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ABSTRACT

We study a property weaker than the Dunford-Pettis property, introduced by W. Freedman,
in the case of a JB*-triple. It is shown that a JBW*-triple W has this property if, and only if,
W is a Hilbert space (regarded as a type 1 or 4 Cartan factor) or W has the Dunford-Pettis
property. As a consequence, we get that the JBW*-triples satisfying the Kadec-Klee property are
finite-dimensional or Hilbert spaces (regarded as Cartan factor 1 or 4).

1. Introduction

N. Dunford and B. J. Pettis [9] proved that a weakly compact operator from
L'(u) to another Banach space sends weakly Cauchy sequences into norm conver-
gent sequences. A. Grothendieck [11] showed that the same conclusion holds for
weakly compact operators on C'(K), for any compact Hausdorff space K. A Banach
space X has the the Dunford-Pettis property (DPP for short) if any weakly compact
operator from X into some other Banach space is completely continuous.

For a long time, it was unknown if every non commutative C*-algebra has the
DPP. In [4], C-H. Chu and B. Iochum got a characterization of the C*-algebras
having the Dunford-Pettis property. Indeed, a von Neumann algebra has the DPP
if, and only if, it is a finite direct sum of type I, von Neumann algebras. The
von Neumann algebras whose predual has the DPP are characterized by L. Bunce
[3]. For JB*-triples, a class including C*-algebras, C-H. Chu and P. Mellon have
characterized those spaces with the DPP [5].

The following characterization of the DPP was given by Grothendieck. A Ba-
nach space X has the Dunford-Pettis property if, and only if, for any weakly null
sequences {z,} in X and {f,} in X*, it holds f,(z,) — 0. W. Freedman [10]
introduced a weaker version of the DPP as follows. A Banach space has the DP1
if, and only if, for any weakly convergent sequences z,, — x in X, and f, — 0
in X*, such that ||z,|| = ||z|| = 1, it holds f,(x,) — 0. Of course, the condition
llzn]] = ||z|] = 1 can be replaced by ||z,|| — ||z||. Freedman shows that the DP1
is equivalent to the DPP for von Neumann algebras, but it is strictly weaker than
the DPP for preduals of von Neumann algebras.

The DP1 property is weaker than a well-known isometric property, the Kadec-
Klee property (KKP in the following). Recall that a Banach space has the KKP
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if any sequence in the unit sphere whose weak limit is also in the unit sphere, is
indeed norm convergent.

In this paper, we characterize those JB*-triples having the DP1 property. In
the case of JBW*-triples, we describe those spaces satisfying the DP1. As a conse-
quence, we prove that a JBW*-triple has the Kadec-Klee property if, and only if,
it is finite-dimensional or a Hilbert space (regarded as a type 1 or 4 Cartan factor).

Next we recall some well known results about the DPP, the DP1, and the KKP.
We refer to [8] as a good survey on the DPP.

REMARK 1.

1. A Banach space whose dual X* has the DPP, has also the DPP. The same
fact does not hold for the DP1. Indeed, for any infinite-dimensional Hilbert space
H, the space of trace-class operators L'(H) = K(H)* has the DP1 property and
K(H) (the space of the compact operators on H ) does not [10, Remarks 1.2].

2. The DPP and the DP1 properties are preserved by complemented subspaces
and the KKP is preserved by closed subspaces. The DPP is preserved by linear
isomorphisms, while the DP1 and the KKP are not [10, Example 1.6].

3. If H is an infinite-dimensional Hilbert space and Y # {0} is a Banach
space, then X := H &> Y does not have the DP1. To see this, fir an element y in
the unit sphere of Y and an orthonormal sequence {e,} in H. Then, the sequence
{z,} = {(en,y)} in X clearly satisfies ||z,|| = 1 and {z,} = = = (0,y), an element
in the unit sphere of X. Since the sequence {fn} := {(e,,0)} = 0 in the dual space
of H®o Y and fn(xy) = 1,Yn, then X does not have the DP1.

4. The DPP, the DP1 and the KKP do not depend on the scalar field considered
in the case that the space is complex.

2. Alternative Dunford-Pettis property for JB*-triples

The complex Banach spaces called JB*-triples play a very important role in the
study of bounded symmetric domains in several complex variables. Indeed, Kaup
[15] showed that every such domain is biholomorphic to the open unit ball of a
JB*-triple. We begin by recalling the definition of a JB*-triple and referring to
[20], [21] and [6] for recent surveys on the theory.

DEFINITION 1. A JB*-triple is a complex Banach space E together with a triple
product {.,.,.} : EX E x E — E, which is continuous, symmetric and linear in the
outer variables and conjugate linear in the middle one, satisfying

a) Jordan Identity: for all a,b,x,y,z € E

L(aa b) {m,y,z} = {L(aa b)l‘,y, Z} - {'Ta L(ba a)y,z} + {m,y,L(a, b)Z},

where L(a,b)x := {a,b,x};
b) For each a € E the operator L(a,a) is hermitian with nonnegative spectrum,
and || L(a, a)l| = |la]|*.

Every C*-algebra is a JB*-triple in the triple product {a,b,c} = 1(ab*c+cb*a).
Also B(H, K), the space of all bounded and linear operators between two complex

Hilbert spaces H and K, is a JB*-triple with the triple product defined by

1
fo,9,2} = 3 (ay"z + 2y7).
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Every JB*-algebra is a JB*-triple in the triple product {a,b,c} = (a0 b*)oc+ (co
b*)oa — (aoc)ob*. The bidual of a JB*-triple E is also a .JB*-triple that contains
FE as a subtriple.

For any JB*-triple E and a tripotent e € E, that is, {e,e, e} = e, there exists a
decomposition of E in terms of the eigenspaces of L(e, e), i.e.

E = Ey(e) ® Ei(e) ® Ex(e),

where Ej,(e) := {z € E : L(e,e)z = £z} is a subtriple of E (compare [17, Theorem
3.11]). The natural projection of E onto Ej(e) will be denoted by Pj(e). This
decomposition is called the Peirce decomposition with respect to the tripotent e
and the natural projections are called Peirce projections.

A JBW*-triple is a JB*-triple which is a dual Banach space. Every JBW*-triple
has a unique predual and its triple product is separately weak*-continuous [2].
By the Krein-Milman theorem and [16, Proposition 3.5], to each non zero weak*-
continuous functional ¢ on a JBW*-triple W, there is a tripotent u € W such that
¢ = ¢Pa(u) and ||@]| = ¢(u). If W is a IBW*-triple and f is a norm one element
in W,, we can define a seminorm ||.||; on W, given by

lwl} = f{w,w,e},

where e € W is a tripotent with f(e) = ||f|| = 1. It is worth mentioning that
|||l does not depend on the support e of f (see [1] for more details). The strong*
topology of W, noted by S(W,W.,), is defined as the topology on W generated by
all the seminorms ||.||, where f is a norm one functional in W,. If E is a JB*-triple
we denote by S(E, E*), the restriction to E of the strong* topology of E**.

First we show that the DP1 in .JB*-triples can be characterized in terms of the
triple product. In order to do this, we will use the following result, due to C-H. Chu
and P. Mellon, which is stated in [5, Lemma 4].

LEMMA 1. Let W be a JBW*-triple without summands L™= (Q, pn, C®) and
L>®(Q, 1, C%), where C° and C® are the type 5 and type 6 Cartan factors respec-
tively. Let {fn} be a o(W., W)-null sequence in W, and let {w,} be an S(W,W,)-
null sequence in W. Then we have

lim sup {| fx(wn)|} = 0.
" keN

Proof. W can be embedded as a subtriple in a von Neumann algebra M such
that W, is complemented in M, [20, Theorem D.20]. If the von Neumann alge-
bra M is regarded as a JBW*-triple then S*(M, M..) coincides with the classical
strong*-topology on M [22, Definition 1.8.7]. By [19, Proposition 2] and [18, Com-
ments above Theorem 9], the topologies S* (W, W,) and S*(M, M..)|w coincide on
bounded sets, hence we can conclude that {w,} is strong*-null in M. Finally ap-
plying [23, Lemma III.5.5] we conclude that

lim Sl]ipﬂfk(wn)” =0.

a

Theorem 5 in [5] gives criteria for DPP in .JB*-triples. Indeed, a JB*-triple E
has the DPP if, and only if, whenever z,, — 0 weakly in F, we have {zp,z,,y}
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tends to zero weakly for every y € E. On the other hand, a C*-algebra A has the
DP1 property if and only if whenever a,, — a weakly in A with ||a,|| = [la]] = 1,
we have a}a, — a*a weakly (see [10, Theorem 3.1.]). These results inspired the
following criteria for the DP1 property in JB*-triples.

THEOREM 1. Let E be a JB*-triple. The following assertions are equivalent:
(i) E has the DP1 property.

(ii) For any weakly convergent sequence x, — x with ||z,|| = ||z|| = 1, then
{Zn,Tn,y} converges to {x,z,y} weakly for all y € E.
(iii) Whenever x, — = weakly with ||z,|| = ||z|| = 1, we have x,, — x in the

S(E, E*)-topology.

Proof. (i) = (ii) Let {z,} be a sequence weakly convergent in E to an element
z € E such that ||z,|| = ||z|| =1, let y € E and f € E*. Let E, be the JB*-triple
obtained from E by changing the scalar multiplication to (\,e) — Ae. Define the
operator T : E. — E* by

T(w)(z) := f{z,w,y}.
Then T : E, — E* is linear and by using [4, Lemma 5], T is weakly compact.

Since E has the DP1 and ,, — z in the unit sphere, by [10, Theorem 1.4], then
Tx, — Tx in the norm topology, and this implies that

f({wnamnay}) — f({a:,a:,y}),Vy e FE.

The rest of the proof is obtained following the argument used in [5, Theorem
5], where Lemma 1 is used. O

By using condition ii) in Theorem 1 we get:

COROLLARY 1. Let E be a JB*-triple with the DP1 property and let F be a
subtriple of E, then F has the DP1 property.

For the predual of a JBW*-triple W, Chu and Mellon [6, Lemma 15] gave a
characterization of the DPP. Indeed, the predual of W has the DPP if, and only
if, for every weak null sequence w,, in W, the sequence {w,,, w,,w} is weakly null
for all w € W. Freedman [10, Proposition 2.6] found a necessary condition to have
the DP1 property for the predual of a von Neumann algebra. In the case of a
JBW*-triple we get the following result.

PROPOSITION 1. Let W be a JBW*-triple with predual W, and suppose that
W, has the DP1 property. Let w,, — w weakly in W with ||w,||, |lw|| < 1, let f € W,
andy € W with |lyl| <1 such that ||f|| = |f {.,w,y}||, then

fAwn, wn,y} = f{w,w,y}

Proof. For each n € N and y € W, let us define the functional given by
fa(@) == f{z,wn,y} (x€W).

Since the triple product is separately weak* continuous [1, Theorem 2.1], then
fn € W,.. We are assuming that w, — w in the weak™ topology and the triple



AN ALTERNATIVE DUNFORD-PETTIS PROPERTY FOR JB*-TRIPLES 5

product is separate weak* continuous, then f,(z) = f{z,wn,y} = f{z,w,y},
thus f,, = f{.,w,y} weakly in W,. Moreover,

1l < WA lwnll Nyl < 1A= 11F {5 w, wH,

so || full = IIf {-w,y} |- Since W, has the DP1 property, f,(w,) = f{w,w,y}, i.
e" f{wn7wn7y} % f{w7w7y} - |:I

3. JBW*-triples with the alternative Dunford-Pettis property

The aim of this section is to describe those JBW*-triples having the DP1 prop-
erty. Our first goal is the study of the DP1 property in the particular case of a
Cartan factor. In a finite dimensional space, the DP1 property is trivially satisfied.
For this reason we focus our attention in the infinite-dimensional case.

PROPOSITION 2. If C' is an infinite dimensional type 1 Cartan factor having
the DP1 property, then C' is a Hilbert space.

Proof. Let C' be an infinite dimensional type I Cartan factor having the DP1
property. Then C! is of the form B(H, K), where H and K are Hilbert spaces with
at least one of them infinite dimensional, and the triple product is given by

1
{z,y,2} = §(wy*z + zy*x).

Let h in H and k in K we denote by k ® h the element in B(H,K) given
by k ® h(z) := (z|h)k (z € H). Let us suppose that C! is not a Hilbert space.
Since B(H, K) can be identified as a triple to B(K, H), then we can assume that
2 <dim K < dim H = co. Let ki, k2 be two orthonormal elements in K and {h,}
be an orthonormal sequence in H. Let us consider the operators given by

Tpn =k @hp +kQhy, ==Fk ®h.

It is immediate to check that ||z,|| = ||z|| = 1 in B(H, K). Since {h, } converges to
0 weakly, {z,} is w-convergent to z. Now take y = k; ® h;, an easy computation
shows that

1
{x,x,y}: 5?/7 {xnamnay}:y (1122)

By applying Theorem 1, then B(H, K) does not have the DP1. Therefore, dim K =
land B(H,K)=H. m|

Now we proceed with the study of the rest of the Cartan factors. We give a brief
description of the Cartan factors of type 2 and 3. Let H be a complex Hilbert space
equipped with a conjugation (conjugate-linear isometry of period 2) j : H — H,
then for any z € B(H) we can define its transpose as z! := j z* j. The type 2
Cartan factor coincides with the Banach space of all ¢-symmetric elements in B(H)
(2t = 2), and the type 3 Cartan factor is defined as the Banach space of all ¢-anti-
symmetric elements of B(H) (2! = —z). The triple product of these Cartan factors

is the restriction of the triple product in B(H).

PROPOSITION 3. Let C? be a type 2 Cartan factor having the DP1 property,
then C? is finite dimensional.
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Proof. Let C? = {z € B(H) : 2! := j2z*j = 2} be an infinite dimensional type
2 Cartan factor, let hy, ho be orthonormal vectors in H, and Hp the Hilbert space
generated by {hi, h2}. Now denoting e := j(h1) ® hy + j(h2) ® he we conclude that
e is a tripotent in C? and it is easy to check that the Peirce subspace (C?);(e)
coincides with the subspace
{j(h) @ h+ j(h) @ hy + j(he) ® k + j(k) ® hg : b,k € Hy }.

Therefore (C?);(e) is isometrically isomorphic to BL(Hg-, C%) which fails the DP1
by Proposition 2 above. Since (C?); (e) is a subtriple of C2, we conclude by Corollary
1, that C? fails the DPL. O

PROPOSITION 4. Ewvery type 8 Cartan factor having the DP1 property is finite
dimensional.

Proof. Let C® = {z € B(H) : z' := jz*j = —z} be an infinite dimensional
type 3 Cartan factor, let hy, hy be orthonormal vectors in H. Now denoting e :=
—j(h2) @ hy + j(h1) ® he we conclude that e is a tripotent in C3. In this case, the
equality

(C*)i(e) = {i(h) @ h = j(h) © hy + j(hs) ® k = j(k) © ha = h, k € Hy'}

holds. Finally, following the same arguments given in the proof of Proposition 3 we
conclude that (C?);(e) (and hence C?) fails the DP1. |

Finally we proceed with the study of the DP1 property in a type 4 Cartan factor.
A type 4 Cartan factor is a JB*-triple which can be equipped with a complete inner
product (.|.) and a conjugation * such that the triple product satisfies

{z,y,2} = (2ly)z + (z|ly)x — (z]z7)y",
and the norm is given by

l2]]? := (alz) + ((]2)” = |(z|e™)]) 2.

PROPOSITION 5. FEvery type 4 Cartan factor has the Kadec Klee property and
so, it satisfies the DP1 property.

Proof. Let C* be a type 4 Cartan factor, with inner product (.|.) and conju-
gation x. Let {ex}rea be a (.].)-orthonormal basis of C* satisfying e} = ey for all
X € A. If for each z € C* we put z(\) := (a:|e>\) then the norm is given by

2> = [|z]15 + q(x) := (z|z) + q(@) = D [«(WP +4q(z) (v €C?),
AeA

- ((§|x<x>|2)2 -

First we will check that for any set F' C A and = € C*, the inequality

0@ > a3 ol o). 1)

AEF

where

> z(n)?

AEA
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holds. For z € C* and F C A it is satisfied

(zmw) w02 3 20y
ANEF

AEF AEA\F
< (2 POy |x<A>|2) + 20y

AEF AEA\F AEF

2

2

)

which is equivalent to
a(z) > q(z ey )
AEF

For any subset F' C A, let us denote by Pr the projection on C* given by
Pr(z) == Y \crpz(A) ex. By (1) it follows that ||Pr|| < 1. We are going to prove
for any € > 0

FCAzelh |zl =1[Pr@)|” >1-¢* = |lz - Pr(z)l2 <e. (2)

To this end, let us fix z € C* with ||z|| = 1 and a subset F' C A satisfying
|| Pr(z)]|> > 1 — &%, Since

L=llz* = ) [z +alx

AEA
then
e > 1—[|Pp(z)l]> = ||zI|> = |Pr(2)|]” =

= % P+ gt~ ¥ #es ) 2 by using (1)

AEA\F AEF
> Y e = llz = Pr(@)]3.
AEA\F

Now we show that C* has the KKP. Therefore, assume that {z,} — o weakly
and ||z, ]| = ||zo]| = 1. For any € > 0, let us choose a finite subset G C A satisfying

l|zo — Pa(zo)]] <& and
1 — & < ||Pa(xo)|*.

Since Pg has finite rank and Pg(x,) - Pg(xo), it follows that Pg(z,) converges
to Pg(xo) in norm. Then, we can choose m € N such that for all n > m

1Pa(2n) — Pa(xo)l| < €
and
1—¢&® < ||P(aa)ll*.
By using (2) we deduce that
lzn — Pa(zn)ll2 < & .
Therefore for n > m we have

lzn = @oll2 < l2n — Pa(@a)ll2 + |1 Pa(2n) — Pa(o)ll2 + ||Pa (o) — @oll2 <
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< 2e + ||Pa(zn) — Pa(mo)|| < 3¢,

that is, {z} converges to z in the norm topology. O

REMARK 2. Let C' = B(H,K) a type 1 Cartan factor, where H and K are
complex Hilbert spaces with dimensions n and m, respectively, then 03 and £5* embed
isometrically as 1-complemented subspaces of C*.

If C? .= {z € B(H) : 2t = jx*j = x} (where j is a suitable conjugation
on H) is a type 2 Cartan factor, then the proof of Proposition 3 shows that C?
admits as a complemented subspace an isometric copy of E;fl. In this case we can
take e = j(h1) ® hy, and (C?)1(e) = €51, It is worth mentioning that the natural
projection from C? onto Kg_l has norm at most 2. The same conclusion holds for
type 8 Cartan factors by using Proposition J instead of Proposition 3.

Finally, if C* is a type 4 Cartan factor with inner product and conjugation de-
noted by (.|.) and *, respectively, then U := {x € C* : * =z} is a 1-complemented
real subspace of C*, which is also isometric to Zgimc4.

Once we have determined all Cartan factors having the DP1 property, we can
now deal with the same problem in any JBW*-triple. By the structure theory (see
[12],[13],[14]), every JBW*-triple W has a decomposition into the £.-sum

W = ®' L®(Qq, fla, Ca) ®'= R@®'> H(M, ),

where C,, is a Cartan factor, R is a weak* closed right ideal of a continuous von
Neumann algebra N, and 3 : M — M is a linear period 2 *-antiautomorphism of a
continuous von Neumann algebra M with H(M,B) = {a € M : f(a) = a} and the
self-adjoint part A = H(M,8)s, := {a € H(M,B) : a* = a} is a continuous (real)
JW-algebra under the product aob = %(ab + ba).

For a continuous JW-algebra A, Chu and Mellon [5, Corollary 13] proved that
A does not have the DPP. We are going to see that similar arguments show that a
continuous JW-algebra does not have the DP1 property.

LEMMA 2. Let A be a continuous JW-algebra, then A does not have the DP1
property.

Proof. Let A be a continuous JW-algebra, by [5, Proposition 12], the £-sum
@f;;Q H» (R) embeds (isometrically) as a Jordan subalgebra of A, where Ha» (R)
is the algebra of hermitian 2" x 2" matrices. If A has the DP1 property then the
£oo-sum @ff% Hs»(R) has the DP 1 property by Corollary 1, which is impossible

since @%2, Hon (R) is isometrically isomorphic to

@ s (R)) €D @ Hon (),

n>2 n>1
which contains as a complemented subspace an isometric copy of
00 loo
R Z22n72
2 )
n>1

(see Remark 2), but by [25, p. 81] and Remark 1, the later space fails to have the
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DP1 property because it contains as a complemented subspace an isometric copy
of R ®° /5. Therefore A does not have the DP1 property.

a

We can now characterize those JBW*-triples having the DP1 property. If a
JBW*-triple W has the DPP, then W has the DP1 property. We recall that, in the
particular case of a von Neumann algebra, the DPP and the DP1 properties are
equivalent [10, Theorem 3.5]. For a JBW*-triple we will not have this equivalence
in general. Indeed, every infinite dimensional Hilbert space H, regarded as a type
1 or type 4 Cartan factor has the DP1 (see Propositions 2 and 5), however, H does
not have the DPP. The next result shows that this is the only possible exception.

THEOREM 2. Let W be a JBW*-triple having the DP1 property, then W has
the DPP or W is a Hilbert space or W is a type 4 Cartan factor.

Proof. We know that W is of the form

Loo
W =@ L®(Qa, pta, Ca) ® R & H(M, B).

By Corollary 1 and Lemma 2, we know that H(M,3) = 0.If R # 0, then R = pN
for some continuous von Neumann algebra N and some non-zero projection p € N.
By Corollary 1, the von Neumann algebra p/Np has the DP1 property since R = pN
has the DP1 property. For a von Neumann algebra the DP1 property and the DPP
are equivalent [10, Theorem 3.5], so pNp has the DPP. Therefore by [4, Theorem
3] pNp is a finite type I von Neumann algebra, however pNp is a continuous von
Neumann algebra since N is continuous (see [24, Corollary 11]), then R = 0.

Every C, is a subtriple of W, so by Corollary 1 and Propositions 2, 3, 4 and 5,
either C, is an infinite dimensional Hilbert space or dim C, < co.

Suppose first that one of the factors, namely C,, is an infinite dimensional
Hilbert space (regarded as a type 1 or as a type 4 Cartan factor). If any of the
other Cartan factors, for example C,, is not zero, then C, @e“’ C, is a subtriple
of W and does not have the DP1 property (see Remark 1), which is impossible
by Corollary 1. Therefore W = L>(Q, u, H), where H is an infinite dimensional
Hilbert space regarded as a type 1 or as type 4 Cartan factor. If there exists a
p-measurable set S such that u(S), u(2\S) > 0, W is isometrically isomorphic to

Loo(Sal“L|SaH) @LOO(Q\57M|Q\57H)

Therefore, H @Zw H is a subtriple of W without the DP1 property. Hence, W is a
Hilbert space regarded as a type 1 or as a type 4 Cartan factor.

Finally, we suppose that dim C, < oo for every a. By Remark 2, each type 1, 2
, 3 or 4 Cartan factor C,,, contains a complemented (real) subspace isometric to £5*
and {n,} is increasing with respect to dim C,. Moreover, the natural projection
from C, onto 3= has norm less than 2. Suppose that sup, dim C, = oo, then
@l“’ C\, is a subtriple of W, thus has the DP1 property. However, @e“’ C, contains
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as a complemented subspace an isometric copy of

0 (& )

aFa,

which contains as a complemented subspace an isometric copy of Cy, P l> [25,
p. 81]. But the latter space fails to have the DP1 property (see Remark 1).
O

Since every type 4 Cartan factor satisfies the KKP, we get

COROLLARY 2. A JBW*-triple W has the DP1 property if, and only if, W has
the DPP or the KKP.

COROLLARY 3. A JBW*-triple has the Kadec-Klee property if, and only if, it
is finite-dimensional or a Hilbert space (as a Cartan factor of type 1 or 4).

Proof. We know that Kadec-Klee property implies the DP1- property in gen-
eral, and so, in view of Theorem 2, either the JBW *-triple has the DPP or it is a
Hilbert space. By using the description due to Chu and Mellon [5], if the space has
the DPP, the triple W can be decomposed as

W = @f;ooLoo(Qa,,U/aa Ca)a

where C, is a Cartan factor and sup,, dim C,, < +o0.

If for some «, the space L%(u,) 1is infinite-dimensional, then
L (Qq, fta, Cy) contains an isometric copy of £. Since the Kadec-Klee property is
preserved by passing to subspaces, then /., would have the KKP, which is far from
being true (see [7, Theorem I1.7.10]). By the same argument the set of indexes is
finite and so W is finite-dimensional.

On the other hand, Hilbert spaces have the KKP. Also we proved that a type 4
Cartan factor has the KKP (see Proposition 5). O

Acknowledgements: The authors wish to thank W. Kaup for his interest and
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