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» || - || is maximal on A if and only if all algebra homomorphisms from

(A, |l - |I) into a normed algebra are continuous.
» || - || is minimal on A if and only every injective homomorphism from

(A, ]l - |) into a normed algebra is bounded below.
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» Ware, in his PhD thesis, proved that the Calkin algebras of the following
spaces have unique algebra norms:

> Finite direct sums of ¢ and £, (1 < p < o).

> (@HENKZ)CO and (@HENZ,’;)%, (1<p<),1<qg<oo.

> James’ space Jp for 1 < p < oo.
He also generalised Meyer's result by proving that every quotient of B(X)
by one of its closed ideals has a unique algebra norm for X = ¢(I') and
X =4,(T), (1 < p < ), I uncountable.

» Johnson, Phillips, and Schechtman proved that for (1 < p < o),
L,([0,1]) has a Calkin algebra with a unique norm, but there is a closed
ideal J of B(L,([0,1])) for which B(L,([0,1]))/J does not have a unique
algebra norm.
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New results

For the following Banach spaces X, a quotient of B(X) by any one of its closed
ideals has a unique algebra norm:

> X = (Den ZS)CO and X = (®nENEg)£1’

> X = (@neNﬂ’z’)CO @ co(l) and X = (@neNeg)él @ 41(), for T
uncountable,

> X = Co(Ka), where Ky is Koszmider's Mréwka space for which X has few
operators.

For each of these spaces, we know the entire lattice of closed ideals of B(X).
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This notion is helpful to us because we have access to the following method,
courtesy of Johnson, Phillips, and Schechtman:
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Recall that the Banach spaces X which we chose to examine have the lattice of
closed ideals of B(X) fully known.

Factorisations of some idempotent through all norm one elements of quotient
algebras are very common in classifying closed ideal lattices of bounded
operators.For example, due to Laustsen, Loy, and Read, the lattice of closed
ideals of B(X) for X = (P,cy ZZ)CO is:

{0} € K(X) € G (X) < B(X) -

One step in proving this ideal classification was to show that

VT € B(X)\ Ge (X), there are A, B such that Ix = ATB.

Our job is then for || T||q = 1, to calculate an upper bound on the norms of A
and B.
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The lattice of closed ideals of B(X) for X = (D,cy43)_ is:

v

<o

{0} © K(X) & Goo(X) & B(X) .

By automatic continuity of homomorphisms, we have that each of the
quotients of B(X) by its closed ideals have maximal algebra norms.

The Eidelheit-Yood Lemma tells us that for any Banach space X, we have
that B(X)(= B(X)/{0}) has a minimal algebra norm.

Ware showed that Calkin algebra of X has a unique algebra norm.
B(X)/B(X) = {0} has a unique algebra norm, trivially.

It remains to be proved that B(X)/Ge (X) has a minimal algebra norm.
We prove this via uniform incompressibility.
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For n € N, Hy,..., H, Hilbert spaces, E a Banach space, and € > 0, let
T € B(Hi® -+ ® Hp; E). Define the index m¢(T) as:
me(T) :==sup{m € No : |[T(PL & P2 ... PIn)|| > ¢
1 2 n

for every subspace G; C H; with dim(G;) < m Vj € {1,...,n}}.

In words, m(T) is the largest number m of dimensions, such that if you
remove m dimensions from each of the Hilbert spaces in the domain of T, you
are still left with an operator with norm bigger than e.
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> We showed that if T € B(X) \ Ge(X), then for all € € (0, | T||q), we have
that sup{mc(Q,T) : n € N} = oco. It follows that X is uniformly
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A similar method also works to prove uniqueness of norm of B(X*)/Ge, (X*).
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Quotients of B(X) for X = E @ co(T), for E = (D en £5)

<o

Found by Niels Laustsen and myself, the lattice of closed ideals of
T2 (X) = T (X) = Tna(X) > .0 = Tre(X)

{0} » K(X) » Goo(X)

.

Kxa(X) = Ko (X) = Ky (X) = ... = Kr(X

_( 9ao(E)  B(a(F):E)\ . _a
> JX) = (B(E; o) Kula(D) ) with Jia (X) = Geo(X)
B(E) B(co(l); E)

> Ke(X) = <B(E; o) Kr(c(N) ) for k > NWy.



Quotients B(X) for X = C(K), K scattered, locally compact, Hausdorff

» A topological space K is scattered if every nonempty subset of K contains
an isolated point.



Quotients B(X) for X = C(K), K scattered, locally compact, Hausdorff

» A topological space K is scattered if every nonempty subset of K contains
an isolated point.

» Recently, Niels and | proved the following result:



Quotients B(X) for X = C(K), K scattered, locally compact, Hausdorff

» A topological space K is scattered if every nonempty subset of K contains
an isolated point.

» Recently, Niels and | proved the following result:

> Let K be a scattered, locally compact, Hausdorff space. Let X = C(K).
Suppose that there exists some § > 0 such that for all T € B(X) \ K(X)
with || T + K(X)|| = 1, there is an infinite dimensional subspace E of
C(K) on which T is bounded below by 4.



Quotients B(X) for X = C(K), K scattered, locally compact, Hausdorff

» A topological space K is scattered if every nonempty subset of K contains
an isolated point.

» Recently, Niels and | proved the following result:

> Let K be a scattered, locally compact, Hausdorff space. Let X = C(K).
Suppose that there exists some § > 0 such that for all T € B(X) \ K(X)
with || T + K(X)|| = 1, there is an infinite dimensional subspace E of

C(K) on which T is bounded below by 6. Then the Calkin algebra of X is
uniformly incompressible.
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A C(K) space of few operators

» Discovered by Koszmider, there exists a scattered, locally compact,
Hausdorff topological space Ka for which X = C(Ka) has few operators:

VT € B(X),3A€C,5 € Gey(X); T=Ax+S.

> Kania and Kochanek found that the lattice of closed ideals of B(X) is

{0} € K(X) S Gey(X) S BX) .

» Aside from the Calkin algebra of X, it is easy to see that the quotients of
B(X) by its closed ideals have unique algebra norms.

» We proved that the Calkin algebra of X has a unique algebra norm, via the
method on the previous slide: we proved that there exists § > 0 such that,
if TeB(X):||T|lq =1, then T is bounded below by § on a copy of .

» Question: Does the Calkin algebra of C[0,w") have a unique algebra
norm?



Thank you for listening!



