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Abstract.

We present a self-contained proof of the following famous
extension theorem due to Carl Herz. A closed subgroup H
of a locally compact group G is a set of p-synthesis in G if
and only if, for every u € A,(H)NCy(H) and every € > 0,
there is v € A,(G) N Cyo(G), an extension of u, such that

[0lla,¢) < lulla,m + &

1 Introduction

We present a self-contained proof of the following famous
extension theorem due to Carl Herz (see [3], Proposition 2,
p. 94)

Theorem 1. Let GG be a locally compact group, let H a
closed subgroup and let 1 < p < co. The following proper-
ties are equivalent:

1) The subgroup H is a set of p-synthesis in G;

2) For every uw € A,(H) N Cy(H) and for every € > 0,
there is a function v € A,(G)NCy(G) with Resgv = v and
such that

ollayey < Nl + .

This important theorem is a consequence of two results
which are both highly interesting (Proposition 2 and Theo-
rem 8). We fill a gap (see Remark 5) and correct a mistake
(see Remark 7).



In [1], we proved a more simple result (also due to C.
Herz): for every ¢ > 0 and for every ¢ € A,(H), there is
Y € A,(G) with Resgy = ¢ and such that

1914, < llella,m +e.

We denote by A,(G) the set of all pairs ((kn), (ln)) where
(k,) is a sequence of £P(G) and (I,,) is a sequence of £V (G)
(1/p+ 1/p" = 1) such that Y N,(k,)Ny(l,) < oo. This
permits to give the definition of the Banach space A,(G) :
A,(G) is the set

{u:G = C: there is (), (In) € Ay(G) such that
=Y ksl
where I,(z) = l,(z7"). For u € A,(G) we put:
lull a0 = i 55 N (k) N (1) = (), (1)) € Ap(G)

such that u = >k, * l;}
We refer to [2] Chap 3, section 3.1, pages 33-44.



2 The fact that a closed subgroup is a set of syn-
thesis being equivalent with some sort of Reiter-
Glicksberg property.

The following result is a special case of a proposition
due to Herz (see [3] Proposition 4 p. 103). We recall that
a closed subset F' of a locally compact group G is said to
be a set of p-synthesis in G if, for every u € A,(G) with
Respu = 0 and for every ¢ > 0 there is v € A,(G) N Cyo(G)
with suppv N F' = 0 and ||u —v|[4,¢) < &

Proposition 2. Let GG be a locally compact group, let H
be a closed subgroup and let 1 < p < oo. The following
properties are equivalent:

(1) The H is a set of p-synthesis in G;

(2) For every g € A,(G) N Cpo(G) and for every € > 0,
there is a function h € A,(G) N Cy(G) such that g = h on
a neighborhood of H in G and with

1Al 4,c) < [[Resuglla,m) + €



Inspired by Reiter [4] p. 181 we introduce the following
definition.

Definition 1. Let G be a locally compact group, let H
be a closed subgroup and let 1 < p < oo. For every g €
Ap(G) N Coo(G), we put

13(g) = inf{ 1Al 4,(0) : h € 4,(G) N Coo(G),

h = g on a neighborhood of H in G}.

Corollary 3. Let GG be a locally compact group, let H be
a closed subgroup and let 1 < p < co. Then:

1) |Respglla ) < 15(g) for every g € A,(G) N Coo(G).
2) The following two statements are equivalent :

(i) The subgroup H is a set of p-synthesis in G

(i) [ Ressgll ) = T () for every g € A,(G)NCo(G)



3 Proof of the first part of Theorem 1

Theorem 4. Let GG be a locally compact group, let H be a
closed subgroup and let 1 < p < oco. Suppose that H is a set
of p-synthesis in G. Then for every u € A,(H) N Cy(H)
and for every ¢ > 0, there is v € A,(G) N Cyo(G) with
Resyv = u such that

[0l a6y < llullaymy + e

Remark 5. There is a very serious gap in Herz’s proof of
Prop. 2 of [3], see [5].



4 Every closed subgroup of a locally compact group
is a set of local psynthesis

Herz’s proof of 2) implies 1) of Theorem 1 requires that
H is a set of local p-synthesis in G.

Lemma 6. Let G be a locally compact goup, let H be a
closed subgroup, let K be a compact subset of H, and W
be a compact neighborhood of e in GG. There is a positive
integer N(= N(K,W)) depending of K and W such that,
for every open neighborhood 2 of e in G, there is an open
neighborhood V' of e in G with

1) Vvcw,
2) HV C HQ,
3) mg(KV) < Nm(;(V)

Remark 7. The relation V' C Q ([3] page 100 line 8) is not
correct.

Theorem 8. Let GG be a locally compact group, let H be
a closed subgroup and let 1 < p < oo. Then H is a set of
local p-synthesis in G.

Proof. Let u be a function of A,(G) N Cyy(G) vanishing on
H. Let € be a positive real number. It suffices to prove the
existence of v € A,(G) N Cy(G) with suppv N H = ) and
|lu = v|[4,@ < e The Lemma 6 together with the use of
the dual of A,(G) permit to construct v explicitely. This
proof (four pages and one half) is a jewel! (See [5]). O



5 Proof of the second part of Theorem 1

Theorem 9. Let G be a locally compact group, let H be
a closed subgroup and let 1 < p < oo. Suppose that for
every u € A,(H) N Cy(H) and for every € > 0 there is v €
Ap(G) N Cyo(G) with Resgv = u and such that [[v]| 4, @) <
|ul| 4,y + €. Then H is a set of p-synthesis in G.

Proof. Let f be a function of A,(G) vanishing on H and
¢ a positive real number. We choose g1 € A,(G) N Cyo(G)
such that

19
If = allae) < 5
This implies
g
|Resg g1 |4,y < 1

By assumption there is go € A,(G)NCy(G) with Resggs =
Resy g and

g
9214, < l[Resggilla, ) + 1

We have

g
ngHA,,(G) < 1

The set H being of local p-synthesis there is ¢ € A,(G) N
Coo(G) with suppe N H = () and such that
£

g1 — g2 — &4, < 1

We finally get
If = el <e
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