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ON THE BISHOP-PHELPS-BOLLOBAS PROPERTY FOR NUMERICAL RADIUS

SUN KWANG KIM, HAN JU LEE, AND MIGUEL MARTIN

ABSTRACT. We study the Bishop-Phelps-Bollobds property for numerical radius (in short, BPBp-nu)
and find sufficient conditions for Banach spaces to ensure the BPBp-nu. Among other results, we show
that L1 (u)-spaces have this property for every measure pu. On the other hand, we show that every
infinite-dimensional separable Banach space can be renormed to fail the BPBp-nu. In particular, this
shows that the Radon-Nikodym property (even reflexivity) is not enough to get BPBp-nu.

1. INTRODUCTION

Let X be a (real or complex) Banach space and X* be its dual space. The unit sphere of X will be
denoted by Sx. We write £(X) for the space of all bounded linear operators on X. For T' € £(X), its
numerical radius is defined by

o(T) = sup{|z*Tx| : (x,z*) € TI(X)},

where II(X) = {(z,2*) € Sx x Sx~ : 2*(x) = 1}. It is clear that v is a semi-norm on £(X). We refer the
reader to the monographs [11, 12] for background. An operator T' € L(X) attains its numerical radius if
there exists (xo, z§) € II(X) such that v(T) = |z§Txo.

In this paper we will discuss on the density of numerical radius attaining operators, actually on an
stronger property called Bishop-Phelps-Bollobéds property for numerical radius. Let us present first a
short account on the known results about numerical radius attaining operators. Motivated by the study
of norm attaining operators initiated by J. Lindenstrauss in the 1960’s, B. Sims [31] asked in 1972
whether the numerical radius attaining operators are dense in the space of all bounded linear operators
on a Banach space. I. Berg and B. Sims [10] gave a positive answer for uniformly convex spaces and
C. Cardassi showed that the answer is positive for ¢1, ¢g, C(K) (where K is a metrizable compact),
Li(p) and uniformly smooth spaces [13, 14, 15]. M. Acosta showed that the numerical radius attaining
operators are dense in C(K) for every compact Hausdorff space K [1]. M. Acosta and R. Payd showed
that numerical radius attaining operators are dense in £(X) if X has the Radon-Nikodym property [7].
On the other hand, R. Payd [28] showed in 1992 that there is a Banach space X such that the numerical
radius attaining operators are not dense in £(X), which gave a negative answer to Sim’s question. Some
authors also paid attention to the study of denseness of numerical radius attaining nonlinear mappings
[16, 5, 6, 25].

Motivated by the work [4] of M. Acosta, R. Aron, D. Garcfa and M. Maestre on the Bishop-Phelps-
Bollobds property for operators, A. Guirao and O. Kozhushkina [22] introduced very recently the notion
of Bishop-Phelps-Bollobéds property for numerical radius.

Definition 1.1 ([22]). A Banach space X is said to have the Bishop-Phelps-Bollobds property for numer-
ical radius (in short, BPBp-nu) if for every 0 < e < 1, there exists (e) > 0 such that whenever T' € L(X)

Date: December 29th, 2013. Revised February 14th, 2014.

2000 Mathematics Subject Classification. Primary 46B20; Secondary 46B04, 46B22.

Key words and phrases. Banach space, approximation, numerical radius attaining operators, Bishop-Phelps-Bollobas
theorem.

The second author was supported by Basic Science Research Program through the National Research Foundation of
Korea(NRF) funded by the Ministry of Education, Science and Technology (NRF-2012R1A1A1006869). The third author
was partially supported by Spanish MICINN and FEDER project no. MTM2012-31755, and by Junta de Andalucia and
FEDER grants FQM-185 and P09-FQM-4911.



2 KIM, LEE, AND MARTIN

and (z,z*) € II(X) satisfy v(T) = 1 and |z*Tz| > 1 —1n(e), there exit S € L(X) and (y,y*) € II(X) such
that
v(S) =y Syl=1, IT-Sl<e lz—yl<e and [2" -y <e.

Notice that if a Banach space X has the BPBp-nu, then the numerical radius attaining operators are
dense in £(X). One of the main results of this paper is to show that the converse result is not longer
true (section 5)

It is shown in [22] that the real or complex spaces ¢y and ¢; have the BPBp-nu. This result has
been extended to the real space Li(R) by J. Falcé [19]. A. Avilés, A. J. Guirao and J. Rodriguez [9]
give sufficient conditions on a compact space K for the real space C'(K) to have the BPBp-nu which, in
particular, include all metrizable compact spaces.

The content of this paper is the following. First, we introduce in section 2 a modulus of the BPBp-nu
analogous to the one introduced in [8] for the Bishop-Phelps-Bollobds property for the operator norm,
and we will use it as a tool in the rest of the paper. As easy applications, we prove that finite-dimensional
spaces always have the BPBp-nu and that a reflexive space has the BPBp-nu if and only if its dual does.
Next, section 3 is devoted to prove that Banach spaces which are both uniformly convex and uniformly
smooth satisfy a weaker version of the BPBp-nu and to discuss such weaker version. In particular, it
is shown that L,(u) spaces have the BPBp-nu for every measure p when 1 < p < oo, p # 2. We show
in section 4 that given any measure u, the real or complex space Li(u) has the BPBp-nu. Finally, we
prove in section 5 that every separable infinite-dimensional Banach space can be equivalently renormed
to fail the BPBp-nu (actually, to fail the weaker version). In particular, this shows that reflexivity (or
even superreflexivity) is not enough for the BPBp-nu, while the Radon-Nikodym property was known to
be sufficient for the density of numerical radius attaining operators.

Let us introduce some notations for later use. The n-dimensional space with the ¢; norm is denoted by
Egn). Given a family {X;}3°, of Banach spaces, [ @, Xk]co (resp. [P, Xk]el) is the Banach space
consisting of all sequences ()52, such that each zy, is in X}, and klim lzkll =0 (resp. > poy |lzk]| < o)

—00

equipped with the norm |[(zx)Z, || = supy, |2k (vesp. [[(zx)7Z [l = 2272 llzkl)-

2. MoDULUS OF THE BISHOP-PHELPS-BOLLOBAS FOR NUMERICAL RADIUS

Analogously to what is done in [8] for the BPBp for the operator norm, we introduce here a modulus
to quantify the Bishop-Phelps-Bollobéds property for numerical radius.

Notation 2.1. Let X be a Banach space. Consider the set
Mo (X) = {(z,2",T) : (z,2") e I(X), T € L(X), v(T) =1 = |2*Txl|},
which is closed in Sx X Sx+ x L(X) with respect to the following metric
dist ((z, ", T), (5,y", ) = max{|le — | |=* —y* |, IT - S]]}.
The modulus of the Bishop-Phelps-Bollobds property for numerical radius is the function defined by
T (X) (€)= inf{l — 2" Ta| ¢ (z,2%) € (X), T € L(X), v(T) = 1, dist ((z, 2", T), My (X)) > 5}

for every ¢ € (0,1). Equivalently, n,,(X)(g) is the supremum of those > 0 such that whenever T' € L(X)
and (x,2*) € II(X) satisfy v(T) = 1 and |2*Tz| > 1 — 5, there exist S € L(X) and (y,y*) € II(X) such
that

v(S)=ly"Syl=1, IT-Sl<e [z—yl<e and [2"—y"||<e.

It is immediate that a Banach space X has the BPBp-nu if and only if 7,,(g) > 0 for every 0 < e < 1.
By construction, if a function € — 7(e) is valid in the definition of the BPBp-nu, then n,,(g) = n(e).

An immediate consequence of the compactness of the unit ball of a finite-dimensional space is the
following result. It was previously known to A. Guirao (private communication).
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Proposition 2.2. Let X be a finite dimensional Banach space. Then X has the Bishop-Phelps-Bollobds
property for numerical radius.

Proof. Let K ={S € L(X) : v(S) = 0}. Then K is a norm-closed subspace of £(X). Hence £L(X)/K is
a finite-dimensional space with two norms

o([T]) :=inf{o(T - 8): S e K} =v(T)
T = T = S| - S € K},

where [T is the class of T in the quotient space £(X)/K. Hence there is a constant 0 < ¢ < 1 such that
[T < o(T) < [[TT]]-

Suppose that X does not have the BPBp-nu. Then, there is 0 < € < 1 such that 7,,(X)(¢) = 0. That
is, there are sequences (x,,,2}) € II(X) and (T),) € £(X) with v(T,) = 1 such that

dist (25,25, 1), Hpu(X)) = (n€N)  and lim|2} T,y | = 1.
By compactness, we may assume that lim, ||[75,] — [To]|| = 0 for some Ty € £(X) and v(Tp) = 1. Hence
there exists a sequence {S,}, in K such that lim, ||7,, — (To + Sn)[| = 0. Observe that v(Tp + Sy,) =
v(Tp) =1 for every n € N.

By compactness again, we may assume that (z,,x)) converges to (zg,z§) € X x X*. This implies

that (zo,25) € II(X), and |2§(To + Sn)wo| = v(To + Sp) = 1, that is, (w0, 2, To + Sn) € Huu(X) for all
n. This is a contradiction with the fact that

0 = limdist ((zn, 2}, T0), (o, 5, To + Sy)) = limdist (2, 25, 1), Mpu (X)) > €. O

We may also give the following easy result concerning duality.
Proposition 2.3. Let X be a reflexive space. Then np,(X)(€) = nnu(X*)(g) for every e € (0,1). In
particular, X has the BPBp-nu if and only if X* has the BPBp-nu.

We will use that v(T*) = v(T) for all T € L£(X), where T* denotes the adjoint operator of 7. This
result can be found in [11], but it is obvious if X is reflexive.

Proof. By reflexivity, it is enough to show that 7,,(X)(g) < Mnu(X*)(e). Let € € (0,1) be fixed. If
Nou(X)(e) = 0, there is nothing to prove. Otherwise, consider 0 < 1 < 7,,(X)(¢). Suppose that
Ty € L(X*) and (27, 21) € TI(X™) satisfy

v(Th) =1 and |xThzy| > o(Ty) — 7.
By considering T} € £(X), we may find S; € L(X) and (y1,y;) € II(X) such that
Sl =v(S1) =1, |y —zl <& fyi —2ill <e and [T} = S <e.
Then S7 € L(X*) and (y;,y1) € II(X™) satisfy
[y, STyn) [=o(S1) =1, [lyf — 21l <e, lyn —zf <e and [Ty — 57| <e.
This implies that 1,,(X*)(e) > n. We finish by just taking supremum on 7. O

We do not know whether the result above is valid in the non-reflexive case.

3. SPACES WHICH ARE BOTH UNIFORMLY CONVEX AND UNIFORMLY SMOOTH
For a Banach space which is both uniformly convex and uniformly smooth, we get a property which
is weaker than BPBp-nu. This result was known to A. Guirao (private communication).

Proposition 3.1. Let X be a uniformly conver and uniformly smooth Banach space. Then, given
e > 0, there exists n(e) > 0 such that whenever Ty € L(X) with v(Tp) = 1 and (zo, x§) € II(X) satisfy
|z Toxo| > 1 —n(e), there exist S € L(X) and (y,y*) € II(X) such that

o(S) =ly"Syl, oz -yl <e 2" -yl <e and [IS—Toll <e.
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Proof. Notice that the uniform smoothness of X is equivalent to the uniform convexity of X*. Let dx (&)
and dx+(¢) be the moduli of convexity X and X*, respectively. Given 0 < € < 1, consider

n(e) = Zmin {5)( (Z) ,Oxc+ (Z)} > 0.
Consider Ty € L£(X) with v(Tp) = 1 and (zg,25) € II(X) satisfying |z{Toxg] > 1 — n(e). Define
Ty € L(X) by Tve = Tox + M gog(x)ze for all x € X, where \; is the scalar satisfying |A1| = 1
and [z5Tozo + A15] |z5Toxo| + §. Now, choose z1 € Sx and z] € Sx- such that |z7(x1)| = 1,
a1 (o) = |27 (xo)| and

2
. €
l21Thz1| > v(T1) = n(5)-
Now we define a sequence (z,,z},T,) in Sx X Sx+ x L£(X) inductively. Indeed, suppose that we have a
defined sequence (z;, x;ﬁ Tj) for 0 < j < n and let

En-i—l

Thi1x = Thw + Apaa xp(x) Ty,

4n+1

Then choose z,, 41 € Sx and x| € Sx- such that |z} (2,41)| =1 and |z}, (2)] = 2541 (@)

€n+2
|z 1 Tog1Zng1| = v(Togr) — 1 (4"“) :

Notice that for all n > 0, we have

n+1 En-{-l

€
[Tn+1 — Thll < and  [v(Ti1) = v(To)| < oy

4n+l
This implies that (T3,) is a Cauchy sequence and assume that it converges to S € £(X). Then we have
imT, =S, ||[To — S| <e and lim|z}T,x,| = limv(T,) = v(S).

We will show that both sequences (x,) and (z}) are Cauchy. From the definition, we have

€n+2
o) =0 S5z ) < b Toann

5n+1

S [ Tntnt + Antt g @0 (Tn1) 24 (20)

X

€n+1
<u(Tn) + WI'Z—H(‘TH)

and
n+1

U(Tn+1) = |x:LTn+l-Tn| = -/E:LTnxn + /\n+1

4n+1

y 6n+1 5n+1 €n+1
= |a; Than| + sy > v(T,) —n (4”+1> + yEESE

In summary, we have

n+1 . En—i-l En+1 €n+2
o(Tn) + Wxnﬂ(xn) zo(Tn) —n (4n+1) + gt 1 <4n+2> :

Hence e ni1 . nt1 nt1
g (Tn) =21 - QWW (4”“) =1- 2min{6x (W) , O x (W)}
and
N B (“*;“1) >1—6x <ZZ;>
Ty 4T S Ty + Tnia (2n) > 1= bx <5n+1) '

2 ~ 2 4n+2
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This means that ||z, — Zp41]| < i:% and ||z}, — 2} || < i:% for all n. So (z,) and (z7,) are Cauchy.
Let #oo = lim, z, and x}, = lim, z},. Then we have ||z — 2| < § and [jz5 — x} || < §. Hence,
|25 (2oo)| = limy, |2} (2,)] = 1 and

v(S) =limo(T,) =lim |z Tz, | = |25 5T |-
Let o = 25 (), y* = ax}, and y = 2. Then we have y*(y) = 1, v(5) = |y*Sy| and ||y — x| < €.
Notice that
* * * * * * €
o = 1] = |25 (2o0) = 25(20)] < (2% — 20) (oo )| + [25(200) — 25 (20)| < 5
Therefore
* * — % * * * € €
Iy =2 < Nl ="l + " =" < S+ 5 <=
This completes the proof. O

Let us discuss a little bit about the equivalence between the property in the result above and the
BPBp-nu. For convenience, let us introduce the following definition.

Definition 3.2. A Banach space X has the weak Bishop-Phelps-Bollobds property for the numerical
radius (in short weak-BPBp-nu) if given € > 0, there exists n(e) > 0 such that whenever T € £(X) with
v(To) = 1 and (zg, 25) € T(X) satisfy |xiTozo| > 1 —n(e), there exist S € L(X) and (y, y*) € II(X) such
that

oS =Syl le—yll<e lo*—y'l<ec and |S—T| <e.

Notice that the only difference between this concept and the BPBp-nu is the normalization of the
operator S by the numerical radius. Of course, if the numerical radius and the operator norm are
equivalent, this two properties are the same. This equivalence is measured by the so-called numerical
index of the Banach space, as follows. For a Banach space X, the numerical index of X is defined by

n(X) =inf{u(T) : T € L(X),||T| = 1}.

It is clear that 0 < n(X) < 1 and n(X)||T|| < v(T) < ||T|| for all T € £(X). The value n(X) = 1 means
that v equals the usual operator norm. This is the case of X = Li(u) and X = C(K), among many
others. On the other hand, n(X) > 0 if and only if the numerical radius is equivalent to the norm of
L(X). We refer the reader to [24] for more information and background.

The following result is immediate. We include a proof for the sake of completeness.

Proposition 3.3. Let X be a Banach space with n(X) > 0. Then, X has the BPBp-nu if and only if X
has the weak-BPBp-nu.

Proof. The necessity is clear. For the converse, assume that we have n(¢) > 0 satisfying the conditions
of the weak-BPBp-nu for all 0 < ¢ < 1. If T € £(X) with v(T) = 1 and (zg,z) € II(X) satisfy
|z§Tzo] > 1 —n(e) for 0 < € < 1, then there exist S € £(X) and (y,y*) € II(X) such that

v(8) =ly*Syl, [IS-Tl <e, [o—yll<e and [2* -y <e.
As v(S) > 0 by the above, let S} = ﬁS. Then we have

L=v(S)=ly"Swyl, lz—yll<e and [2"-y*| <e.
Finally, we have
1 =T < || =5 = 8| + 15 = 7 = MIv(S) — 1+ 5-T|
v(S) v(S)
1

< m\v(s) —o(M)[+ 5 =T

1 _ n(X)+1
< (g +1) I8 =71 < "=

An obvious change of parameters finishes the proof. O
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We do not know whether the hypothesis of n(X) > 0 can be omitted in the above result.
Putting together Propositions 3.1 and 3.3, we get the following.

Corollary 3.4. Let X be a uniformly convex and uniformly smooth Banach space with n(X) > 0. Then
X has the BPBp-nu.

Let us comment that every complex Banach space X satisfies n(X) > 1/e, so the above corollary
automatically applies in the complex case. In the real case, this is not longer true, as the numerical index
of a Hilbert space of dimension greater than or equal to two is 0. On the other hand, it is proved in [27]
that real L,(u) spaces have non-zero numerical index for every measure p when p # 2. Therefore, we
have the following examples.

Examples 3.5.

(a) Complex Banach spaces which are uniformly smooth and uniformly convex satisfy the BPBp-nu.
(b) In particular, for every measure u, the complex spaces L,(p) have the BPBp-nu for 1 < p < co.
(c) For every measure p, the real spaces L,(p) have the BPBp-nu for 1 < p < oo, p # 2.

Note added in revision: Very recently, H. J. Lee, M. Martin and J. Meri have proved that Proposi-
tion 3.3 can be extended to some Banach spaces with numerical index zero as, for instance, real Hilbert
spaces. Hence, they have shown that Hilbert spaces have the BPBp-nu. These results will appear
elsewhere.

4. L, SPACES

In this section, we will show that L;(u) has the BPBp-nu for every measure . In the proof, we are
dealing with complex integrable functions since the real case is followed easily by applying the same proof.
Our main result here is the following.

Theorem 4.1. Let p be a measure. Then Li(u) has the Bishop-Phelps-Bollobds property for numerical
radius. More precisely, given e > 0, there exists n(e) > 0 (which does not depend on p) such that whenever
To € L(L1(p)) with v(To) = 1 and (fo,g0) € I(L1(w)) satisfy | (Tofo,g90) | > 1 —n(e), then there exist
T e L(L1(1)), (f1,91) € II(L1(p)) such that

[(Tfug) [ =v(T) =1, |fo=fll <& llgo—gill <e and T =Toll <e.

As a first step, we have to start dealing with finite regular positive Borel measures, for which a
representation theorem for operators exists.

Proposition 4.2. Let m be a finite reqular positive Borel measure on a compact Hausdorff space Q). Then
Li(m) has the Bishop-Phelps-Bollobds property for numerical radius. More precisely, given € > 0, there
is n(e) > 0 (which is independent of the measure m) such that if T is a norm-one element in L(L1(m))
and there exists an (fo,g0) € II(L1(m)) satisfying | (T fo,g90) | > 1 — n(e) , then there exist an operator
S € L(L1(m)), (f1,91) € II(L1(m)) such that

[Sfugnl=1SI=1, [lfo—fill <& llgo—all <e and [T -S| <e.

To prove this proposition, we need some background on representation of operators on Lebesgue spaces
on finite regular positive Borel measures and several preliminary lemmas.

Let m be a finite regular positive Borel measure on a compact Hausdorff space Q. If p is a complex-
valued Borel measure on the product space Q x €, then define their marginal measures u‘ on Q (i = 1,2)
as following: p'(A) = u(A x Q) and p?(B) = p(Q x B), where A and B are Borel measurable subsets of
Q.

Let M (m) be the complex Banach lattice of measures consisting of all complex-valued Borel measures
1 on the product space Q x Q such that |u|* are absolutely continuous with respect to m for i = 1,2,
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endowed with the norm

dlp*
dm ||
Each p € M(m) defines a bounded linear operator T}, from L;(m) to itself by
(Tu(f), 9) = f(@)g(y) du(z,y),
QxQ

where f € Li(m) and g € Loo(m). A. Iwanik [23] showed that the mapping p — T}, is a lattice isometric
isomorphism from M (m) onto £(Li(m)). Even though he showed this for the real case, it can be easily
generalized to the complex case. For details, see [23, Theorem 1] and [30, IV Theorem 1.5 (ii), Corollary
2].

We will also use that given an arbitrary measure u, every T € L£(L1(p)) satisfies v(T") = ||T']| [18] (that
is, the space Lq(u) has numerical index 1).

Lemma 4.3 ([4, Lemma 3.3]). Let {c,} be a sequence of complex numbers with |c,| < 1 for every n, and
let n > 0 be such that for a convex series Y ay,, Re > o | anc, > 1 —n. Then for every 0 < r <1, the
set A:={i € N:Re ¢; > r}, satisfies the estimate

ZO@}l*lir

i€EA

From now on, m will be a finite regular positive Borel measure on the compact Hausdorff space (2.

Lemma 4.4. Suppose that there erist a non-negative simple function f € Sp (m) and a function g €

ST (m) such that
3

Re (f,g) >1— %
Then there exist a nonnegative simple function f1 € Sy, (m) and a function g1 € Sg,__(m) such that
91() = Xsupp(11) (%) + 9(2)X\supp(f1) (),
(fog) =1 |If = fili <&, llg—agillc < Ve and supp(f1) C supp(f).
Proof. Letf = 37", m(ﬂiéj)XBj for some () such that §; > 0 for all j and 7", 8; = 1, and By’s are
mutually disjoint. By the assumption, we have
23

Re (f,9) = Zﬁjr@/B Re g(x)dm(z) > 1 — o

and letting

1 g2
J = j:lgjgn,i/ Re g(z)dm(z) > 1 — —},
{ () Jy, Re 9@ dm) > 1= )
we have by Lemma 4.3
> Bi>1- <
i 4
jeJ
For each j € J, we have
1= 5 < [ Re g
- — e g(x)dm(z
4 m(B;) B,
1
= / Re g(x) dm(x) —|—/ Re g(x) dm(x)
m(BJ) B;jn{Re g<1—¢} B;jn{Re g>1—¢}
1
< (1—em(BjN{Reg<1—¢})+m(B;jN{Reg>1—¢}))
m(Bj)
L _m(Bn{Reg<1-c})

m(B;)
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This implies that

m(B;N{Reg<1—¢}) €
Define B =BjN{Reg>1—¢}foraljeJ, fi = JB ZjeJﬂj% and g;(z) = 1 on supp(f1)
j m(B;

and g1 (x) = g(x) elsewhere. Then it is clear that supp(fl) C supp(f), llg — g1lloo < V€ and {f1,g1) = 1.
Finally we will show that || f — fi1|| < e. Notice first that

Zﬁg < Zﬁg 2 Zﬁg ~ Zﬁg |Zﬁj Zﬁj

JjeJ

jeJ ]

[\

Hence

If = fill <

Zﬁa ; —Zﬁa Zﬂa

]EJBJ jeJ jeJ ]) JjeJ

GJ/BJ 9
) Zj;ﬁj > i ZBJ 5~ ey

JjeJ
= (1— VoSt
=2 8)+ 5+
JjeJ
& 13 &
<-+-+-=c¢ O
1T tyTe

Lemma 4.5 ([17, Lemma 3.3]). Suppose that T, is a norm-one element in L(Li(m)) for some p €
M(m) and there is a nonnegative simple function fo such that fo is a norm-one element of Li(m) and
| T foll = 1—¢3/28 for some 0 < e < 1. Then there exist a norm-one bounded linear operator T,, for some
v € M(m,m) and a nonnegative simple function fi in Sp, ) such that ||T, —T,[| < e, ||f1 — fol| < 3¢

and U (2) = 1 for all = € supp(fy).

Lemma 4.6. Suppose that T, € L(L1(m)) is a norm-one operator, f =Y .| B nz((% 5, where m(B;) >0

for all1 < j <n and {B, }] 1 are mutually disjoint Borel subsets of (), is a norm-one nonnegative simple
function and g is an element of Sp__(m) such that

Re <gvT1/f> 21-

for some 0 < e <1 and
djv|*

dm

(x)=1, g(z)=1
for all z in the support of f.

Then there exist a nonnegative simple function f € Sr.(m), @ function g € Sp_(m) and an operator
Ty in L(L1(m), L1(m)) such that

(3.Tof) = ITol =1, IT, —Toll <25 |F = FI <3¢, llg—dll <vE and (f,g)=1
Proof. Since
Re <gaTVf> 2 1- ?7
we have
6

- = <Re(gT,f) = f@ORemdemw)=§:B{L Mﬁ@)Remde%y)
j=1

2 QxQ xo m(Bj)
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Let J ={j: [oxq i:ié )) Re g(y) dv(z,y) > 1 — 3—2} Then from Lemma 4.3 we have >, ;8; > 1 — 5

Let f1 = Ejej,éj ey Where B = Bi/ (32 es B;) for all j € J. Then

5= TN |30 = ) | + D28 <2 <

jed ] jedJ

Note that there is a Borel measurable function h on Q x  such that dv(z,y) = h(z,y)d|v|(z,y) and
|h(z,y)| =1 for all (z,y) € Q x Q. Let

C= {(%y) Flg)h(e,y) —1] < 2\3//5;}
Define two measures vy and v, as follows:
vi(A) =v(A\C) and v.(4)=v(ANC)
for every Borel subset A of 2 x Q. It is clear that
dv =dvs +dv., dlv¢| = hdve, dlve| = hdve, and dlv| = dlvs| + d|v.|.

Since Z\:@Ij (z) = 1 for all x € Uj_, Bj, we have

djv|
L () = T @) + T @)

for all z € B = U | Bj, and we deduce that |v|'(B;) = mi(B;) for all 1 < j < n.

d|VC‘1

dm1

dlvy|!

1=
dm1

We claim that IVfl((B’)) < ;—2 for all j € J. Indeed, if |g(y)h(x,y) — 1| = 2‘3//8;, then Re (g(y)h(z,y)) <

1 — 5. So we have

3
L5 S sty R, Xes) )
- ml(lBJ)/Q o XBi@ Re (g(y)h(z,y)) d|v|(z,y)
- ml(lBj) /QmXB-’(””) Re (g(y)h(w,y)) dlvs|(z,y)

" ml(lBj)/QX X5,(2) Re (9()h(z,y)) dlve|(z,y)

1 £ i)
gy (0= gl (B + el (By) =1 = 5 e,

N

This proves our claim.

We also claim that for each j € J, there exists a Borel subset Bj of Bj such that

3 ~
(1-5) mu(B) <mu(By) <ma(By)
and
d|l/f|1 3
< =
dm1 (33) 2
for all z € B;. Indeed, set Bj:Bjﬂ{IEQ:%(z)\g} Then
€ dlvg|! 1 g2
Sami) < [ DL yam @) = B < Smi(By).
[, 5 3dm@ /B WL (o) s () = 1}1(By) < S (By)

This shows that m1 (B, \ B;) < $m1(B;). This proves our second claim.
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Now, we deﬁne g by gly) = M if |g(y)] = 1— 23% and g(y) = g(y) if |g(y)| < 1— 23%, and we write

lg(y)]
f= Z]GJBJW . It is clear that § € Sp_(m)» Hg—gH<ﬁand@(y):lforallmésuppf.

Finally, we deﬁne the measure

— d|v.|! !
=3, @R ) (Geb )+ x5 )
JjE€J 1
where B = | J. ies Bj. It is easy to see that illgl‘ll () =1 on B and Cg:;’llll (z) < 1 elsewhere. Note that

1 -1
A —v)(@y) = 3 X, (@) F(y)h(x,y) (f’lm'm) - 1] dve(z, )

JjeJ

—ZXB x)dvy(z,y).

jeJ

If (z,y) € C, then |g(y)| > 1 — 2‘3//6; >1- 23% and

T 1] = | B o) -1
gw)h(e,y) =1 |1 -l9()]]
STl T )
lg(y)h(z,y) — 1| Ve 232
s? lg(y)| S gy S 2VE

Hence, for all (z,y) € C we have

T (Al )

dm1

So, we have for all z € Jy,

dlu—V\1 ZXB [ (M(g;))l+‘<d$;|ll( ))1—1H Cii;c'll(x)

z ) (0
T (e (- Gr0) ) Zw o ()

< 2Ve+¢e < 3y/e.
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This gives that ||T,, — T;|| < 3y/e. Note also that, for all j € J,
XB; XB
)= | 5,45) o) av(a.y)
m1(B;) axq mi(B;
X, (@)

)
L (i) e

B ( ) d|ve|* -t 1
—Amw)dWmQ dlv|' (@)
(@)

:/le(B]) dml( )_1

Hence we get <T,;f,§> — 1, which implies that | T; f|| = || 75| = 1. Finally,

IF=FI<IF = Al + 1= £
Zﬂj (~j Zﬁjml +e

JjeJ jeJ
B XB; XB;
= e +e
]EJ <H (Bj)‘ Hml(Bj) ml(Bj)>
(B; \ B,
fzzw*wﬁ
jeJ m1(B])
< Zﬁy2m1~ e<—— te<3e 0
Py, B;) 1—¢/2

We are now ready to present the proof of the main result in the case of finite regular positive Borel
measures.

Proof of Proposition 4.2. Let 61 = ¢ ;7 0o = 325_3% and 03 = (1‘5—0)2 for some 0 < € < 1. Suppose that
T € L(L1(m)) with HT|| = 1 and that there is an fo € Sr, () and go € Si__(m) such that (fo,go) = 1
and | (T fo,g0) | > 1 — —3 Then there is an isometric isomorphism ¥ from L;(m) onto itself such that
U(fo) = |fo| and there is a scalar number « in Sk such that | (Tfo,g0)| = (aT fo,g0). Then letting
f1 = \I/fo, g1 = (\I’_l)*go and 77 = (X\I’T\If_l, we have

3

(Sfi,g1) = (@UTRU "W fo, (1) *go) = (aT fo, g0) > 1 — % and  (f1,g1) = (U fo, (V") *go) = 1.

Since |11 f1]] > 1 — 5% 56, by Lemma 4.5, there exists a norm-one bounded operator 7, and a nonnegative

simple function fa € Sp, () such that |77 =T, || < d1, || fo— f1]| < 361 and d‘"' —(z) = 1for all z € supp(f2).
Then

(T, f2,91) = (T1 f1, 1) — (T1 fr — Tafa, 91) — (T fo — T, fo, 91)
> (T fi,01) — | fi — foll — | Th — T ||
(53 (53
>1- 9 1-50, =1— 22,
56 301 — 01 = 591 = 16
Notice also that

53
(fo,91) = (fron) = (fr = fosqn) 21— ||fi— fo| 21 =361 =21 —561 = —%-
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By Lemma 4.4 there are a nonnegative simple function f3 € Sp () and a function g3 € Sp__ () such
that

93(T) = Xsuppfs (T) + 92(T) X\ supp s (T)
[ fo— fall <02, llgs — g1l < V2 and  (fs,g3) = 1.

So we have

(T, f3,93) = (T, f2791> —(Tufo—Tof3,91) — (T f3,91 — 93)

6
17f72\/32 173\@,1757

7
By Lemma 4.6, there exist f4 € Sy, () and g4 € S __(m) and an operztor T4 such that
(94, Tafa) = 1= |Tull, | Ta — T || < 263, |[f2 — fll < 303, ]lga — gsl| < V35 and (f4,94) = 1.
So we have
1Ty =Tl < [Ty = T || + | T, — Tall < 61 + 265 < 303
1f1 = fall <2 = fall + [If2 = f3ll + [Ifs = fall <301 + 62 + 303 < 1083
g1 — gall < llgr — gsll + llgs — gall < 02 + /35 < 21/65.
Let S = U 'T40, f = ¥~1f, and § = U*g4, then we have
IT =Sl = T = ¥ 74| = |a@TE ™" = Tyl = | Ty — Tul| < 303

I fo = fll = 1fo — U fall = |Ifr — fall < 1065
lgo — FIl = llgo — ¥*gall = [(¥™")"go — gall = llgr — gall <2V/55
(F.3) = (W7 1,97 91) = (fa.92) =1
and
(S£,9)] = (a0 w11, w7, | = o] = 1.
This completes the proof. O

Finally, we may give the proof of the main result in full generality.

Proof of Theorem j.1. Notice that the Kakutani representation theorem (see [26] for a reference) says
that for every o-finite measure v, the space L;(v) is isometrically isomorphic to Li(m) for some positive
Borel regular measure on a compact Hausdorff space. Then, by Proposition 4.2, there is a universal
function € — n(e) > 0 which gives the BPBp-nu for L;(v) for every o-finite measure v.

Fix € > 0. Suppose that Ty € L(L1(p)) with v(Tp) =1 and (fo, f§) € II(L1(p)) satisty
[ (fo, Tofo) | > 1 =n(e).
Choose a sequence {f,} in L;(u) such that sup,, |70 f»]| = 1 and let G be the closed linear span of
{T" f : n,m € NU{0}}.

As G is separable, there is a dense subset {g, : n € N} of G and let E = |J,_, supp g», where supp g,
is the support of g,. Then the measure u|g is o-finite. Let Y = {f € L1(u) : supp(f) C E} be a closed
subspace of Ly(p). It is clear that Ly(u) =Y @1 Z and Y is isometrically isomorphic to Ly (p|g). So Y
has the BPBp-nu with n(e).

Now, write Sop = Toly : Y — Y, consider yo = fo € Sy, y§ = fi|y € Sy~ and observe that yj(yo) = 1
and |y5(Soyo)| = |f§(Tofo)] > 1 — n(e). Hence, there exist S € L(Y) and (Jo,gg) € II(Y) such that

196(S50)] = 1 =0(5), [[§—= 50l <& llyo—1oll <e and |ly5 — G5l <e.
Finally consider the operator T' € L(L1 (1)) given by
T(y,z) = (Sy,0) + T5(0, 2) ((y,2) € Li(n) =Y @1 Z).
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We have [T =1 (and so o(T') = 1). Indeed, [|T(y, 2)[ = [[(Sy,0)[| + [|To(0, 2)[| < llyll + [[2]l = [I(y, 2)]]
for all (y, z) € L1 (u) and [T (g0, 0)|| = [|(Sgo, )|l = [1S5oll = 1. Let z = (%o, 0) and =~ = (45, fo| z). Then
(x,2*) € II(L1(p)). Moreover, we have

|o*Tx| = |75Syo| = 1 = v(T),
|z = foll = lly — woll <&,
|25 — foll = max{|ly — folv |l 1 fo]z — folzl} = llv" —woll <e

and

IT =Toll = sup [|T(y,2) = To(y, 2)l[ = sup [[Sy =Syl =[S = Soll <e.
lyll+l1zl1<1 lvli<1

This completes the proof. O

5. EXAMPLES OF SPACES FAILING THE BISHOP-PHELPS-BOLLOBAS PROPERTY FOR NUMERICAL
RADIUS

Our goal here is to prove that the density of numerical radius attaining operators does not imply the
BPBp-nu. Actually, we will show that among separable spaces, there is no isomorphic property implying
the BPBp-nu other than finite-dimensionality.

We need to relate the BPBp-nu with the Bishop-Phelps-Bollobas property for operators which, as
mentioned in the introduction, was introduced in [4]. A pair (X,Y’) of Banach spaces has the Bishop-
Phelps-Bollobds property for operators (in short, BPBp), if given € > 0 there exists n(e) > 0 such that
given T € L(X,Y) with ||T|| = 1 and & € Sx such that ||Tz| > 1 — n(e), then there exist z € Sx and
S € L(X,Y) satisfying

ISl =15z =1, [le—z[l<e and [T =5[] <e.

We refer the reader to [4, 8, 17] and references therein for more information and background. Among the
interesting results on the BPBp, we emphasize that a pair (X,Y) when X is finite-dimensional does not
necessarily have the BPBp. For instance, if Y is a strictly convex space which is not uniformly convex,
then the pair (852), Y) fails to have the BPBp (this is contained in [4], see [8, Section 3]).

The next result relates the BPBp-nu with the BPBp for operators in a particular case. We will deduce
our example from it.

Theorem 5.1. If Li(u) ®1 X has the BPBp-nu, then the pair (Ly(u), X) has the BPBp for operators.

Before proving this proposition, we will use it to get the main examples of this section. The first
example shows that the density of numerical radius attaining operators does not imply the BPBp-nu.

Example 5.2. There is a reflexive space (and so numerical radius attaining operators on it are dense)
which fails to have the BPBp-nu. Indeed, let Y be a reflexive separable space which is not superreflexive
and we may suppose that Y is strictly convex. Observe that Y cannot be uniformly convex since it is not
superreflexive. Now, X = 8(12) @1 Y is reflexive, but the pair (652), Y') fails the BPBp since Y is strictly
convex but not uniformly convex [8, Corollary 3.3]. Therefore, Theorem 5.1 gives us that X does not
have the BPBp-nu.

The example above can be extended to get the result that every infinite-dimensional separable Banach
space can be renormed to fail the BPBp-nu. This follows from the fact that every infinite-dimensional
separable Banach space can be renormed to be strictly convex but not uniformly convex (this result
can be proved “by hand”; an alternative categorical argument for it can be found in [21] and references
therein). With a little more of effort, we may get the main result of the section.

Theorem 5.3. Every infinite-dimensional separable Banach space can be renormed to fail the weak-
BPBp-nu (and so, in particular, to fail the BPBp-nu,).
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We need the following result which is surely well known. As we have not found a reference, we include
a nice and easy proof kindly given to us by Vladimir Kadets. We recall that, given a Banach space Y,
the set of all equivalent norms on Y can be viewed as a metric space using the Banach-Mazur distance.

Lemma 5.4. Let Y be an infinite-dimensional separable Banach space. Then the set of equivalent norms
on'Y which are strictly convex and are not (locally) uniformly convex is dense in the set of all equivalent
norms on'Y (with respect to the Banach-Mazur distance).

Proof. Fix e € Sy and e} € Sy« such that ef(e) = 1. For a fixed € € (0,1/2), denote

q(y) = max{(1 —o)[lyll.lef ()|} (yeY).

Evidently, (1 —¢)||y|l < q(y) < ||ly|| for every y € Y. Fix a sequence {e}, : k > 2} of norm-one functionals
separating the points of Y, and denote

Then, p is a strictly convex norm on Y, p(e) > —= and p(y) < ||y|| for all y € X. Finally, write

lyll = (1 - () +s§j§’;§ (wev).

Then, || - |l is a strictly convex norm on Y and

L=e’llyll < llylh < A +e)llyll (yeY).

We will finish the proof by showing that || - ||; is not uniformly convex (actually, it is not locally uniformly
convex). Indeed, for each n € N we select y,, € (,_, kerej with [|y,|| = 1 and consider e,, = e + Syn.
Then, g(e) = 1, g(e,) = 1, and g(e + e,) = 2. At the same time, p(y,) — 0, so p(e,) — p(e) and
ple + e,) — 2p(e). Consequently,

lleli =1, Jlenlh — 1, and |le+enl1 — 2,

but [le — enll1 = 5[lynlls = (1 —€)*5, which means the absence of local uniform convexity at e. O

Proof of Theorem 5.3. Let X be an infinite-dimensional separable Banach space. Take a closed subspace
Y of X of codimension two. By [20, Propositon 2], the map carrying every equivalent norm on Y to its
numerical index is continuous and so, the set of values of the numerical index of Y up to reforming is a
non-trivial interval [20, Theorem 9]. Then Lemma 5.4 allows us to find an equivalent norm |- | on Y in
such a way that (Y, - ) is strictly convex, is not uniformly convex, and n(Y,|-|) > 0. Now, the space
X = £§2) @1 (Y, |-]) is an equivalent renorming of X which does not have the BPBp-nu (indeed, otherwise,
the pair (652), (Y,|-])) would have the BPBp for the operator norm and so, (Y, - |) would be uniformly
convex by [8, Corollary 3.3], a contradiction.) Moreover, as

n()?) = min{n(@@),n(Y, |-)} >0
(see [24, Proposition 2] for instance), X also fails the weak-BPBp-nu by Proposition 3.3. O
To finish the section with the promised proof of Theorem 5.1, we first state the following stability
result.

Lemma 5.5. Let X = [}, Xk]co or [Dr, Xkbl. If X has the Bishop-Phelps-Bollobds property for
numerical radius with a function n, then each Banach space X; has the Bishop-Phelps-Bollobds property
for numerical radius with Np,(X;) = n. That is, Inf; 9 (X;)(€) 2 N (X)(€) for all0 < e < 1.



ON THE BISHOP-PHELPS-BOLLOBAS PROPERTY FOR NUMERICAL RADIUS 15

Proof. Let P; : X — X, and P/ : X* — X be the natural projections, and let @; : X; — X and
Q} : X} — X* be the natural embeddings.

Assume that an operator T; : X; — X, and a pair (z;,z}) € II(X;) satisfy that
v(T;) =1 and |xjTix;| > 1—n(e).
We define an operator T : X — X and (z,z*) € II(X) by
T=Q;oT;oP;, and (z,2%)=(Qix:,Qix}),
then clearly we have that
|e*Tx| = |z} Tix;| > 1 —n(e).
From the assumption, there exist S : X — X and a pair (y,y*) € II(X) such that
" Syl =1=0(S), IS=Tll <&, ly" =27 <e, and [ly —z| <e.
Since this clearly shows that
|PioSoQ; —Ti|| <e, |Ply* —zf|| <e, and |[Py — z;|| <&,

we only need to show that |P/y*(P; 0S0Q;)Py| = 1.

We first show the case of ¢o sum. Since ||Pjy|| = ||Pjy — Pjz|| < ||y — z|| < € for every j # i, we have

L=y"(y) =D _ Py (Py) <> IPjy Pyl
jEN jEN

<Py l+e D Pyl <yl =1.
JEN, ji
This shows that [|P/y*|| = 1 and Pjy* = 0 for every j # i. So y* = Q;P/y" and P/y*(Py) = 1. This
and the fact that ||y — Q;Piy|| < & imply that (Q; Py + 1(y — Q:Py), Q;Ply*) € II(X). So we get that
(QiPly*)S(Q; Py + 1(y — Q;Piy)) < v(S) = 1. Hence, we have
1= |y"Sy| = [(QiPy")Syl
* * 1
=|0 - or@irms@inn + «@rvs (@pa+ L -airn)| <1

and so we get |P/y*(P;i o S o Q;)Py| = |(Q;Py*)S(QiPiy)| = 1.

We next show the case of ¢; sum. The proof is almost the same as that of the ¢y case. However, for
the sake of completeness, we provide it here.

Since || Ply*|| = [|[Pjy* — Pjz*| < |ly* — z*|| < € for every j # i, we have

L=y"(y) =>_ Py (Py) <>_IPy Pyl
jeN jEN

<Pyl +e Do 1Pyl <yl =1,
JEN, j#i
which shows || Py|| = 1 and P;y = 0 for every j # ¢. Since this implies (Q; Py, ’Z-PZ-’y*—F%(y*— LPly*)) €
II(X), we get that [(QiP/y* + L(y* — Q;P/y*))S(Q:Py)| < v(S) = 1. Hence, we have

1=1ly"Sy| = [y S(Q: Piy)|
* /% 1 * *
= (1 = e)(QiPly")S(QiPy) +e(QiPly" + —(y" = QiPiy")S(QiPiy) < 1,
and so we get |P/y*(P; 050 Q;)Py| = |(Q.P/y*)S(Q:Py)| = 1. O
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Proof of Theorem 5.1. Note that nn,(L1(p) @1 X)(e) — 0as e — 0. Fix 0 < g9 < 1 and choose
0 < & < 1 such that 6e + 7y (L1 (1) &1 X)(€) < 0. Let n(eg) = Muu (L1 (1) B1 X) ().

Suppose that Ty € L(L1(p), X) with || To|| = 1 and fo € Sp, () satisfy

ITofoll > 1 —mn(eo0)-

For any measurable subset B, let Li(u|g) = {fls : f € Li(u)} with the norm ||f|g| = ||fx5l1-
Then it is easy to see that Li(u|p) is isometrically isomorphic to a complemented subspace of Li(u).
Let Pg : Li(n) — L1(u|g) be the restriction defined by Pp(f) = f|g for all f € Li(u) and let
Jp @ Li(u|p) — Li(p) be the extension defined by Jp(f)(w) = f(w) if w € B and Jp(f)(w) = 0
otherwise. It is clear that Pp.Jp = Idp,(,,) and JpPp(f) = fxp for all f € Ly(u). Notice also that
Li(p) is isometrically isomorphic to Ly (u|g) ©1 L1 (] Be)-

Let A = suppfo and go = Pafo. Then ||[ToJagol = ([Tofoll > 1 —n(g0) > 0 and define the operator

Ty @ Li(pla) — X by Taf = |"T7(1)0JfAfH for every f € Li(u|a). Then,
ITagoll = I Tofoll > 1 = (o).

Since p|a is o-finite, L1 (pa)* = Loo(p|a). Let g5 € Sp_(u)4) be a function such that (g3, go) = 1, and
choose z§; € Sx« such that ©§(Tago) = ||Tagol|. Define the operator Sy € L(L1(u|a) &1 X) by

SO(f, ZL’) - (OaTAf) ((f71') € Ll(:“'|A) D1 X)
and observe that ||Sp|| = v(Sp) = 1. Indeed,
[Soll 1= [|Tall = sup{|a"Taf| : 2" € Sx-,f € SL,(ua)}

= sup{[(f*, 2")So(f,2) = ((f",27), (f,2)) € I(L1(ula) &1 X)}
=v(S0) < [ISo]-

It is immediate that

(96-6)S0(90,0) = 25(Tago) = [ Tagol > 1 —n(eo).
By Lemma 5.5, Li(p|a) ®1 X has the BPBp-nu with the function 7. Therefore, there exist S; €
L(L1(pla) @1 X), (91,21) € SLl(mA)@lx and (g7,z7) € SLOO(H‘A)@QQX* such that

H(ghxl)_(gOvo)H <g, ||(9T7$T)—(f5a$3)\| <g, ”SI_SOH <g,
((91,21), (g1,21)) =1 and  [(g7,21)S1(g1,21)| = v(51) = 1.

Claim 1. We claim that z; = 0.
Otherwise,

1 = Re ((g5,a%), (91, 21)) = gu| Re <(gi‘,xi)7

We deduce that

(9170)
llg1

)+l e (a0, 20 <1

[l

((91,0) (9?@’{))7 <(0,x1) (gT,;ﬁ)) € (L (pa) @1 X).

lgrll lz1|
(ﬁfh))H = H(Sl —So) (M> H < &, we get that

1 1l

1= |{(g7,1), S1(g1,21)) |

~[toul (gt zpr. 0 (W) ) + ol (oo (50 ))

< [lgallv(Sy) + ellall < llgall + [l = 1,
a contradiction. This proves the claim.

We define the operator Sy : Li(p|la) @1 X — Li(p|a) ®1 X by Sa(f,z) = Si(f,0) for every
f € L1(p|a) and for every x € X. Then we have

v(S2) = [(g7,27)52(91,0) = 1 and [|S1 — Sy <e.

Since HSl(
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Indeed, from Claim 1, we have

v(S1) = (g1, 21)S1(g1, 21)| = (97, 21)S1(91,0)| = |(97, 21)S2(91,0)| < v(S2).
On the other hand, we have that

[(f75 ") Sa(f, )| = [(f*,2") 51 (£, 0)] < [ fllv(S1) < v(Sh)
for every ((f*,2*),(f,z)) € II(L1(p]a) @1 X). So v(S2) < v(S1). Also,
191 = Sl < sup 510, 2)]f = sup [11(0,) = S (0, 2)] <.

Claim 2. There exists an operator S3 : Lq(u|a)®1X — L1(u|a)®1X such that ||S3(g1,0)|| = ||1S3]] = 1,
S3(0,2) =0, S3(f,z) € {0} &1 X for every (f,x) € L1(p|a) &1 X and [|S5 — Sa| < 4e.

Indeed, using the trivial decomposition, write S; = (Dy, D3), where Dy : Ly(p]a) @1 X — L1 (ps]a)
and Ds : L1(p]a) @1 X — X. We have that
sup{|g”D1(g1,0) + 2" D2(g1,0)| : a* € Sx-.{9".91) = 1,9" € St (ul)}

= sup{|g*D1(g1,0)| + [ D2(g1,0)|| : (9", 91) = 1,9 € SL__(u1a)}

=sup{lg*D1(91,0)| : (9", 91) =1.9" € Sy} + [D2(91,0)]

< 0(S2) = |(g7,27)S2(91,0)| = |91 D1(g1,0) + 23 D2(g1,0)|.
This implies that

|21 D2(g1,0)| = [ D2(g1,0)||

and

|97 D1(g1,0)| = sup{|g*D1(91,0)| : (¢%,91) = 1,9" € Loo(pt]a)}

Therefore, |g7| equals 1 on the support of D1(g1,0). As | (g7, 91)| =1, we also have that |g7| equals 1 on
the support of g;. Changing the values of g} by the ones of f§ on A\ (supp(D1(g1,0)) Usupp(g1)), we
may and do suppose that |g;| = 1 on the whole A.

We also have ||D2(g1,0)|| > 0 Indeed,
[152(g1,0) = So(g0, 0)|| < [[S2(g1,0) = So(g1, 0)[| + [1S0(g1,0) = So(g0, )l
<2 +e=3e

So we have

1D2(g1,0) = Tagoll < [|D1(g1,0)[| + [ D2(g1,0) — Tagol
= [|(D1(g1,0), D2(g1,0)) = (0, Tago) |
= [192(g1,0) — So(g0,0)|| < 3¢
and || D2(g1,0)|| > |[Tagoll — 3e = 1 — n(eo) — 3e > 0.
Finally define the operator Ss by

Ss(f,) = (0. Da(f,0) + gi(Dr(£,0) 755825 ) for (f,2) € Lu(ula) @1 X.

It is clear that ||S5]| < SUDjes, ., (ID=2(f,0)]| + |g5D1(f,0)]). Notice also that

la)

ID1(f, 0)[| < [[D1(f, 0)[| + [ D2(f,0) = Taf|l
= ||(D1(f,0),D2(f,0)) - (OvTAf)H
= ||52(f7x) - So(f,l’)”
for all (f,z) € L1(p|a) ©1 X. Hence we have
83 =Szl =2 sup  [[D1(f,0)]| <282 — Sol| < 4e.

FESL ()
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On the other hand, let G : Li(u|a) — L1(11|4) be defined by G(f) = gi f for every f € Li(u|a). Then,
we have

v(52) = sup{|z"S22] : (z,27) € (L1 (pla) b1 X)}
> sup{ Dy <G (u(lcy“) ,0) LDy (a (@XC) 0)‘ 2 € Sxe, C € Bau(C) > o}
-en{ (o ) )] oo e ) 3.

where Y 4 is the family of measurable subsets of A.

Hence, for any simple function s = Y ; %X& € Sp,(ula), Where {A;}; is a family of disjoint

2.6 () )

Since |g7| = 1, G is an isometric isomorphism, so for each f € Sz, (.|, there exists a sequence of norm-one
simple functions (sy) such that G(si) converges to f. Therefore,

v(S2) = sup ([ D2(f,0)[| + g5 Di(f,0)]) = [|Ss]|.
FESLy(ula)

measurable subsets with strictly positive measure, we have

v(S2) > il o (‘ Dy (G (M(lAi)XA’) ’O> H !
.

> [|D2(G(s), 0)[| + 97 D1(G(s),0)

On the other hand, we have that
193] = (g1, 27)S5(91,0)| = |21 D2(g1,0) + 91 D1(g1,0)| = v(52) = 1.

Therefore, 1 = ||S5]| = ||S3(g1,0)|| which proves Claim 2.

Finally, we write S5 = (0,T) for a suitable T : Li(u|4) &1 X — X and we define the operator
Ty : Li(p) — X by

Ty(f) = To(fxa) + T(Paf,0) for every f € Ly(p).

Then, we have
IO < ITollllfxaell+ 1T xall = I[£1l

for every f € Li(p), so ||T1]] < 1. Also,
1T3(Jagu)ll = [[93(91, 0)[] = [[Ss]] = 1,
so Ty attains its norm on Jag1 € Lq(u), and
[Jag1 = foll = lgr — goll <e.
We also have that for any f € St (),
ITo(f) = To(F)Il = [ To(fxa) = T(Paf,0)
<NTo(JaPaf) = Ta(Paf)ll + | Ta(Paf) = T(Paf,0)|
< | ToJa — Tall +[[So — Ss|
< n(eo) + 6e.

Hence || Ty — T4 || < n(ep) + 6 < 9. This completes the proof. O
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