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Terminology and fixed notation

Banach algebra : complex unital Banach algebra

AL : the set of invertible elements of a Banach algebra A

o(a,A)={Ae€C: A1 —a¢g A1} : the spectrum of ain A

r(a,A) ;= sup |A|: spectral radius of a in A
Aeo(a,A)

@ p(a, \): spectral idempotent of a € A corresponding to A € iso o(a)
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(Algebra) homomorphism: T: A— B
preserves algebraic structure and satisfies T14 = 1p J

N(T)={a€ A: Ta= 0} : the null space of T

T has the Riesz property whenever the spectrum of each element of
N(T) is either finite or a sequence converging to zero

)
acc o(a, A) C {0} for all a € N(T)
T has the strong Riesz property whenever o(a) C no(Ta) Uiso o(a)
for all a € A. i
acc o(a, A) C no(Ta, B)

strong Riesz =—> Riesz

strong Riesz <= Riesz and closed range

|7 LX) = LX) /K(X)|

1nK: Connected hull of a compact set K C C
(the complement of the unique unbounded component of C\K)
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Fredholm theory in Banach algebras and some motivation
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Definition (Harte, 1982)

Let T : A— B be a homomorphism. W.r.t. T, an element a € A is called:

e Fredholm if Ta € B~ L,
e Weylif ae A1 + N(T),
@ Browder if a€ A1 € N(T).

Evidently,
invertible = Browder = Weyl = Fredholm

a € A almost invertible: 0 ¢ acc o(a)

Clearly, invertible = almost invertible Fredholm =- Browder

Theorem (Harte ,1982)

almost invertble Fredholm = Browder

if and only if
T : A— B has the Riesz property
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Recall: invertible = Browder = Weyl = Fredholm
Now: N

o(a+c)
ceN(T)
I
77(a) C wr(a) C Br(a) C o(a).
Il
o(Ta, B)
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Let T : A— B be a homomorphism and a € A. W.r.t T, the
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I
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I I
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Theorem (R. Harte, S. Zivkovié-Zlatanovié, 2014)
If T:A— B has the strong Riesz property, then

no(Ta) = nwr(a) = npr(a) for all a € A.
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Theorem (R. Harte, S. Zivkovié¢-Zlatanovi¢, 2014)
If T:A— B has the strong Riesz property, then
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no(rT) =nw(T) =nB(T) for all T € L(X).
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Interplay between Fredholm theory and ordering

Theorem (R. Harte, S. Zivkovi¢-Zlatanovi¢, 2014)
If T:A— B has the strong Riesz property, then
no(Ta) = nwr(a) = npr(a) for all a € A.
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no(rT) =nw(T) =nB(T) for all T € L(X).
In particular, r(T) ¢ o(nT) <= r(T) ¢ wr(T) <> r(T) ¢ B(T).

Recall for T € L(X): [ o(T+S)
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Problem [Alekhno, 2007]

For Te K,does r(T) ¢ o(nT) imply r(T)¢ (| o(T+95)?
SeKNK(E)

Benjamin r-Fredholm theory in general ordered Banach 8/24



Problem [Alekhno, 2007]

For Te K,does r(T) ¢ o(nT) imply r(T)¢ (| o(T+95)?
SeKNK(E)

Benjamin r-Fredholm theory in general ordered Banach 8/24
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SeKNK(E)

Theorem (Alekhno, 2009)

For T € L(E),
we(T)= () o(T+9).

SEKNK(E)
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Theorem (Alekhno, 2009)

For T € L(E),

o LIE)™' +K(E)=L(E)™' + F(E)
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Problem [Alekhno, 2007]

For Te K,does r(T) ¢ o(nT) imply r(T)¢ (| o(T+95)?
SeKNK(E)

Theorem (Alekhno, 2009)

For T € L(E),

o LIE)™' +K(E)=L(E)™' + F(E)
e F(E) Cspan(KNK(E))

Natural generalization

Ordered Banach algebra (A, C), a € A: N o(a+c)
ceCNN(T)

P ————— — Ty
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In a general ordered Banach algebra (A, C),

wr(a) = ﬂ olat+c)C ﬂ o(a+c)

ceN(T) ceCNN(T)
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Let K :=1[0,1] and T : C(K,C) — C(K,C) be the homomorphism
induced by composition with the unit function 1; i.e.

Tf =folforall f € C(K).

Consider g € C(K) defined by g(z) = —z for all z € K. Then
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In a general ordered Banach algebra (A, C),

wr(a) ;= ﬂ o(a+c)C ﬂ o(a+c) =wi(a)

ceN(T) ceCNN(T)

Example (C(K,C), C); C:={f € C(K) : f(x) € RT for all x € K}.)

Let K :=1[0,1] and T : C(K,C) — C(K,C) be the homomorphism
induced by composition with the unit function 1; i.e.

Tf =folforall f € C(K).
Consider g € C(K) defined by g(z) = —z for all z € K. Then

wr(g)={-1}and [ o(a+c)=[-1,0].
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Question: Let (A, C) be an ordered Banach algebraand T: A— B a
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In a general ordered Banach algebra (A, C),

wr(a) ;= ﬂ o(a+c)C ﬂ o(a+c) =wi(a)

ceN(T) ceCNN(T)

Example (C(K,C), C); C:={f € C(K) : f(x) € RT for all x € K}.)

Let K :=1[0,1] and T : C(K,C) — C(K,C) be the homomorphism
induced by composition with the unit function 1; i.e.

Tf =folforall f € C(K).
Consider g € C(K) defined by g(z) = —z for all z € K. Then

wr(g)={-1}and [ o(a+c)=[-1,0].
ceCNN(T)

Question: Let (A, C) be an ordered Banach algebraand T: A— B a
homomorphism with the strong Riesz property. If a € C, does
r(a) ¢ o(Ta, B) imply that r(a) ¢ w(a)? YES!
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The upper Browder spectrum property

Recall for T € L(X): () o(T+YS)
Sek(X)
TS=ST

Benjamin r-Fredholm theory in general ordered Banach



The upper Browder spectrum property

Recall for T € L(X): () o(T+YS)
Sek(X)
TS=ST

Now for T € L(E): N o(T+S), K: positive operators on E

SEKNK(E)
TS=ST

Benjamin r-Fredholm theory in general ordered Banach



The upper Browder spectrum property

Recall for T € L(X): () o(T+YS)
Sek(X)
TS=ST

Now for T € L(E): N o(T+S), K: positive operators on E

SEKNK(E)
TS=ST

SEKNK(E)

For Te K,does r(T) ¢ o(nT) imply r(T)¢ (| o(T+95)?
TS=ST J

Benjamin r-Fredholm theory in general ordered Banach 10/24



The upper Browder spectrum property

Recall for T € L(X): () o(T+YS)
Sek(X)
TS=ST

Now for T € L(E): N o(T+S), K: positive operators on E

SEKNK(E)
TS=ST

For Te K,does r(T) ¢ o(nT) imply r(T)¢ (| o(T+95)?
SeKNK(E)
TS=ST

Definition (R. Benjamin and S. Mouton, 2016)

Let (A, C) be an ordered Banach algebra and T : A— B be a
homomorphism. For a € A, the upper Browder spectrum of a (relative to

T) is given by

N o(a+ c)
ceCrw_l\igT)

<

Benjamin r-Fredholm theory in general ordered Banach 10/24



The upper Browder spectrum property

Recall for T € L(X): () o(T+YS)
Sek(X)
TS=ST

Now for T € L(E): N oT+Y9), K: positive operators on E

SEKNK(E)
TS=ST

For Te K,does r(T) ¢ o(nT) imply r(T)¢ (| o(T+95)?
SeKNK(E)
TS=ST

Definition (R. Benjamin and S. Mouton, 2016)

Let (A, C) be an ordered Banach algebra and T : A— B be a
homomorphism. For a € A, the upper Browder spectrum of a (relative to

T) is given by

fr@)= N o(a+o)
ceCNN(T)

ac=ca
<

Benjamin r-Fredholm theory in general ordered Banach 10/24



The upper Browder spectrum property

Recall for T € L(X): () o(T+YS)
Sek(X)
TS=ST

Now for T € L(E): N oT+Y9), K: positive operators on E

SEKNK(E)
TS=ST

For Te K,does r(T) ¢ o(nT) imply r(T)¢ (| o(T+95)?
SeKNK(E)
TS=ST

Definition (R. Benjamin and S. Mouton, 2016)

Let (A, C) be an ordered Banach algebra and T : A— B be a
homomorphism. For a € A, the upper Browder spectrum of a (relative to
T) is given by

Bra)= N ola+c)={rAeC:A\a—agAle(CNN(T))}
ceCNN(T)

ac=ca
<

Benjamin r-Fredholm theory in general ordered Banach 10/24



Example
Consider the homomorphism T : M§(C) — C defined by
X1 X12 X13
T 0 x2 x3|=x11

0 0 X33

110 s
and M := <88%) € M¥(C). Then

no(TM) = nfr(M) = nwr(M) = nwr(M) = {1} # {0,1} = nB3(M). |
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Question: Let (A, C) be an ordered Banach algebraand T: A— B a
homomorphism with the strong Riesz property. If a € C, does

r(a) ¢ o(Ta, B) imply that r(a) ¢ 87(a)?

e r(a) €iso o(a, A)
@ In ordered Banach algebras, we have information about p(a, r(a))
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r-Fredholm theory in (ordered) Banach algebras
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Example
Let K and L be compact Hausdorff spaces and T : C(K) — C(L) be the
homomorphism induced by composition with the continuous map
0:L— K;i.e.
Tf =fof forall f € C(K).
Then
o r-Fredholm elements: {f € C(K) : r(f) ¢ f(6(L))}

o r-Browder elements = | C(K)" if (L) = K
C(K) otherwise
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0:L— K;i.e.

Tf =fod forall f e C(K).

Then

o r-Fredholm elements: {f € C(K) : r(f) ¢ f(6(L))}

o r-Browder elements = | C(K)" if (L) = K
C(K) otherwise

Example
Let A= M5(C) and T : A— C be the homomorphism defined by

Ta = a1, where a .= < L 32). Then
0 dq

| A

@ ais r-Fredholm if and only r(a) # a1

o r-Browder elements: A\ { (8( i) :x>0andy # 0}
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Theorem (Benjamin, Laustsen, Mouton [2019])
If T:A— B has the Riesz property, then

A 3 ais almost r-invertble r-Fredholm <= a is contractive r-Browder
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A D ais almost r-invertble r-Fredholm <= a is contractive r-Browder

Recall:

a r-Browder: a = b+ ¢, bc = cb, where b is r-invertible and ¢ € N(T) J

(Now) a contractive r-Browder:
a= b+ ¢, bc = cb, where b is r-invertible, c € N(T) and r(b) < r(a)

| A\

Theorem [Benjamin, Mouton, 2020]
If T:A— B has the strong Riesz property, then

A D ais almost r-invertble r-Fredholm <= a is contractive r-Browder

<= 3 is r-Fredholm
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an almost r-invertible r-Fredholm element

4

contractive r-Browder

v

b+ ¢, bc = cb, where b is r-invertible, ¢ € N(T) and r(b) < r(a)
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a positive almost r-invertible r-Fredholm element

4

contractive upper r-Browder

v

b+ c, bc = cb, where b is r-invertible, c € CNN(T) and r(b) < r(a)

v
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ais a positive almost r-invertible r-Fredholm element

4

a is contractive upper r-Browder

v

a= b+ c,bc = cb, where b is r-invertible, c € CNN(T) and r(b) < r(a)

Theorem (Benjamin and Mouton)

Let A= A1 @ - D A,, where each A; (j =1,...,n) is a finite-dimensional
simple OBA with algebra cone Cj, and C = C @ --- @ C,.
Wirt. any T: A— B,

positive almost r-invertible r-Fredholm = contractive upper r-Browder

o
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a= b+ c,bc = cb, where b is r-invertible, c € CNN(T) and r(b) < r(a)

~

Theorem (Benjamin and Mouton)

Let A= A1 @ - D A,, where each A; (j =1,...,n) is a finite-dimensional
simple OBA with algebra cone Cj, and C = C @ --- @ C,.
Wirt. any T: A— B,

positive almost r-invertible r-Fredholm = contractive upper r-Browder

|

Corollary

Any finite-dimensional semisimple OBA is algebraically isomorphic to an
OBA (A, C) with the property that, w.r.t. any T : A — B,

positive almost r-invertible r-Fredholm =- contractive upper r-Browder

= = T =
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Theorem (Benjamin and Mouton)
Let (A, C) be an OBA with closed algebra cone C. W.r.t. any T : A — B,
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| A\

Corollary

Let (A, C) be a semisimple OBA with closed algebra cone. If A is either
commutative or C is proper and inverse-closed, then, w.r.t. a
homomorphism T : A — B with the strong Riesz property,

positive almost r-invertible r-Fredholm = contractive upper r-Browder
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Let (A, C) be a semisimple OBA with closed algebra cone. If A is either
commutative or C is proper and inverse-closed, then, w.r.t. a
homomorphism T : A — B with the strong Riesz property,

positive almost r-invertible r-Fredholm = contractive upper r-Browder

@ proper: CN—C = {0}
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Theorem (Benjamin and Mouton)
Let (A, C) be a Dedekind complete OBA

@ Dedekind complete:
Every non-empty order-bounded set in A has a supremum

v

= = = = -
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Theorem (Benjamin and Mouton)
Let (A, C) be a Dedekind complete OBA which has a disjunctive product

@ Dedekind complete:
Every non-empty order-bounded set in A has a supremum

v

= = = = =
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Theorem (Benjamin and Mouton)

Let (A, C) be a Dedekind complete OBA which has a disjunctive product
and with closed and normal algebra cone C.

@ Dedekind complete:
Every non-empty order-bounded set in A has a supremum

@ normal:
there exists a constant v with the property that
if 0 < a < b, then ||a]| < «f|b|

v

= = = = = 7 -
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Theorem (Benjamin and Mouton)

Let (A, C) be a Dedekind complete OBA which has a disjunctive product
and with closed and normal algebra cone C. W.r.t. a homomorphism

T : A — B with the strong Riesz property such that the

spectral radius in (A/N(T)) is weakly monotone,

@ Dedekind complete:
Every non-empty order-bounded set in A has a supremum

@ normal:
there exists a constant a with the property that
if 0 < a < b, then ||a]| < «f|b|

— =7 = = - ~7
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Application

Upper Browder spectrum property

Let (A, C) be an OBA and T : A — B an algebra homomorphism. Then
a € C has the upper Browder spectrum property if

r(a) ¢ o(Ta, B) = r(a) ¢ B7(a)
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r(a) ¢ o(Ta, B) = r(a) ¢ B7(a)

BE(a) := {A € C: A1 — a is not upper Browder} J
a upper Browder element:
a= b+ c, where b is invertible (0 ¢ (b)) and c € C N N(T) commute J

a positive almost r-invertible r-Fredholm =- a contractive upper r-Browder

ac C,r(a) ¢ o(Ta,B)
= r(a) ¢ B1(a)
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Results: Upper Browder spectrum property

Recall:

Any finite-dimensional semisimple OBA is algebraically isomorphic to an
OBA (A, C) with the property that, w.r.t. any T : A — B,

positive almost r-invertible r-Fredholm =- a contractive upper r-Browder
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Results: Upper Browder spectrum property

Recall:
Any finite-dimensional semisimple OBA is algebraically isomorphic to an
OBA (A, C) with the property that, w.r.t. any T : A — B,

positive almost r-invertible r-Fredholm = a contractive upper r-Browder

v

Any finite-dimensional semisimple OBA is algebraically isomorphic to an
OBA (A, C) with the property that all positive elements in A has the
upper Browder spectrum property relative to arbitrary algebra
homomorphisms T : A — B.
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Results: Upper Browder spectrum property

Recall:

Let (A, C) be an OBA with closed algebra cone C. W.r.t. any T : A — B,

a positive almost r-invertible r-Fredholm a contractive
—>  upper
r(a) simple pole of the resolvent of a r-Browder
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Results: Upper Browder spectrum property

Recall:

Let (A, C) be an OBA with closed algebra cone C. W.r.t. any T : A — B,

a positive almost r-invertible r-Fredholm a contractive
—>  upper
r(a) simple pole of the resolvent of a r-Browder

Let (A, C) be an OBA with closed algebra cone C and T : A — B an
algebra homomorphism satisfying the Riesz property.
If a € C with r(a) a simple pole of the resolvent of a, then

r(a) ¢ o(Ta, B) = r(a) ¢ 7 (a).
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Recall:

Let (A, C) be a Dedekind complete semisimple OBA which has a
disjunctive product and with closed and normal algebra cone C. W.r.t. a
homomorphism T : A — B with the strong Riesz property such that the

spectral radius in (A/N(T)) is weakly monotone,

a positive almost r-invertible r-Fredholm pi(1 — pi—1)api(1 — pi—1)
—> contractive upper

spectrally order continuous r-Browder

for all i € {1,..., n} such that r(pi(1 — pj—1)api(1 — pi—1)) = r(a).
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Recall:

Let (A, C) be a Dedekind complete semisimple OBA which has a
disjunctive product and with closed and normal algebra cone C. W.r.t. a
homomorphism T : A — B with the strong Riesz property such that the

spectral radius in (A/N(T)) is weakly monotone,

a positive almost r-invertible r-Fredholm pi(1 — pi—1)api(1 — pi_1)
—> contractive upper

spectrally order continuous r-Browder
for all i € {1,..., n} such that r(pi(1 — pj—1)api(1 — pi—1)) = r(a).

Let (A, C) be a Dedekind complete semisimple OBA which has a
disjunctive product and with closed and normal algebra cone C. Also,
suppose that T : A — B is an algebra homomorphism satisfying the strong

Riesz property such that the spectral radius function in (A/N(T)) is
weakly monotone. If a € C is a spectrally order continuous element, then
n

r(a) ¢ o(Ta, B) = r(a) ¢ | J 57 (pi(1 — pi-1)api(1 — pi-1))
i=1
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Thank you for your attention
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