared these frequencies with an underlying egbgbility model. As regards to
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two dimensional distributions, they rejected tharitwith only one counter by square as
well as that with too many adjacent squares. Wallshtake into account all these
correct intuitions when organizing the teachingpadbability, because when learning
something new students construct their own meamyngpnnecting the new information
to what they already believe to be true.

We also must consider the students’ mistaken @imres a review our ways of
teaching in the light of changes after instructibhere was a too strong emphasis on the
unpredictability and luck to justify randomness dhig tendency seemed to increase in
the older students when analyzing the two dimerdidistributions, a type tasks that
are not considered in the Spanish curriculum. Thistence of runs of 5 and even 4
identical results in the sequences (squares witistedl of 3-4 markers in two
dimensional distributions) was mistakenly assodiat®yy the students to lack of
randomness, though after instruction a smallergntegn of students provided this type
of arguments. Because understanding the existeficeuns and clusters implies
understanding independence, our results suggesinith@pendence is not an intuitive
idea and that students continue having difficultieth the idea of independence after
instruction.

The students’ arguments and responses also suggdstlying conceptions that
parallel some of the meanings that randomnessdtasved along history. In particular,
students relate randomness to luck and unknownesawmnd to probability in its
classical and frequentist approach. Some of theurdes of the complexity approach
(lack of pattern) and selection algorithms (unpetadility) are also shown in their
responses. All these results are very close tolpabreen, and therefore, his results
could be extended to our group of 17 year-oldsesitgd In addition, we have extended
the classification of students’ arguments whicle&dr carried out for linear sequences
to two-dimensional distributions and have achievadgeneral synthesis using
correspondence analysis.

In summary, our experimental results as well as previous analysis reveal the
complexity of the meaning of randomness for whidtietent properties need to be
understood. It may in fact be preferable to constle termrandomnessas a ‘label’
with which we associate many concepts, such asriexpet, event, sample space,
probability, etc (Konold et al., 1993). In this senthe word ‘randomness’ refers us to a
collection of mathematical concepts and proceduled we can apply in many
situations. We should think more about an orieotatve take toward the phenomenon
that we qualify as ‘random’ rather than a qualitereof. We apply a mathematical
model to the situation, because it is useful tacdes it and to understand it. But we do
not believe that the situation will be ‘identic&d the model. Deciding when probability
is more convenient or adapted to the situation tither mathematical models is part of
the work of modeling that we should encourage anmngstudents.
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