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Notation and Definitions

Let A be a complex Banach algebra with identity 1, and suppose x € A.
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Let A be a complex Banach algebra with identity 1, and suppose x € A.

@ The spectrum of x—denoted o(x)—is the set of all complex
numbers A such that A1 — x is not invertible in A.

@ the cardinality of a set K will be denoted using #K.

@ An open ball with center x and radius r will be denoted by B(x, r).
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Notation and Definitions

Let A be a complex Banach algebra with identity 1, and suppose x € A.

@ The spectrum of x—denoted o(x)—is the set of all complex
numbers A such that A1 — x is not invertible in A.

@ the cardinality of a set K will be denoted using #K.
@ An open ball with center x and radius r will be denoted by B(x, r).

@ If D is a domain of C, then we will assume throughout that f is an
analytic function from D into A.
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Notation and Definitions

Let A be a complex Banach algebra with identity 1, and suppose x € A.

@ The spectrum of x—denoted o(x)—is the set of all complex
numbers A such that A1 — x is not invertible in A.

@ the cardinality of a set K will be denoted using #K.
@ An open ball with center x and radius r will be denoted by B(x, r).

@ If D is a domain of C, then we will assume throughout that f is an
analytic function from D into A.

@ Define the set Dy as follows:

Df ={X € D: #0(f(N\)) < o0}.
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The “Old” Scarcity Theorem

Bernard Aupetit’s original Scarcity
Theorem [1, Theorem 3.4.25, p. 63]
is as follows:

Theorem (Scarcity of Elements with Finite Spectrum)

Let f be an analytic function from a domain D of C into a Banach
algebra A.
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The “Old” Scarcity Theorem

Bernard Aupetit’s original Scarcity
Theorem [1, Theorem 3.4.25, p. 63]
is as follows:

Theorem (Scarcity of Elements with Finite Spectrum)
Let f be an analytic function from a domain D of C into a Banach
algebra A.

If Dy is not a Borel set with zero capacity, then there exist an integer
n > 1 and a closed discrete subset E of D such that
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Theorem [1, Theorem 3.4.25, p. 63]
is as follows:

Theorem (Scarcity of Elements with Finite Spectrum)

Let f be an analytic function from a domain D of C into a Banach
algebra A.

If Dy is not a Borel set with zero capacity, then there exist an integer
n > 1 and a closed discrete subset E of D such that

@ #o(f(\)) =nfor X € D\ E and #0(f()\)) < nfor X € E, and,
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The “Old” Scarcity Theorem

Bernard Aupetit’s original Scarcity
Theorem [1, Theorem 3.4.25, p. 63]
is as follows:

Theorem (Scarcity of Elements with Finite Spectrum)

Let f be an analytic function from a domain D of C into a Banach
algebra A.

If Dy is not a Borel set with zero capacity, then there exist an integer
n > 1 and a closed discrete subset E of D such that

@ #o(f(\)) =nfor X € D\ E and #0(f()\)) < nfor X € E, and,

© the npoints of #(f(\)) are locally holomorphic functions on D\ E.
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Mechanics of the Scarcity Theorem

Assuming that Dy has nonzero capacity, we have that

@ o(f()\)) has exactly n members for all A outside some closed and
discrete set E C D;
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Mechanics of the Scarcity Theorem

Assuming that Dy has nonzero capacity, we have that

@ o(f()\)) has exactly n members for all A outside some closed and
discrete set E C D;

@ at points of E, the spectrum of f(\) has fewer than n elements;
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Mechanics of the Scarcity Theorem

Assuming that Dy has nonzero capacity, we have that
@ o(f()\)) has exactly n members for all A outside some closed and
discrete set E C D;
@ at points of E, the spectrum of f(\) has fewer than n elements;

@ fixing a point A\ in D\ E yields r > 0 and complex functions
aq,...,apn such that

@ B(M\o,r) C D\ E,
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Mechanics of the Scarcity Theorem

Assuming that Dy has nonzero capacity, we have that
@ o(f()\)) has exactly n members for all A outside some closed and
discrete set E C D;
@ at points of E, the spectrum of f(\) has fewer than n elements;

@ fixing a point A\ in D\ E yields r > 0 and complex functions
aq,...,apn such that

@ B(Xo,r) C D\ E,
® «y,...,anare holomorphic on this disk, and,
@ o(f(N\) ={a1(N),...,an(N)} forall X € B(Xg, r).
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Mechanics of the Scarcity Theorem

Assuming that Dy has nonzero capacity, we have that
@ o(f()\)) has exactly n members for all A outside some closed and
discrete set E C D;
@ at points of E, the spectrum of f(\) has fewer than n elements;

@ fixing a point A\ in D\ E yields r > 0 and complex functions
aq,...,apn such that

@ B(Xo,r) C D\ E,
® «y,...,anare holomorphic on this disk, and,
@ o(f(N\) ={a1(N),...,an(N)} forall X € B(Xg, r).

What one has to be aware of—amongst the many boons that this
theorem grants us—is that if we have two distinct points v, < in D\ E,
the following observation can be made:
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The First Observation

There are disks B, = B(v, ry) and B, = B(x, ;) in D\ E and 2n
functions, a4, ...,an and B4, ..., B, such that each «; is holomorphic
on B, and each j; is holomorphic on B,..
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The First Observation

There are disks B, = B(v, ry) and B, = B(x, ;) in D\ E and 2n
functions, a4, ...,an and B4, ..., B, such that each «; is holomorphic
on B, and each j; is holomorphic on B,..

We may not have that these sets of functions correspond, or if they are
even defined on the other open disk in D\ E.
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The First Observation

There are disks B, = B(v, ry) and B, = B(x, ;) in D\ E and 2n
functions, a4, ...,an and B4, ..., B, such that each «; is holomorphic
on B, and each j; is holomorphic on B,..

We may not have that these sets of functions correspond, or if they are
even defined on the other open disk in D\ E.

The question then arises, what happens when B, N B,, # 07

Surely, for all X in this intersection we must have that

a(f(N)) ={a1(A),...,an(A)} = {B1(A), ..., Bn(N)}. (%)
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The First Observation

Notice that this must happen for uncountably many \’s, and then by the
Pigeonhole Principle we conclude without loss of generality that
aj=pion B, NB,foreachiec {1,...,n}.
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The First Observation

Notice that this must happen for uncountably many \’s, and then by the
Pigeonhole Principle we conclude without loss of generality that
aj=pion B, NB,foreachiec {1,...,n}.

So taking M to be B, U B,; and define new functions, say, 61,...,6p, as

below: '
0.0 — {a,-()\) fAcB,
Bi(\)  if A€ B,.
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The First Observation

Notice that this must happen for uncountably many \’s, and then by the
Pigeonhole Principle we conclude without loss of generality that
aj=pion B, NB,foreachiec {1,...,n}.

So taking M to be B, U B,; and define new functions, say, 61,...,6p, as

below: '
0.0 — {a,-()\) fAcB,
Bi(\)  if A€ B,.

We have obtained some ‘larger’ set M in D\ E on which o(f())) is
given by a single set of n holomorphic functions.
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How large can we make M?

If we do not assume anything other than A being a complex Banach
algebra with unit—and of course Dy having nonzero capacity—the best
we do (so far) is that M is a dense open subset of D\ E.
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How large can we make M?

If we do not assume anything other than A being a complex Banach
algebra with unit—and of course Dy having nonzero capacity—the best
we do (so far) is that M is a dense open subset of D\ E.

Still not known:
@ Is M always connected?
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How large can we make M?

If we do not assume anything other than A being a complex Banach
algebra with unit—and of course Dy having nonzero capacity—the best
we do (so far) is that M is a dense open subset of D\ E.

Still not known:
@ Is M always connected?
@ If not, then are there only finitely many connected components of

M?
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How large can we make M?

If we do not assume anything other than A being a complex Banach
algebra with unit—and of course Dy having nonzero capacity—the best
we do (so far) is that M is a dense open subset of D\ E.

Still not known:
@ Is M always connected?
@ If not, then are there only finitely many connected components of
M?

The next example illustrates how a simple construction can be impede
our aim of achieving M = D\ E.
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A Simple Example Which Foiled Us...

Example
Set D = C and take f: C — My(C) to be the map

0 A
)\|—>[1 O]'
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A Simple Example Which Foiled Us...

Example
Set D = C and take f: C — My(C) to be the map

0 A
)\|—>[1 O]'

Then o(f())) is precisely the square root(s) of A, say, {a(}\), —a(A)}.
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A Simple Example Which Foiled Us...

Example
Set D = C and take f: C — My(C) to be the map

0 A
)\|—>[1 0].

Then o(f())) is precisely the square root(s) of A, say, {a(}\), —a(A)}.

Furthermore, applying the Scarcity Theorem here, we find that our
closed and discrete subset E of C is {0}.
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A Simple Example Which Foiled Us...

Example
Set D = C and take f: C — My(C) to be the map

0 A
A= [1 0] .
Then o(f())) is precisely the square root(s) of A, say, {a(}\), —a(A)}.

Furthermore, applying the Scarcity Theorem here, we find that our
closed and discrete subset E of C is {0}.

Now notice that if our largest set M is all of D\ E then we would obtain
a square root function which is holomorphic on all of C \ {0}.
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A Simple Example Which Foiled Us...

Example
Set D = C and take f: C — My(C) to be the map

0 A
A= [1 0] .
Then o(f())) is precisely the square root(s) of A, say, {a(}\), —a(A)}.

Furthermore, applying the Scarcity Theorem here, we find that our
closed and discrete subset E of C is {0}.

Now notice that if our largest set M is all of D\ E then we would obtain
a square root function which is holomorphic on all of C \ {0}.

Clearly this is absurd, for such a function is defined in terms of
branches of the complex Ln function.
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A Simple Example Which Foiled Us...

Example
Set D = C and take f: C — My(C) to be the map

0 A
A= [1 0] .
Then o(f())) is precisely the square root(s) of A, say, {a(}\), —a(A)}.
Furthermore, applying the Scarcity Theorem here, we find that our

closed and discrete subset E of C is {0}.

Now notice that if our largest set M is all of D\ E then we would obtain
a square root function which is holomorphic on all of C \ {0}.

Clearly this is absurd, for such a function is defined in terms of
branches of the complex Ln function.

In the second part of the talk, we show a case where M = D\ E can
be obtained.
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Some Applications using the “Vanilla” Scarcity
Theorem

@ The Jacobson radical of A (denoted rad(A)) is the intersection of
all maximal left (right) ideals of A.
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Some Applications using the “Vanilla” Scarcity
Theorem

@ The Jacobson radical of A (denoted rad(A)) is the intersection of
all maximal left (right) ideals of A.

Using the Scarcity Theorem, one can show that if U # () is an
arbitrary open set of A then

x € rad(A) < o(xa) = {0} forallac U.
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Some Applications using the “Vanilla” Scarcity
Theorem

@ The Jacobson radical of A (denoted rad(A)) is the intersection of
all maximal left (right) ideals of A.

Using the Scarcity Theorem, one can show that if U # () is an
arbitrary open set of A then

x € rad(A) < o(xa) = {0} forallac U.

@ Brits et al. in [2] (2021) use the theorem to show that a Banach
algebra A is commutative if and only if

#o(eV —ee¥) =1 forall x,y € A.
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@ Jacobson’s Lemma: o(xy) U {0} = o(yx) U {0} for all x,y € A. But
this does not necessarily hold for all permutations of three
elements if A is not commutative.
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@ Jacobson’s Lemma: o(xy) U {0} = o(yx) U {0} for all x,y € A. But
this does not necessarily hold for all permutations of three
elements if A is not commutative.

Raubenheimer et al. in [3] (2009) show that if

#o(xyz) = #o(zyx) for all x, y,z € a neighbourhood of 1,

then A is commutative.
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@ Jacobson’s Lemma: o(xy) U {0} = o(yx) U {0} for all x,y € A. But
this does not necessarily hold for all permutations of three
elements if A is not commutative.

Raubenheimer et al. in [3] (2009) show that if
#o(xyz) = #o(zyx) for all x, y,z € a neighbourhood of 1,

then A is commutative.
@ The spectral rank of an element x is defined as follows:

rank(x) = Zzz#(a(xa) \ {0}) < .
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@ Jacobson’s Lemma: o(xy) U {0} = o(yx) U {0} for all x,y € A. But

this does not necessarily hold for all permutations of three
elements if A is not commutative.

Raubenheimer et al. in [3] (2009) show that if
#o(xyz) = #o(zyx) for all x, y,z € a neighbourhood of 1,

then A is commutative.
@ The spectral rank of an element x is defined as follows:

rank(x) = sup #(o(xa) \ {0}) < .
acA
Now if #0(xa) is finite for all a € A, then it is possible to prove

using the Scarcity Theorem that rank(x) is finite.
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The Scarcity Theorem (new and improved)

Theorem (Scarcity of Elements with Finite Spectrum)
Let A be a Banach algebra and suppose D is a domain of C with

f: D — A an analytic function such that the set
Dy = {X\ € D: #0(f(N\)) < o0}
has nonzero capacity.
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The Scarcity Theorem (new and improved)

Theorem (Scarcity of Elements with Finite Spectrum)

Let A be a Banach algebra and suppose D is a domain of C with
f: D — A an analytic function such that the set

D ={\ € D: #o(f(\)) < oo}
has nonzero capacity.

Then there exist an integer n > 1, a closed discrete subset E of D, an
open subset M of D\ E, and n complex functions wy, . ..,w, such that
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Let A be a Banach algebra and suppose D is a domain of C with
f: D — A an analytic function such that the set

D ={\ € D: #o(f(\)) < oo}
has nonzero capacity.

Then there exist an integer n > 1, a closed discrete subset E of D, an
open subset M of D\ E, and n complex functions wy, . ..,w, such that
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The Scarcity Theorem (new and improved)

Theorem (Scarcity of Elements with Finite Spectrum)

Let A be a Banach algebra and suppose D is a domain of C with
f: D — A an analytic function such that the set

D ={\ € D: #o(f(\)) < oo}
has nonzero capacity.

Then there exist an integer n > 1, a closed discrete subset E of D, an
open subset M of D\ E, and n complex functions wy, . ..,w, such that

Q@ #o(f(\)) =nfor X\ € D\ E and #0o(f()\)) < nfor \ € E;
© the spectrum of f(\) is given by {w1()), ..., wn(N)} for all X € M;
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The Scarcity Theorem (new and improved)

Theorem (Scarcity of Elements with Finite Spectrum)

Let A be a Banach algebra and suppose D is a domain of C with
f: D — A an analytic function such that the set

D ={\ € D: #o(f(\)) < oo}
has nonzero capacity.

Then there exist an integer n > 1, a closed discrete subset E of D, an
open subset M of D\ E, and n complex functions wy, . ..,w, such that

Q@ +#o(f(\)) =nforx e D\ E and #0o(f(\)) < nfor X € E;
© the spectrum of f(\) is given by {wi()),...,wn(A\)} for all X € M;
© the functions wy, ..., w, are holomorphic on M;
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The Scarcity Theorem (new and improved)

Theorem (Scarcity of Elements with Finite Spectrum)

Let A be a Banach algebra and suppose D is a domain of C with
f: D — A an analytic function such that the set

D ={\ € D: #o(f(\)) < oo}
has nonzero capacity.

Then there exist an integer n > 1, a closed discrete subset E of D, an
open subset M of D\ E, and n complex functions wy, . ..,w, such that

Q@ +#o(f(\)) =nforx e D\ E and #0o(f(\)) < nfor X € E;

© the spectrum of f(\) is given by {wi()),...,wn(A\)} for all X € M;
© the functions wy, ..., w, are holomorphic on M;

©Q Misdensein D.
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Proof Outline

(1) The original theorem gives us existence of a closed discrete
subset E of D and an integer n > 1 such that #o(f(\)) = non
D\ E and #o(f(\)) < n otherwise.
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Proof Outline

(1) The original theorem gives us existence of a closed discrete
subset E of D and an integer n > 1 such that #o(f(\)) = non
D\ E and #o(f(\)) < n otherwise.

(2) For an nonempty open subset F of D\ E, define the set Hr to be

the collection of all ordered n-tuples (a4, ..., ap) of functions such
that
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Proof Outline

(1) The original theorem gives us existence of a closed discrete
subset E of D and an integer n > 1 such that #o(f(\)) = non
D\ E and #o(f(\)) < n otherwise.

(2) For an nonempty open subset F of D\ E, define the set Hr to be
the collection of all ordered n-tuples (a4, ..., ap) of functions such
that

@ each «; is holomorphic on F,
@ o(f(\)) = {a;(N)}, foreach A € F.
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Proof Outline

(1) The original theorem gives us existence of a closed discrete
subset E of D and an integer n > 1 such that #o(f(\)) = non
D\ E and #o(f(\)) < n otherwise.

(2) For an nonempty open subset F of D\ E, define the set Hr to be
the collection of all ordered n-tuples (a4, ..., ap) of functions such
that

@ each «; is holomorphic on F,
@ o(f(\)) = {a;(N)}, foreach A € F.

Observe that if Hr # () then it can be assumed to be a singleton.
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Proof Outline

(1) The original theorem gives us existence of a closed discrete
subset E of D and an integer n > 1 such that #o(f(\)) = non
D\ E and #o(f(\)) < n otherwise.

(2) For an nonempty open subset F of D\ E, define the set Hr to be
the collection of all ordered n-tuples (a4, ..., ap) of functions such
that

@ each «; is holomorphic on F,
@ o(f(\)) = {a;(N)}, foreach A € F.

Observe that if Hr # () then it can be assumed to be a singleton.

Define another set C as follows:

C :={Hr # 0: F is a nonempty open subset of D\ E}.
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Proof Outline

(3) Define the following partial order on C: Given Hr = (o)}, and
Hg = (Bi)i-, we will say He < Hg whenever
e FC (@, and,
@ aj=pf;jon Fforeachjec {1,...,n}.
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Proof Outline

(3) Define the following partial order on C: Given Hr = (o)}, and
Hg = (Bi)i-, we will say He < Hg whenever
e FC (@, and,
@ aj=pf;jon Fforeachjec {1,...,n}.
Now simply apply Zorn’s Lemma to obtain the maximal element
HM inC.
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Proof Outline

(3) Define the following partial order on C: Given Hr = (o)}, and
Hg = (Bi)i-, we will say He < Hg whenever

e FC G, and,

@ a;=pjon Fforeachjc {1,...,n}.
Now simply apply Zorn’s Lemma to obtain the maximal element
HM inC.
M is an open subset of D\ E with Hy, = (w1, ...,wn) Which are
functions holomorphic on M such that o(f(\)) = {w;i(\)}}L, for all
AeM.
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Proof Outline

(3) Define the following partial order on C: Given Hr = (o)}, and
Hg = (Bi)i-, we will say He < Hg whenever

e FC G, and,

@ a;=pjon Fforeachjc {1,...,n}.
Now simply apply Zorn’s Lemma to obtain the maximal element
HM inC.
M is an open subset of D\ E with Hy, = (w1, ...,wn) Which are
functions holomorphic on M such that o(f(\)) = {w;i(\)}}L, for all
AeM.

(4) To show that M is dense in D, we need only show M = D\ E,
which is really obvious using a proof by contradiction. O
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The Most Optimal Conclusion

Our issue previously was that, at best, the spectrum of f(\) was given
in terms of functions holomorphic on a dense open subset M of
D\ E—but M # D\ E necessarily.
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The Most Optimal Conclusion

Our issue previously was that, at best, the spectrum of f(\) was given
in terms of functions holomorphic on a dense open subset M of
D\ E—but M # D\ E necessarily.

If, however, we assume that f(\)f(k) = f(x)f(\) for all A\, k € D, then it
is possible to obtain this conclusion.
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The Most Optimal Conclusion

Our issue previously was that, at best, the spectrum of f(\) was given
in terms of functions holomorphic on a dense open subset M of
D\ E—but M # D\ E necessarily.

If, however, we assume that f(\)f(k) = f(x)f(\) for all A\, k € D, then it
is possible to obtain this conclusion.

In other words, we need to have that the set {f(A): A € D} isa
commutative subset of A.
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The commutant of a set S in A is defined to be
Cs ={xecA:xa=axforallac S},

with the bicommutant (denoted Bg) being just the commutant of the
commutant of S.

Bs is a commutative Banach subalgebra of A provided that S is
commutative itself. Furthermore, bicommutants preserve the spectrum
of its elements in A.

A character ¢ on a Banach algebra is a nonzero bounded linear
functional such that ¢(xy) = ¢(x)¢(y) for all x, y € A. The character
space of A will be denoted .

The spectrum of an element x in a commutative Banach algebra is
precisely

{o(x): ¢ € M.

M Hassen (UJ) On Aupetit’s Scarcity Theorem July 2022 15/20



The Scarcity Theorem with some Commutativity

Theorem

Let A be a Banach algebra, D a domain of C, and f: D — A an analytic
function such that its range forms a commutative subset of A.
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discrete subset E of D and n complex functions a4, . .., ap such that
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The Scarcity Theorem with some Commutativity

Theorem

Let A be a Banach algebra, D a domain of C, and f: D — A an analytic
function such that its range forms a commutative subset of A.

If Df has nonzero capacity, then there exist an integer n, a closed
discrete subset E of D and n complex functions a4, . .., ap such that

Q@ #o(f(\)) =nfor X € D\ E and #0o(f(\)) < n otherwise;

Q o(f(\) ={a1(N),...,an(N)} forany X € D;
© the functions a4, ..., ap are holomorphic on D.

M Hassen (UJ) On Aupetit’s Scarcity Theorem July 2022 16/20




Proof Outline

(1) If A\ is afixed pointin D\ E, there is a disk By contained in D\ E
centered at A1 and functions a4, ..., an such that

o(f(N) = {a1(N),. .., an(\)} forall A € By.
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the range of f in A, then we have for any A € D that

a(f(A) = {s(f(N)): ¢ € M}.

M Hassen (UJ) On Aupetit’s Scarcity Theorem July 2022 17/20



Proof Outline

(1) If A\ is afixed pointin D\ E, there is a disk By contained in D\ E
centered at A1 and functions a4, ..., an such that

o(f(N) = {a1(N),. .., an(\)} forall A € By.

On the other hand, if we look at the bicommutant Bg, where S is
the range of f in A, then we have for any A € D that

a(f(A) = {s(f(N)): ¢ € M}.

With this, we argue and show that each «; is assigned to at least
one ¢; o f on Bg such that a;; = ¢; o f on Bj.
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(2) But each ¢; o f is assigned to exactly one of the «;’s such that they
are identical on B;.
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(2) But each ¢; o f is assigned to exactly one of the «;’s such that they
are identical on By. Hence, there are n characters on Bs such that

a(FON)) = {(61 0 )N, .., (dno F)(N)} forall A € By.
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Proof Outline

(2) But each ¢; o f is assigned to exactly one of the «;’s such that they
are identical on By. Hence, there are n characters on Bs such that

a(FON)) = {(61 0 )N, .., (dno F)(N)} forall A € By.

It remains to show that the above statement holds for all A € D.
Notice that {(¢; o f)(A\)}1_; € o(f(N)), forany A € D\ E.

And we have that #0(f(\)) = noutside E, so to show equality
here, we need only prove that

#{(piof)(N\)}_y =nforall A\ e D\ E.
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(3) The Identity Theorem for holomorphic functions easily establishes
this fact.
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(3) The Identity Theorem for holomorphic functions easily establishes
this fact.

So we are almost there, as the following is now true:

a(f(N) ={(¢1 0 )(A),...,(¢no f)(A\)}forall A e D\ E. (%)
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Proof Outline

(3) The Identity Theorem for holomorphic functions easily establishes
this fact.

So we are almost there, as the following is now true:

a(FON)) = {(d1 0 H)(N),.... (dno )N\ forall A e D\ E. ()

(4) Finally, using a short argument, we can extend these functions
holomorphically to points of E, and that () holds for all A € E as
well.
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