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I.MwMAMB

G fnw&«(wwwtw, (thWawt Haan measurne

s¢G, £ ['(G):
(Lf) & = $6%) Gt translate of f

Theoem A (Sakac, 1964). - G compaet” M for some f£0 4n
o?uatorm U.(G),

Lf:U(G) — (1(9), Lf(}).= frq gel'(e). W

X Borack space, OX wnit $all, T: X — X bdd Lnsar oprrater
T weahly compact < T(0X) & X weakly wnpack .
T**=X**—-—>x**, X = P alak

T weakly empact = TH(X") = ) &

dim T(¥) <0 => T(OX) nerm compact = T(oX) weakly compact




Question A . WAhat Ka,mom b G «{ e 'r&fJ»eMM
L'(¢) @v, c*(G) ¢

Theorem B (diw - van Roovi 19¥4). — Jhere 2eishs a non/zero bounded

franslation imwacant Lintar mapping Cf),
@) ¢: =) — L) H G amenalle,
(&) 915: (*@) — 11 (6) H G cmwpwot.

oL, = LeP  VseG.

Question B. What Rappens to G 4 ome H/P«eau/:
L) by c*G) and L%(6) by er(6)¥ = B(6),
e Fowrien - Stiskljes Lgebra of G ¢




2, Funsliation invariance and propesty (T)

w WMM@WWWWM 0£G
w: G — L(hy,)

W WW# meﬁwnfgrti@
w: 11(6) ——L (k). w(t) = J o we) de fel'(6)

= w(l() = L(hy) cnpolubve Ma!&,dm«

c¥e) = w(L‘(G))= novm Josune
CXG)™ = w(u(g))— WOWWVZM

C*(G) C(*-olgebra of G
C*(G)” uwaOM von Newmann we%&@rw # G, 1= 4"‘«: e C*a)",

Cre)® 2 CX6)*T Lsomelric . Gomorph,

seG Te€ c*(6)":

LT = w@kT Left Tonsbatiof T
RsT = Tow(s) | right Danslate of T




26 — L(€)=€C, &)=  (xeG)

L lG) — €, t(f)= Jfwde  (fel'@®)
G G

% fermitian M/ubp&»cat‘w Lineor Wm[ on L1(G),
atends To mubbiplicatwe Umean W on C*6) and cre)v

C’iEG)M 7 2: (w(s)) = 2,6(5) = 1

6
(seG)

&) Yo
" \ d:

By /

‘e

Y o-weakly (weak*) continuous, WWMWWW&&
G
‘ deal
=  hay = {TeCH@)"™: 'z‘;(‘r)zo} s-,reau;rm& tvosided <
~ ‘ o tiom P in He center
[TM,ML p¥6]: Here wisls o wrgque FW G
of CHG)" st.
ke £ = {TeCHE)" 5 (1)=0} = ¢ (1= )

- {TeC*@): TR = BT = 0},

cHG) = CHE)VR, @ CTE)Y (1)
Cr@)' R, @ hen 2 .

b




PG W P’TDW/ o'.F mw«twtcm LG, [Ta/k(we'f, p. 426].

Semmad. — The wntral projectin, B & C*(6)Y Ras He frllowing pro=
Pertees:
@) (R)=1i
(i1) RC¥e) = R C*G)"R, = C £ 1 minimal thm
sy  LF =BR = (56 G) ; translat. ivvariant,
t

Aumm,a.z — % WCWQJOPW T e C*(G)N Ros He

form | .
T SR, -

Definidion. — G Ras property (T) Y Here teishs o monxero
branslabiom nv-ariant o;omwtor in C%(G6) — ratfer thanin

C*G)"~ = C*G)*™. b




Theorem (Kakdon; Valee, Losert). — The following ane equiveteat:
a) QMWWMHH?WQ{ CHe);

)
G
b) PG e C*(6);

) there wishs C*¥G) o WiW«JOFW *0:

Tec*G), T=wET VseG.

Eroo:f b—»>c: PG#O, P:w(s)% (seG) Hy .[unm1/-

TecC*@6), T#0, T=aw(s)T (5€G). 37 Lomma 2,

— A ~ 1 X
r=2(@TF = Zmto = PG.-.%T e C*(6). Il

C— b:

M i) = C*e) = C*(G)**

o () for oL G
— C*G) T G has(T)
™~ U(G) &= G co—mzpmt‘

]

Translalion, imrarionk elements o0 n




o) @ofpw}(—imu A

Goposchion A .~ G has propecy (T) L ond only f Hers o e
Ly 44 T i weakly compact on C*(6):

1, (T)#0, Ly CH6) — CXG), Lq(s)=TS (se C*(6)), wre.

| |

Gao'mpabt = (*6)d CHG)** R@fuu\.ccz

2) frop. A dots not Reld f Ly s W€, only for some T+ 0.

Example . G=5L,(R) MMW@&MVMTU
545. ANetetle M«waﬂme memﬂptqw&m
p#0 in L(6) and Rence in C*(G):

preC*(G), fr CXe)e, = Ce,,

sueh, that; by K.Ylinen, the operator LF,, o 4-c. on C(6),
while Sk, (R) hRas not (T).




Grovf of prop A
G ‘AM Mif‘t? (T):
e, 3 0) =4

L%<c*(c>) = P C*6) = R, C*G)F, = C.F

G

)]

4 LPG W*&Wma,l = Co’n\,fm,pt = 1 C.

Conperse :
Te C*(6), 2 (T)30, Ly : C*(6) — C¥(6) we.
= (L)**(0c*e)**) = CH(6) ub-wc.
[L¥*(wo)iseG = {Twb)se 6] wlwe.

= CG(T)={ZCnT°w(5n>:‘C"»OZQF{IS'IGG}—
neakly Compact <~ C*(6),
Convtl, ihamriant noler
Ke group of Lineor csometres
R = Rw(s) ; $e G,
Rybl ~Nardzewshi : there ecists
ToeCG('r)/ T,=T,w(s) VseG,
% (Te) = bm ?'G<ZC'>T“’(5"‘> = % (T),
3 (T)#0 =2 ¢,(T)#0 5 T.#0
T, e C*6), T, 40, To trarariant:

G Ras propety (T).




WWB,— G Aas M?W(T) 4 oand onty f Were 40 a bounded
tramslation cmraetank &WWW P trom B(6) <nto CX(G)
such, that o (Pw)#o for some we B(6):

1.2#o, P:BE) — CX), F(Euw)= Lg(Pu), ueB(6) seG.

&2
Lemma 3 — \;TW\—? we B(G) He Wﬂ'f C‘FMW Hransloles
e(u ane weaﬁwﬁy&maﬁzfa/cmpaot‘w B(G):
iL:u.- SGG}/ {R:«_: 5S¢ G} wC Mﬁeywwm B(G) .
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5 Jsolated Po—mts in He apwtrum« A a C“"a.@?a&-a/

o C*-algpha
N

sentations of (U wikh a cotain topoloyy. 2 epectrum of A

X Coﬂ\f&\’/ Wdf)ad; T: X —> X dounded W»GFW/
A a potnt <n He sFu/tru,md T:
A# 0, T:X——‘i)(w‘nupM = il}o?mbvspao&vm{'r>~

Bropusidion C. — 4t (L b onty C*olpha 7 an element of (b, and T

an element oL (X wuch tHat ©(T+0. Ji LT««'AM“ALXW:
WW%/ L{Lﬁ, i‘m}f&)c‘?%m CL: X
z(T)#0, Lyl —& mic. —= {n} open in &.

M, kamwm(-np.o{ctmweéi/ Tel st.

r(r)40, LT M%Waotm a
(Ylnen) = L3Ry compact oM a

Yecnen: VE»o 3 C“...,cue(l’, JE,..., Enel Pro;,botw'rus st
dim E;RE; €@ (1€ign),

fw(m) - ZemEnll € 0T JgEll <€

()20 = JEel prog, dim EUAE <, WE)F0.
Yoinen: 3 F) ..., B el proged;
dim EUF, =1 (1sksm)
E=E+...+FR.

1|




r(E€)=n(E)+...+n(R,) #+ 0.

— JFel progut, dim FUF =1  (minimal project),
T(F)# 0.

f)wwutrcpofla pF)¢0 = p=m, p= Ew&t
{o’eCl o (F)= O} o&mu(,m(%
( Bannes, Valelle ). ]

—  q\ir} =
= in} vpmm()&

Q’T’MA - G fmﬂymwtgrmop, T M@m cmeducitle
C.U. rcpmu\iatcm rf G, and Te c*(6) :
1Mo, LoiCh(G) — CXG) we. = G Ras (7).

Prov]. Frop C widh Or=CH(6) and o Weorem of Wong.

Coroblary B. = G loeally compack group, $:B6) — CHG) bdd
trapslation (variont linsan mapping, and T fenite dim
neducihle c.u. represendakion AG:

reh 40, BiBG) —» CHe), Pllw)= L) («cBE)sec)

= G Ras PM%(T)
7
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