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1 Introduction

One of the most celebrated and useful results characterizing weakly compact
subsets in the dual space of a C*-algebra is due to Pfitzner, who established
that weak compactness in the dual space of a C*-algebra is commutatively
determined (see [29]). More concretely, Pfitzner shows, in a “tour de force”,
that if K is a bounded subset in the dual space of a C*-algebra A, then
K is relatively weakly compact if and only if the restriction of K to each
maximal abelian subalgebra of A is relatively weakly compact. This result
has many important consequences, one of the most interesting is that every
C*-algebra satisfies property (V) of Pelczynski.

Pfitzner’s result is the latest advance in the study of weak compactness
in the dual space of a C*-algebra developed by Takesaki [32], Akemann [1],
Akemann, Dodds and Gamlen [3], Saitd [31] and Jarchow [21, 22].

In the more general setting of dual spaces of JB*-triples the study of weak
compactness has been developed by Chu and Iochum [12] and Rodriguez-
Palacios and the second author of the present paper [28, 27]. However, all
the results concerning weak compactness in the dual space of a JB*-triple
give characterizations in terms of the abelian subtriples of its bidual instead
of the abelian subtriples of the JB*-triple itself. The question clearly is
whether a bounded subset in the dual space of a JB*-triple, FE, is relatively
weakly compact whenever its restriction to any abelian subtriple of F is.

In the main result of this paper we show that weak compactness in the
dual space of a JC*-triple is commutatively determined, by showing that a
bounded subset K in the dual space of a JC*-triple F is relatively weakly
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compact if and only if the restriction of K to each separable abelian subtriple
of E also is relatively weakly compact (see Theorem 3.5).

In order to obtain our characterisation, in Section 2, we introduce the
concept of closed tripotents in the bidual of a JB*-triple. This concept
generalices the so-called closed projections in the bidual of a C*-algebra
introduced and developed by Akemann and Pedersen in [2, 4, 5] and [26,
Proposition 3.11.9].

In the general setting of dual Banach spaces we introduce the following
concept of “open subspace”: Let X be a Banach space and E a weak*-dense
subset of X*. We say that a subset O in X* is open relative to E if ONE
is weak*-dense in the weak*-closure of O. We say that a tripotent e in the
bidual of a JB*-triple E is closed if and only if the orthogonal space of {e}
in E** is an open subset of E** relative to E.

Closed tripotents also have strong connections with the so-called com-
pact tripotents introduced by Edwards and Ruttimann [16]. We show that
every compact tripotent in the bidual of a JB*-triple, say E, is a closed
tripotent relative to E, while the reverse implication is not true in general
(see Theorem 2.6).

Pfitzner’s result is one of the main ingredients in the proof of the non-
commutative generalisation of a theorem of Dieudonne obtained by J. Brooks,
K. Saité and J. D. M. Wright in [9]. In the last section of this paper we
establish a Dieudonne’s type theorem for JC*-triples by a similar approach
to the one given by Brooks, Saité and Wright. More concretely, Theorem
4.2 shows that a sequence (¢,,) in the dual of a JC*-triple E, satisfying that
(¢n(r)) converges for each range tripotent r € E**, is weakly convergent.

We recall (c.f. [24]) that a JB*-triple is a complex Banach space together
with a continuous triple product {.,.,.} : Ex Ex E — E, which is conjugate
linear in the middle variable and symmetric bilinear in the outer variables
satisfying that,

(a) L(a,b)L(z,y) = L(z,y)L(a,b) + L(L(a,b)z,y) — L(z, L(b,a)y), where
L(a,b) is the operator on E given by L(a,b)x = {a,b,x};

(b) L(a,a) is an hermitian operator with non-negative spectrum;
(©) IL(a, a)l| = [|all.
Every C*-algebra is a JB*-triple via the triple product given by

2{z,y, 2} = zy"z + 2y,



and every JB*-algebra is a JB*-triple under the triple product
{5,9,2) = (woy oz + (z0y") 0w — (v02) oy"

A JC*-triple is a norm-closed subspace of the Banach space, L(H), of
all bounded linear operators on a complex Hilbert space H, which is also
closed for the law (x, z, x) — zz*x, equivalently, a closed subtriple of L(H).

A JBW*-triple is a JB*-triple which is also a dual Banach space (with a
unique predual [8]). The second dual of a JB*-triple is a JBW*-triple [15].

Elements a,b in a JB*-triple E are orthogonal if L(a,b) = 0. With each
tripotent u (i.e. u = {u,wu,u}) in E is associated the Peirce decomposition

FE = Eg(u) D El(u) D E()(u),

where for ¢ = 0,1,2, F;(u) is the % eigenspace of L(u,u). The Peirce rules
are that {E;(u), Ej(u), Ex(u)} is contained in E;_j 5 (u) if i—j+k € {0, 1,2}

and is zero otherwise. In addition,
{Ea(u), Eo(u), E} = {Eo(u), Ex(u), E} = 0.

The corresponding Peirce projections, P;(u) : E — E;(u), (i = 0,1,2) are
contractive and satisfy

Py(u) = D(2D — 1), Pi(u) =4D(I — D), and Py(u) = (I — D)(I — 2D),

where D is the operator L(u,u) and I is the identity map on E (compare
[17]).

Given a JBW*-triple W, a norm-one element ¢ of W, and a norm-one
element z in W such that ¢(z) = 1, it follows from [7, Proposition 1.2] that
the assignment

(x,y) = ¢ {z,y,2}
defines a positive sesquilinear form on W, the values of which are independent
of choice of z, and induces a prehilbert seminorm on W given by

lally = (o fa,, 2)2

As ¢ ranges over the unit sphere of W, the topology induced by these
seminorms is termed the strong*-topology of W. The strong® topology
is compatible with the duality (W, W,) (see [7, Theorem 3.2]). The strong*-
topology was introduced in [7], and further developed in [30, 28]. In partic-
ular, the triple product is jointly strong*-continuous on bounded sets (see
[30]).

Given a Banach space X, we denote by By, Sx, X*, and L(X) the
closed unit ball, the unit sphere, the dual space of X, and the Banach space
of all bounded linear operators on X, respectively.



2 Open Subspaces

In this section we shall introduce the concept of closed tripotent in the bidual
of a JB*-triple. We shall begin by introducing the concept of open subspace
in the more general setting of dual Banach spaces.

Definition 2.1. Let X be a Banach space, E a weak*-dense subset of X*
and S a non-zero subset of X*. We say that S is open relative to £ if SNE

is o(X*, X)-dense in RS

It is clear that if F is any weak*-dense subset in the dual of a Banach
space X, then X* is open relative to F.

Lemma 2.2. Let X be a Banach space, E C X* a weak*-dense subset and
{S;}ier a family of subsets of X* which are open relative to E. Then U;c1S;
s open relative to E.

Proof. Let xg be a weak* cluster point of U;c;S; in X*. Then for each
$1y--.,0n € X and ¢ > 0, there exists z;, € S, such that
lpj(xo — xiy)| < §, for all j € {1,...n}. Since S;, is open relative to E,
there exists y;, € £NS;, C E N (US;) satistying |¢;(yi, — 74,)| < §, for all
j € {1,...n}. This gives the desired statement. O

Let A be a C*-dlgebra. Let p be a projection in A**. Following [2] (see
also [4, 5] and [26, Proposition 3.11.9]), we say that p is open (relative to
A) if pA**pN A is weak*-dense in pA**p, that is, pA**p is an open subset of
A** relative to A in the terminology introduced in the previous definition.
We shall say that p is closed (relative to A) if 1 — p is open relative to A.

In [16, page 167], C. M. Edwards and G. T. Riittimann introduced the
following concept of open tripotent. Let W be a JBW*-triple, E a strong*-
dense subtriple of W, and e a tripotent in W, we say that e is open relative
to E if Wa(e) N E is weak™-dense in Wa(e). It is well known that when a
C*-algebra A is regarded as a JB*-triple, then tripotents in A coincide with
partial isometries of A. Thus, a projection (respectively, a partial isometry)
p € A™ is open relative to A if and only if p is an open tripotent relative to

A.

Inspired by the previous arguments we introduce the concept of closed
tripotent. Let E be a weak*-dense JB*-subtriple of a JBW*-triple W and
e a tripotent in W, we say that e is closed relative to E if Wy(e) is an open
subset of W relative to E. It is not hard to see that when a C*-algebra A
is regarded as a JB*-triple, then a projection p € A** is closed relative to A
if and only if p is a closed projection in the sense of [2, 4, 26].



The concept of closed tripotent has a natural strong connection with the
notions of compact projections and compact tripotents introduced by C.
Akemann and G. K. Pedersen [5] and C. M. Edwards and G. T. Riittimann
[16], respectively. Let A be a C*-algebra and let p be a projection in A**.
We say that p is a compact if p is closed relative to A and there exists a
norm-one element z € A" such that p < z (compare [5, page 422]).

Let W be a JBW*-triple and let a be a norm-one element in W. The se-
quence (a?"~1) defined by a' = a, a®"*! = {a,a®"!,a} (n € N) converges in
the strong*-topology (and hence in the weak*-topology) of W to a tripotent
u(a) € W (compare [16, Lemma 3.3]). This tripotent will be called the sup-
port tripotent of a. There exists a smallest tripotent r(a) € W satisfying that
a is positive in the JBW*-algebra Wa(r(a)), and u(a) < a®~! < a < r(a).
This tripotent r(a) will be called the range tripotent of a. (Beware that in
[16], (a) is called the support tripotent of a).

Let W be a JBW*-triple and let F be a weak*-dense subtriple of W. A
tripotent u in W is said to be compact-Gs relative to E if u is the support
tripotent of a norm one element in E. The tripotent u is said to be compact
relative to E if u = 0 or there exist a decreasing net of compact-Gg tripo-
tents relative to F, (uy), in W converging, in the strong*-topology of W, to
the element u (compare [16, §4]). When E is a JB*-triple, the range (re-
spectively, the support) tripotent of every norm-one element in E is always
an open (respectively, compact) tripotent in E** relative to E.

The next result shows the connection between closed and compact tripo-
tents.

Proposition 2.3. Let E be a weak*-dense JB*-subtriple of a JBW*-triple
W and let uw be a compact tripotent relative to E in W. Then u is closed
relative to F.

For the proof of the above result we shall prepare first some technical
lemmas.

Lemma 2.4. Let A be a unital JB*-algebra, p a projection in A, and x a
norm-one element in A satisfying 0 < p < x. Then for each y in A, the
element y — 2L(z, 2)y + Q(2)(y) belongs to Ag(p), where z € At satisfies
2

2% =x.

Proof. Since p < x we have 1 —p>1—x >0, and thus 1 —z € Ay(p). Let
y € A. From the expressions

2L(z,2)(y) == 2 ( oy + (yo2) oz — (yoz)o2) = 2woy, and



Q(2)*(y) = UZ(y) = U.2(y) = Us(y) = Q) (y"), (1)

we deduce that y — 2L(z, 2)y + Q(2)*(y) = Q(1 — x)(y*), where in (1) we
are applying [19, Lemma 2.4.21] to assure that U2(y) = U,2(y). Since 1 — z
belongs to Ag(p), it follows, by Peirce arithmetic, that

y — 2L(z,2)y + Q(2)*(y) € Ao(p).
0

Let F be a JB*-triple. It is known that the JB*-subtriple of F gener-
ated by a norm-one element z (denoted by E,) is JB*-triple isomorphic (and
hence isometric) to Cp(2) for some locally compact Hausdorff space €2 con-
tained in (0, 1], such that QU{0} is compact and Cy(2) denotes the Banach
space of all complex-valued continuous functions vanishing at 0. It is also
known that if ¥ denotes the triple isomorphism from E; onto Cy(£2), then
U(x)(t) =1t (t € Q) (cf. [23, 4.8], [24, 1.15] and [17]). In particular, for each
n € N, we can define the (2n — 1)-th square root of  denoted by z!/2"~1. Tt
is not hard to see that z'/(>*~1) converges to r(z) in the strong*-topology of
E**. Therefore, denoting f(t) := v/, (t € Q), there exists a unique positive
element z = U~1(f) € E,, such that {z, z,:nl/@”_l)} converges to x in the
strong™® topology of E** in particular {z,z,r(x)} = x. This element z will
be called the positive square root of x.

Let E be a JB*-triple, e a tripotent in E, and x a norm-one element in
E. We shall say that e < z (respectively, e > x) if and only L(e,e)x = e
(respectively, = is a positive element in Fy(e)). If e > x and z denotes the
positive square root of x then {z,z,e} = z, that is, z is a positive square
root of x in the JB*-algebra FEs(e).

Lemma 2.5. Let E be a JB*-triple, let e be a tripotent in E, and let x be a
norm-one element in E such that e < x. Then for each y in E the element
y—2L(z, 2)y +Q(2)?(y) belongs to Ey(e), where z is the positive square root
of ¢ in E.

Proof. By the Gelfand-Naimark Theorem of Friedman and Russo (see [18]),
FE can be embedded as a subtriple into an fo-sum of Cartan factors. Since
each Cartan factor can be also embedded as a subtriple of L(H) or H3(0),
then we can assume that F is a JB*-subtriple of the JBW*-dlgebra

- ().



where C,, coincide H3(0), for all . We may then assume that

e<z(<r(x))

in the JBW*-algebra A, where r(x) is the range tripotent of x in A. From
[11, Lemma 2.3] and [25, Corollary 5.12] there exists an isometric triple em-
bedding T" from A onto A, such that T'(r(x)) (and hence T'(e)) is a projection
in A. In particular T is a triple isomorphism. By Lemma 2.4, it follows that
for every T'(y) € T(E) C A we have

T(y) — 2L(T(2),T(2))T(y) + Q(T(2))*(T(y)) € Ao(T(e)),
where 2 is the positive square root of z in E. Therefore,
y —2L(z,2)y + Q(2)*(y) € Ao(e) N E = Ey(e),
for all y € E. O

In the sequel, given z in a JB*-triple E we shall denote by Py(z), the
bounded linear operator from F to E defined by

Po(z)(y) =y — 2L(z, 2)y + Q(2)*(v),

where z is the square root of z in E. In the literature this operator is called
the Bergman operator associated to z. We should note that this notation
is not ambiguous, because when e is a tripotent then Py(e) is precisely the
Peirce projection of E onto Ey(e).

Proof. (Proposition 2.3) Suppose first that u is compact-Gys relative to E,
that is, there exists a norm-one element a € E such that u = u(a) =
Strong* — lim a?"~1. We note that for each n € N u(a) < a®*~ ! < a. Let
yo € E§*(u). From [28, Corollary 9] there exists a bounded net (yy)ea in
E such that y) converges to yg in the strong*-topology of W. By the joint
strong®-continuity of the triple product it follows that the net (zxn)axn
defined by

2an = Po(@® ™) (yn)
converges, in the strong*-topology of W, to Py(u(a))(yo) = yo. Finally,

Lemma 2.5 assures that z), € Wy(u(a)) N E, which shows that u(a) is
closed.

If w € W is a compact tripotent relative to E. Then there exists a de-
creasing net (uy) of tripotents which are compact-G;s relative to E satisfying



that v = Strong® — limuy. We claim that Wy(u) = UAWO(UA)U) . Since for
cach A, u < uy we have Wo(uy) C Wo(u) and hence Wy(u) 2 UxWo(uy)

To see the reverse inclusion let yo € Wy(u). The net yy := Py(uy)(yo) con-
verges in the strong*-topology of W to Py(u)(y0) = yo and (yx) C UaxWo(uy),

w w

which gives yo € UxWy(uy) . Therefore Wy(u) = UxWy(uy) . From the
first part of the proof we have w) is closed relative to E for every A, and
hence Wy(uy) is an open subset in W relative to E. The statement follows
now from Lemma 2.2. O

The reverse of the above result is not true in general. For example, let
E = Cy((0,1]), and let e = X(0.1] € E** (the characteristic function of (0, 3])
is a closed tripotent relative to E in E** but e is not compact relative to £
because for each x € E we have e £ x (and hence e £ u(z)).

Inspired by the above results, we introduce the following definition. Let
W be a JBW*-triple, N a subset of W and u a tripotent in W. We say that
u 18 bounded relative to N if there exist a norm one element x in N, such
that L(u,u)z = u, that is, u < x.

Let X be a Banach space. For each pair of subsets G, F' in the unit balls
of X and X*, respectively, let the subsets G' and F, be defined by

G ={feBx: fla)=1VY2 € G}, F, ={zeBx: flx)=1VYfeF}.

If C is a convex subset of a complex vector space and F' is a convex
subset of C, we say that F' is a face of C if whenever tx; + (1 —t)zy € F,
with z1,20 € C and 0 < t < 1, then z1,x9 € F.

Theorem 2.6. Let E be a weak*-dense JB*-subtriple of a JBW*-triple W .
Suppose that u is a tripotent in W. The following assertions are equivalent:

1. u is a compact tripotent relative to E;

2. u 18 closed and bounded relative to E.

Proof. 1. = 2. Let u € W be a compact tripotent relative to E. Then,
by Proposition 2.3, it follows that u closed relative to E. If u = 0 then
it is clear that w is bounded relative to E. When u # 0, then there exists
a decreasing net, (u)), of compact-Gs tripotents relative to E converging
to u in the strong*-topology of W. In particular, for each \ there exists a
norm-one element x) in E such that u < uy < x).

2. = 1. Since u is bounded relative to E there exist a norm one element
x € E such that L(u,u)r = u. Clearly z —u € Wy(u). Since u is closed



relative to F, then Wy(u) is an open subset of W relative to E. Therefore,
there exists a net (yx)aer in Wo(u) N E converging to  — w in the strong™-
topology of W. In particular x) := x — y, is a net in F converging to u in
the strong-* topology of W. Moreover, since L(u,u)x) = u, it follows that
u < u(xzy) < x). Since, for each ¢ in the unit sphere of W,, we have

lox = ullf = o = u(@)[g + lu@s) = ully > [lu(za) - ul?,

then u(zy) — u in the strong*-topology of W.

On the other hand, each u(z)) is a compact-Gy tripotent relative to E
and hence {u(z))}, = {x,}, (compare [16, Lemma 3.1]). We claim that

{u}, = (ulzr)},. (2)
A

Indeed, since for each A\, u < u(z)y), then every ¢ € {u}, also lies in {u(xy)},
and hence {u}, C (N {u(zy)},. To see the equality, take ¢ € (M, {u(zy)},.
From [30, Corollary 3|, we conclude that ¢ is strong™* continuous. Therefore,
since u(z)) — u in the strong* topology, we have 1 = ¢p(u(x))) — ¢(u), and
hence ¢ € {u},.

We shall show now that the arguments given in the proof of Theorem
4.2 in [16] can be adapted to show that u is compact relative to E.

Let G denote the convex set ({u},)/ N E. The expression (2) shows
that G is not empty. It is not hard to see that G is a face of the closed
unit ball of E. For each a € G let face(a) denote the smallest face of Bg
containing {a} and set A = {face(a) : a € G}. Since for each a1, a2 € G, both
face(ar) and face(az) are contained in face(3 (a1 + a2)), we conclude that A
is a partially ordered by set inclusion and upwards directed. Moreover, if
ay € face(ag) C ({ag},)/ NE = ({u(ag)},)l N E, then we conclude by [16,
Lemma 3.1] (see also [17, Lemma 1.6]) that u(a;) > u(ag). For each p € A
we define u, = u(a), where a € G is the element satisfying p = face(a).
Then, {u,}en is a decreasing net of compact-Gs tripotents relative to E.
In particular, the net {u,},ea converges in the strong*-topology of W to
its infimum denoted by v. Clearly, v is a compact tripotent relative to E.

Since for each a € G we have {u}, C {a}, = {u(a)}, we deduce that
u < u(a), and hence u < v. Since for each A € I', z) € G, the expression (2)
gives

fu}, 2 N {ul@)},.

acG



And the reverse inclusion clearly follows from the fact that
{u}, C {a}, = {u(a)}, for all a € G. Therefore, since (u,) converges to
v in the strong*-topology, proceeding as in the previous paragraph, we have

{u}, = (NHu(@)}, = {v}..

acG

This gives u = v is a compact tripotent relative to E. O

As a consequence of the above result, it can be easily seen that when A
is a unital C*-algebra, then every projection in A** closed relative to A is
compact relative to A, since every projection is automatically bounded by
the unit element. The following example shows that this is not longer true
for closed tripotents.

Example 2.7. Let K = [0, 1] and let E = C(K) the unital C*-algebra of all
complex valued continuous functions on K. Let us denote by u the bounded
function defined by

LU
u(t) =< expif, ift=3
0, elsewhere

Clearly, u is a tripotent in E** closed relative to E. However, for each
0 ¢ 277, u is not compact, since it can not be bounded relative to E.

Corollary 2.8. Let E be a weak*-dense JB*-subtriple of a JBW*-triple W,
u1, uo tripotents in W. Suppose that uq is closed in W relative to E and uo
is closed in Wy(uy) relative to Wy(uy) N E. Then the tripotent uy + ug is a
closed tripotent in W relative to E. a

The following corollary is a generalization of [16, Corollary 4.8]

Corollary 2.9. Let E be a weak*-dense JB*-subtriple of a JBW*-triple

W. Let A be a JB*-subtriple of W which is open relative to E, and let
— (W, W,
ueA

. . — 0
u is compact in A

) be a tripotent. Then u is compact in W relative to E whenever
VW) elative to AN E.

Proof. If u is compact-Gg in A7) relative to AN E, then there exists a

norm-one element x € AN E such that v = u(x), in particular u is compact-
Gs in W relative to E. If u is compact in A7) relative to AN E,
(W,W.)

then there exists a decreasing net of tripotents, (uy) C A7 , which are

10



compact-Gg relative to A N E, converging to v in the strong*-topology of

ZU(W’W*). Now, it follows from the previous paragraph and [10, Corollary]
that uy is a decreasing net of tripotents in W which are compact-Gs relative
to F. ]

3 Weak compactness is commutatively determined

Let X be a Banach space. A series > x; in X is said to be weakly uncondi-
tionally convergent (w.u.c in the sequel) if > |p(x;)| < +oo, for every ¢ €
X*. The space X satisfies Pelczynski’s property (V) if a bounded set K C X*
is relatively weakly compact whenever lim,,_, o sup{|¢(z,)| : ¢ € K} =0,
for every w.u.c. series > x; in X. Every C*-dlgebra and every JB*-triple
satisfies property (V) (compare [29, Corollary 6] and [14, Theorem 3))

Let K be a bounded subset in the dual of a C*-algebra A. Suppose that
K is not relatively weakly compact. The classical theorems of Eberlein-
Smul’jan and Rosenthal assure the existence of an ¢'-basis (¢;) in K. Let
r > 0 such that for each (o) in R we have

rY g < ZO"“H%H

keN keN

‘S D ol

keN

The excellent result proved by H. Pfitzner in [29, Theorem 1] and con-
cretely the arguments given in its proof (see page 364 in [29]) assure that
taking 1 > ¢ >0, and 6 = (1 —¢) 7 infrey ||¢k||, then there exist a sequence
() of pairwise orthogonal selfadjoint elements in the unit ball of A and a
subsequence (¢, (1)) satisfying that [¢, ) (zx)| > 0, for every k € N.

Let E be a JC*-triple and let K be a bounded subset in the dual of F.
Again the classical theorems of Eberlein-Smuljan and Rosenthal assure the
existence of an ¢!-basis (;) in K. Let r > 0 such that for each (o) in R

we have
Pk
P2 el <> ooy ‘ <D _lail

keN keN keN

From [13] it follows that E** embeds as a subtriple in some von Neu-
mann algebra M and there exists a weak*-continuous contractive projection
P : M — E**. Since the mapping P*|g+ : E* — M, embeds isometrically
E* in M., the arguments given in the previous paragraph imply that taking
1>e>0,and § = (1 —¢) r infren||@kl, then there exists a sequence
() of pairwise orthogonal selfadjoint elements in the unit ball of M and a

11



subsequence, (¢, (1)), satisfying that [pq ) (zx)| > 0, for every k& € N. The
same proof given by Ch.-H. Chu and P. Mellon in [14, Theorem 1] can be
literally adapted to get a w.u.c. series Y z, in E and a subsequence (gog(n))
such that ||z, || <1, and |4y (2n)| > g. We have obtain:

Proposition 3.1. Let E be a JC*-triple, let r > 0, and 1 > ¢ > 0. Suppose
that (k) is a bounded sequence in the dual of E such that for each (ay) in

R we have
Pk
P2 lod <) ey ‘ <D lail

keN keN keN

Then taking 0 = (1 —¢) r infren || pkl|, there exists a w.u.c. series > z, in
E and a subsequence (Po(n)) such that |pg(m)(2n)] > g. O

Lemma 3.2. Let E be a JB*-triple, let ¢ be a tripotent in E, and let ¢ be
a norm-one elements in E* such that Hc||i < 60 for some § > 0. Then for
each x € E we have

[pPa(c)(x)] < 3VS || Pa(e)(x)]) (3)
and
[pPi(c)(x)] < 6V6 [|[Pi(e)(@)], (4)

Proof. Let s € E** be a tripotent such that ¢(s) = 1. Arguing as in
the proof of Proposition 2.4 in [11], there exists a JB*-algebra, A, and a
triple embedding (isometric triple homomorphism) 7' : E** — A such that
T(s) = p is a projection in A. By the Hahn-Banach theorem there exists
a norm-one positive functional 1/ in the dual of A extending ¢ o 7! from
T(E**) to A. For each x € E** we also have

IT(2)[}, = »({T(2), T(x), T(s)}) = ¥T{z, 2,5} = p{w, 2,5} = ||z]3.  (5)
In particular T'(¢) = e is a tripotent in A and satisfies
0> |lell}, = v {e,e,p} = v {ee, 1} = v(eoe).

Since e o e* is a positive element with ||e o e*|| < 1, then (e o e*)? < eo e,
and hence 1)((e 0 €*)?) < ¢(eoe*) < 4.

Let z € As(e). By the Cauchy-Schwarz inequality we have

[(z)| = |vL(e,e)x] = |((eoe*)oz+ (z0€e*)oe— (eo2)oe”)]
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<[p((ece™)oz[+[y(z0e) o€l + (e o z) 0e”)]
< Vil(eoe )iz 02%) + V(20 e*) o (z0e*) )y((e o e*))
+V/((z0e) o (zoe))((eoet)) <3VE 2.

Since for each = € FEs(c), we have T'(x) € As(e), the above inequality
and (5) give the statement in (3). The inequality (4) can be deduced in a
similar way. O

Lemma 3.3. Let ¢ be a norm-one functional in the predual of a JBW*-
triple W. Then for every norm-one element x in W we have that ||.||, is an
order-preserving map on the set of all positive elements in the abelian von

Neumann algebra W, | that is, the weak*-closed subtriple generated by .

Proof. Let ui,us be two orthogonal tripotents in W. Then we have
2 2 2
[ug +uallyy = llually + [lua 3

Let x,y two positive elements in wa*, such that z < y. Suppose first
that x and y are algebraic elements, i.e., finite linear combinations of mu-
tually orthogonal projections (p;) in wa*. Since me* is an abelian von
Neumann algebra, we may assume that z = ) . \;jp; and y = >, p;p; with
0 < \; < . It follows from the above paragraph that

IyllZ = > wfllpall3, = Y Alpilly, = Nl
% 7

Suppose that 0 < z < y in wa* From [19, Proposition 4.2.3] there
exist two sequences of algebraic elements (a,,), (b,) € Wa(e) satisfying that
0<a, <z, 9y <by, ||x—ay|| — 0, and ||y — by|| — 0. Since in particular
0 < ap < by it follows, from the above case, that ||b,||, > [|an|,. Finally,
since |||, is norm-continuous we have [|y[|, > ||z||,- O

Lemma 3.4. Let E be a JB*-triple, let 0 > 0,6 > 0 and let (¢,) be a
sequence in the closed unit ball of E*. Suppose that x is a norm-one element
in E such that |p1(x)| > 0 and ||z||y, <9, for alln > 2. Then there exist a
norm-one element z in E and a compact tripotent u in E** such that z < u,
lo1(2)] > % and ||lull,, < %‘s, for all m > 2.

Proof. Let C denote the norm-closed subtriple of E generated by z. From
[23, 4.8] and [24, 1.15] (see also [17]) we known that there exists a locally
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compact subset S, of (0, ||z||] such that S, U {0} is compact and C is JB*-
triple isomorphic to the C*-algebra of all complex-valued continuous func-

tions on .S, vanishing at 0, Cp(S; ), via a triple isomorphism W, which satisfies
U(x)(t) =t (t €S;). Let z € Cy(S,) be the function defined by

z(t) :== { linear, if% <t<?¥
t, if £ <t <1
Since ||z — z|| < % and |p1(x)| > 0 it follows that |¢1(z)] > 78£ > 3740'

On the other hand, identifying \Il(x)|[0 0y with a:\[o o) (in E**), we have
78 78
x > :r|[g 1 (in C'), and hence, by Lemma 3.3, we get ||x\[g 1}”@” < ¢ for
87 87
all n > 2. In particular H%xhg 1]||¥,n < 6. Again Lemma 3.3 applied to
87
U= X2 ) < %x\[%yl] assures that
8

<20
HUHSOH 0 )

for all n > 2. It is clear that z < u and u € E** is a compact tripotent
relative to E, because u is compact in E5*(r(x)) and r(x) is an open tripotent

(compare Corollary 2.9 or [16, Corollary 4.8]). O
Let ¢ be a non-zero functional in the dual of a JB*-triple E. Then ﬁ

is a norm-one functional in £* and hence the law (z,y) — ﬁ {z,y,e} is a
positive sexquilinear form on E x E, where e is a tripotent in £** such that
ﬁ(e) = 1. Therefore the mapping (z,y) — ¢ {x,y,e} is also a positive
sexquilinear form on £ x E the corresponding prehilbertian seminorm will
be also denoted by ||x||?0 = @ {x,z,e}. From the comments preceding [7,
Definition 3.1] we have

lp@) < el llzlly (v € B 2 € E).

We can state now the main result of this section, which assures that
weak compactness in the dual of a JC*-triple is commutatively determined.

Theorem 3.5. Let E be a JC*-triple and let K be a bounded subset in E*.
The following are equivalent:

(a) K is not relatively weakly compact;

(b) There exist a sequence of pairwise orthogonal elements (ay,) in the unit
ball of E, a sequence (¢n) in K and 0 > 0 such that |on(an)| > 6 for
alln € N;

14



(¢) There exists a separable abelian subtriple C C E such that K|c is not
relatively weakly compact.

Proof. (a) = (b) Let us assume that K C Bpg+. Since K is not relatively
weakly compact, there exists (¢y) in K and r > 0 such that for each (ay)
in R we have

T‘Z\ak\ <

keN

Z‘“’fn@kn

keN

<D feul. (6)

keN

Let A = infyen ||¢k|| > 0. We claim that there exist a sequence of mu-
tually orthogonal compact tripotents (u,) in E**, N = Ny D Ny D Ny D
. D N D Npt1 D ... infinite subsets of N, a sequence (a,) in E, and
a subsequence (¢g(,)) such that uy + ... + uy, is closed, u,41 is closed in
ES*(ul +...+ un), ar < ug, U(k‘) S Nkfl\Nky

0 3
|§00(k (ak‘)|>34]§ :42 ( A 35 _3252)7 ]436{2,...,71}), (7)

AE3€Z€I£) Z | < Z Qg Pl < Z ||, (8)

(r -
e v LC ) e

where E,, = ENE{*(u1+ug+...4+uy) and A—=3> ", _; e < infren ||¢klE, |-

Let 4 > >0, 3(r +2)e < rA and (s,) in RT such that 3°,, ¢, =e.

From Proposition 3.1 taking 61 = 5 A, then there exists a w.u.c. series
>.zn in E and a subsequence (¢,()) such that [z, < 1 and
[Po(n) (2n)] > %. Since )z, is a w.u.c. series, there exists C7 > 0 such
that || Y, cponzn| < C1 for every finite set F' C N and o, = £1.

4p4
€161

. C?
Let ji € N such that =t < z7'g.

space is of cotype 2 we have

2
Z* Iz& s, <

k= 1

Let m € N. Since every Hilbert

01 clet

where D = {—1,1}" and y is the uniform probabﬂity measure on D. Since
(9) is satisfied for every m € N, then there exist k; € {1,...,71} and an
infinite subset N1 C N such that for every m € Ny,

||2 54110111

oIz, < grgrge
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Let pg(1) = ¢k, Then, since ||z, || > %1, we have

2k 01
o > |01 (2 > —

N Ui
42 34 82’

Zk1

— (m € Ny)
sz1|| 2]

and

From Lemma 3.4 there exists a norm-one element a; € F and a compact
tripotent u; € E** such that

and

e

for all m € N;. Now Lemma 3.2 assures that for each m € Ny, x € E** we
have
lomPr(u1) ()] < 2e1 |z,

and
[om P2 (ur)(2)] < er [|z].

In particular
”gpm(I — Po(’u,l))H < 3e1, Ym € Nj. (10)

The inequalities (6) and (10) show that, denoting Ey = Ej*(u1) N E, we
have
ok — exle || < 3er,

okl H 1 1
< ok — il |l + okl 2 |
H lowll ||90k:\E1|| Il ol ' lerll ||90k\E1|| '
H | || 6 €1 6 &1 6 €1
> Pk — PEIEL] > =
H || ' llorll = infren, okl A

(we also have A —3e < A — 3¢y = infren ||kl — 3e1 < infren [lorlr ), and
hence

Z lak| < ( r——el Z |k |

keNy keN1
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<D o eule, <) ol

ol “leelzll ol

We note that, since u; is a compact tripotent relative to F, then u;
is closed relative to E. Thus E; is a strong*-dense subtriple of E§*(u1).
We repeat the same argument above in the JB*-triple E; with the family
(gok\El)keNl and 92 = %(A — 36) — 361.

Suppose, by mathematical induction, that we have found N = Ny D
Ny D No D ... D N, infinite subsets of N, uq,...,u, mutually orthog-
onal compact (and hence closed) tripotents in E**, ay,...,a, € E, and
o(1l) <...<o(n)in Nsuch that u;+...+wu, is closed, a; < u;, o(k) € Ng_1,

30, 3 (r —
|<pa(k)(ak)|>472:? 5(14—35)—3261 » (ke{2,...,n}),
i=1

6 - Pk|Ey,

S Yl < | 3 aptBrl 3 el
k=1  keN, ken, 1 PkIEn kEN,

where E,, = ENE{* (u1+ug+...4+uy) and A—=3> ) e < infren [|¢rlE, |-

Let w = u3 + ...+ u,. From the inequality (11) and Proposition 3.1
we conclude that takmg On+1 = 5(A —3e) — 33", &, then there exists a
w.u.c. series )z, in E, and a subsequence (¢, (,)) such that ||z, < 1 and

|07 (n)(2n)| > 9"4“. Since ) z, is a w.u.c. series, then there exists Cy, 1 > 0,
such that || Y . onzy| < Cny1 for every finite set /' C N and o, = £1.

4 04
Let jn+1 € N, such that "*11 < 822—134 n8-g1
Hilbert space is of cotype 2 we have

Let m € N,. Since every

2
Jn+1 Jnt1 C2

Z

4 p4
Ent1 Ont1
= sz|!2m S / Zska du < i < 22347;5 , (12)

Pm

where D = {—1,1}" and p is the uniform probability measure on D. Since
(12) is satisfied for every m € N, then there exist knp+1 € Ny, knt1 < jnt1
and an infinite subset N,11 C N, such that for every m € Ny41,

4 4
EnJrl 0n+l

2
12k 11 15, < T4A 3h g2
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. Ont1
Let ¥g(nt1) = Phy4y- Then, since | 2k || >

2k en 1
otnen) (22 )| 2 oty > 222

[Er

2 4 2
€n+ 1 gn—l— 1

42 34 82

Rkpt1

(e

(m € Nn-i—l)

and

From Lemma 3.4 and Corollary 2.9, there exists a norm-one element
an+1 € Ey, and a compact tripotent u,4+1 € E§*(u) such that

Ant1 < Ungl,

30n+1
|(pcr(n+1)(an+1)’ > :2

and
2

Ent1
[unt1lle, < g;r )

for all m € N,41. From Corollary 2.8 we have w4+ uy41 closed in E**. Now,
Lemma 3.2 assures that for each m € Ny 11, v € E** we have

| omPr(unt1)(@)] < 2enta 2],

and
[om P2 (un+1) ()| < entr [|zf]-

In particular

l[om (I = Po(tns1))l| < 3ent1, Vm € N (13)
Therefore,
H @m’En+1 H 6 5n+1 6 €nt1 _ 6 ent1
lemll  eml B lomll — mfmeNnH [[om]| A

(we also have A—3¢ < A3 1 &), = infren |l@rll—3ent1 < infren [|0x|m 0 ),
and hence

n+1
Z ) > lowl
k=1 keNl kfl keN
< Z ay Sok|E'1 Z |ak|
o) A ol
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Finally, we can take € any strictly positive real number smaller or equal
than 3% (5(A - 3¢) — 3¢) > 0.
The implications (b) = (¢) and (¢) = (a) are obvious. O

4 Applications: A Theorem of Dieudonne for JC*-
triples

Let A be a C*-algebra and let (¢,) be a sequence in A*. It is known that
¢n needs not be weakly convergent in A* even under the hypothesis that,
for each a € A, (¢n(a)) is a convergent sequence. In a recent paper, J. K.
Brooks, K. Saitdé and J. D. M. Wright have obtained the following gener-
alisation of a classical theorem of Dieudonne: if ¢, (p) converges whenever
p is a range projection in A**, then ¢,, is weakly convergent in A*. Their
proof is strongly based on the characterisation of weak compactness in the
dual of a C*-algebra obtained by Pfitzner in [29] and the Sait6-Tomita-Lusin
Theorem for C*-algebras [26, 2.7.3].

This section is devoted to obtain a generalisation of this Theorem of
Dieudonne to the more general setting of JC*-triples, in which the char-
acterisation of weak compactness developed in Theorem 3.5 and the corre-
sponding Lusin’s Theorem for JB*-triples (c.f. [11]), will play an important
role.

The following proposition generalizes [9, Proposition 3.1] to the setting
of JB*-triples. We recall first some necessary results. Let W be a JBW*-
triple with predual W,. From [8, Proposition 3.4] it follows that W, is an
L-summand in its bidual W*, that is, there exists a linear projection m on
W* satisfying ||z|| = ||7(x)| + ||z — =(z)||. It follows from [20, Theorem
IV.2.2] that W, is weakly sequentially complete.

Proposition 4.1. Let W be a JBW*-triple, E a weak*-dense JB*-subtriple
of W and (¢n) a sequence in W, such that, for each a in E, (¢n(a)) is
convergent sequence. Then the following assertions are equivalent:

(a) The set {¢n : n € N} is relatively weakly compact in W,.
(b) For each o € W, lim ¢y, () ewists.
(¢) There exists ¢ € Wy such that lim ¢, () = ¢(«), for each a € W,
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Proof. (a)=-(b) Let us assume that the set {¢,, : n € N} is relatively weakly
compact in W,. Let a € W. We shall show that (¢,(a)) is a Cauchy
sequence. To this end, let us consider ¢ > 0. We may assume, without
loosing generality, that [J«| < 1/3.

By [27, Theorem 1.1], there exist norm-one elements ¢1,p2 € W, with
the following property: Given €/3 = n > 0, there exists § > 0 such that for
every z € W with ||z]| <1 and ||z||,,0, < J, we have

[on(2)] <n=¢/3 (14)

for each n € N. Let N := {2z € W : ||2]/4,,4, = 0}. The completion, H, of
(W/N, | |lo1,02) is a Hilbert space, and the natural projection of W onto H
is a weak™-continuous linear operator, which will be denoted by J : W — H.
Moreover, ||.J|| < v/2. By [28, Theorem 2], there exists a norm-one functional
1 € W, such that

12l o100 < 2 M2l +6/2 1], (15)

forall ze W.

The result in [11, Theorem 2.9] remains valid when the bidual of F is
replaced with a JBW*-triple W such that E is weak*-dense subtriple of
W. Thus, denoting u for the support tripotent of ¢ in W, then by [11,
Theorem 2.9], there exist a tripotent e < v in W and a € F, satisfying that
lla]] < 3/2 |la| < 1/2 and

Pi(e)(a—a) =0, (i€ {1,2})

[(u—e)| < 6%/8 (16)

Since e < u and a — a = Py(e)(a — ), we deduce, by Peirce arith-
metic and [17, Lemma 1.5, that {a — a,a — a,u} = {a — a,a — a,u — e}
is a positive element in the JBW*-algebra Wa(u — €). Moreover, having in
mind that ¢ is a positive functional on Wa(u — e), |1 (u — e)| < 62/8, and
[ {a —a,a—a,u—e}|| <|la—al?|u—e| <1, we get

la—alf =v{a—aa—au—et <vlu—e) <6/8.

The above inequality together with (15) give that |la — a4, 4, < 6, and
hence by (14) we deduce that

|pn(a —a)| <e/3, (ne€N). (17)
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Now, since by hypothesis, (¢,(a)) is a Cauchy sequence, there exists
mo € N such that for each n,m > mg we have

[(¢n — ¢m)(a)] < /3. (18)

Finally, from (17) and (18) it follows that for each n,m > mg we have

|Pn () = P ()| < |dn(a = a)| + [(Pn — dm)(a)| + [Ppm(a —a)| <e.

As we have commented in the introduction of this section, the pred-
ual of every JBW*-triple is weakly sequentially complete. Therefore, the
implication (b)=-(c) follows straightforwardly.

Finally, the implication (¢)=-(a) follows from the Eberlein-Smul’jan The-
orem.

O]

We can establish now a Dieudonne type Theorem in the setting of JC*-
triples.

Theorem 4.2. Let (¢) be a sequence in the dual of a JC*-triple E such
that, for every range tripotent r in E** (i.e. r = r(a), for some a in E with
llal]] = 1), we have lim ¢, (1) exits. Then there exits ¢ in E* satisfying that
(¢n) converges weakly to ¢.

Proof. Let Cy be a separable abelian JB*-subtriple of E satisfying that Cy
is JB*-triple isomorphic to an abelian C*-dlgebra. Let x be a positive norm-
one element in Cy. When Cj is regarded as a C*-dlgebra the range projection
of z, RP(x) € C}*, coincide with the o(Cg*, Cf)-limit of the sequence z'/™.
When we consider the JB*-triple structure in Cj, then the range tripotent
of z, r(x) € CF*, coincide with the o(Cg*, C¥)-limit of the sequence z/3".
In particular RP(z) = r(x) in C3*. This gives that RP(x) = r(z) is a range
tripotent in E** (compare [6, Theorem 4]), and hence ¢, (RP(z)) converges
by hypothesis.

We have actually proved that, whenever Cj is a separable abelian JB*-
subtriple of F satisfying that Cy is JB*-triple isomorphic to an abelian C*-
algebra, then (¢,(p)) converges for every range projection p € C*. Now,
Theorem 3.2 in [9] assures that ¢,|Cy is weakly convergent in C§ (in par-
ticular, {¢n|c, : n € N} is a relatively weakly compact subset in Cfj). Now,
Theorem 3.5 gives that {¢, : n € N} is a relatively weakly compact subset
in E*.

Finally, Proposition 4.1 will give the desired statement provided we can
assure that ¢,(a) converges for every a € E. Since for every norm-one
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element b € E, the (closed) JB*-subtriple of E generated by b is isometri-
cally isomorphic to a separable abelian C*-dlgebra, we conclude from the
preceding paragraphs that ¢, (b) converges. O
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this paper.
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