ON THE NUMERICAL RADIUS OF OPERATORS IN LEBESGUE SPACES
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_1 1
ABsTrACT. We show that the absolute numerical index of the space L,(u) isp Pq 4 (where 1/p+1/q =1).
In other words, we prove that

1 _ 1
sup{/w—l\n\du: v € Lp(u), Hzllpzl} > p rgh T

for every T € L(Lp(p)) and that this inequality is the best possible when the dimension of L, (u) is greater
than one. We also give lower bounds for the best constant of equivalence between the numerical radius and
the operator norm in Ly (p) for atomless p when restricting to rank-one operators or narrow operators.

1. INTRODUCTION AND PRELIMINARIES

Let X be a real or complex Banach space. Following the standard notation, by Bx, Sx, X* and £(X)
we denote the closed unit ball, the unit sphere, the dual space, and the space of all bounded linear operators
on X respectively. We write T for the unit sphere of the base field R or C. The numerical radius of an
operator T' € £(X) is a semi-norm defined as

o(T) = sup{|x*(Tx)| :x €Sy, % € Sx«, z¥(x) = 1},

which is obviously smaller or equal than the operator norm. The numerical index of the space X is the
constant
n(X) =inf{v(T) : T € L(X), |T| =1},

equivalently, n(X) is the maximum of those k > 0 such that k||T|| < v(T) for every T € £(X). This notion
was introduced and studied in the 1970 paper [4], see also the monographs [2, 3] and the survey paper [9]
for background. Obviously, 0 < n(X) < 1, n(X) > 0 means that the numerical radius is a norm on £(X)
equivalent to the operator norm and n(X) = 1 if and only if numerical radius and operator norm coincide.
It is also not hard to see that n(X*) < n(X), being the reversed inequality false in general (see [9, §2] for a
detailed account). There are lots of spaces with numerical index 1 (among classical ones, for instance, Lq(u)
and C(K)), and some attractive open problems on them [9]. It is interesting to remark that the numerical
index behaves differently in the real and in the complex cases. So, for every complex Banach space one has
that n(X) > 1/e (and the inequality is the best possible), nevertheless, n(X) = 0 for some real Banach
spaces X as {5 or, more in general, for every Hilbert space of dimension greater than 1.

The number of Banach spaces whose numerical index is known is small (see [9, §1] for a recent account)
and, therefore, there are many interesting open problems consisting in calculating, or at least estimating,
the numerical index of concrete Banach spaces. Among classical spaces, one of the most intriguing open
problems is to calculate n(L,(n)) for 1 < p < oo, p # 2. Let us fix the notation and terminology on L,
spaces. Let (£2,%, 1) be any measure space and 1 < p < co. We write L,(u) for the real or complex Banach
space of (equivalent classes of) measurable scalar functions z defined on €2 such that

1
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We use the notation ¢} for the m-dimensional L,-space. We write ¢ = p/(p — 1) for the conjugate exponent
to p. For any x € L,(p), we denote

o

z|P~tsign(x) in the real case,
p—1lgj in th 1
|z|P~!sign(Z) in the complex case,

which is the unique element in L,(p) = L,(n)* such that
|z[lp = lla*]lg  and /QMU# dp = |l la® g = llz]?.
Observe that, with this notation, one has
o(T) = sup{‘/ m#Txd,u‘ RS SLP(#)}
Q

for every T € £(L,(p)). Finally, we consider the constants

Pl —¢ =1 —¢
(1) M, :maxg:maxg,
tefo,1] 1+ tP t>1  141tP
(which is the numerical radius of the operator T'(z,y) = (—y, ) defined on the real space (2, see [11,
Lemma 2] for instance) and
p—1 1 1

(2) Kp = max T = max )\%(17)\)5 = —

>0 14+ 7P  xelo,]] pl/rqt/a

(which is the numerical radius of the operator T'(z,y) = (y,0) defined on the real or complex space 62, see
[11, Lemma 2] for instance).

It has been proved recently that, fixed p, all infinite-dimensional L,(u) spaces have the same numerical
index [5, 6, 7] (see also [13] for a different approach) and that n(L,(u)) > 0 for p # 2 in the real case [12].
On the way to state the last result, the authors of [12] introduced the so-called absolute numerical radius of
an operator on a L, (u)-space as follows. Given a measure space (2,2, 1), 1 < p < oo and T' € L(L,(n)),
the absolute numerical radius of T is the number

[|(T) = sup {|2*|(|Tx|) du = x € Sp, (), o € Sy, (w-» =" (x) =1}

= sup {/ |x#Tx’ dyu : x e SLP(#)} = sup {/ |z|P~ T dp : x € SLp(u)} :
Q Q
It is clear that |v| is a seminorm on £(L,(n)) satisfying
o) < PI(T) < ITIH (T € L(Lp(p))-
In [12] it is shown that n(L,(u)) is positive by proving that both inequalities above can be reversed up to a
positive constant. Namely, it is shown that
M,

1
— < - <
SITI<PIT)  and  S2pl(T) < o(T)

for every T' € L(Ly(n)), giving n(Ly(pn)) = % > 0.

We introduce the definition of the absolute numerical index of L, (1) as the number

[n|(Lp () = nf{Jo|(T) : T € L(Ly(p)), IT] =1}
=max{k >0 : k||T| < [v|(T) VT € L(Ly(p))}
and the aforementioned result of [12] just says that |[n|(L,(p)) > 5=. Our first goal in this paper is to
calculate the exact value of |n|(L,(n)), namely, |n|(L,(1t)) = kp (if the dimension of L, () is greater than
one) in both the real and the complex case. In other words, we will prove that,

sup { [ e ol du s € L0, el = 1] > w17



ON THE NUMERICAL RADIUS OF OPERATORS IN LEBESGUE SPACES 3

for every T' € L(L,(p)) and that this inequality is the best possible when the dimension of L,(u) is greater
than one. As a corollary, we get an improvement of the estimation of n(L,(x)) obtained in [12]. Namely, in
the real case, we get
kp M,
ML) > 2L

In other words, in the real case,

M
sup {| [ 1~ sena) T |+ 2 € 2,0, 1, = 1} > S22 )

for every T € L(L,(1)).

Next, we study the numerical radius of rank-one operators on L,(x). We define the rank-one numerical
index of an arbitrary Banach space X as the number

ny(X) =inf{v(T) : T € L(X), |T|| =1, T rank-one}
=max{k >0 : k||T| <v(T) VT € L(X) rank-one}.
Our results state that for every atomless measure p,

ni(Ly(w) > Ky

in both the real and the complex cases. This result is not sharp for values of p close to 2 as, for instance,
n1(L2(p)) = 5 if the dimension of Ly(y) is greater than 1. On the other hand, the estimation for ny(L,(x))
tends to 1 as p — 1 or p — oo.

Finally, the last part of the paper is devoted to study numerical radius of the so-called narrow operators
on L,(p) when the measure y is atomless and finite (a class of operators containing compact operators, see
section 4 for the definition and background). Defining the narrow numerical index of L, (1) as

Nnar(Lp(p)) = inf{v(T) : T € L(Ly(p)), |T|| =1, T narrow}
=max{k >0 : k|T| <v(T) VT € L(L,(1)) narrow},

we prove that

/spr’l -7

Nnar (Lp (1)) = /1}2, in the complex case, Nnar (Lp(t)) > max in the real case.

>0 1 + 7P
Notice that the inequality for the real case gives a positive estimate for 1 < p < oo (p # 2) which tends to 1
asp— 1lorp— oo.

The outline of the paper is as follows. Section 2 is devoted to show that |n|(L,(1)) = kp. The results on
rank-one operators appear in section 3 and the results on narrow operators are contained in section 4.

We recall some lattice notation which we will use in the paper. We refer the reader to [1] for abundant
information on lattices and positive operators. Let E be a Banach lattice. For any subset F' C E we write
Ft={x € F : x> 0}. For two elements z,y € F, by x Vy (resp. z A y) we denote the least upper bound
(resp. greatest lower bound) in E of the two-point set {x,y}, if it exists. A linear operator T : E — E is
called positive provided T(ET) C E™, or, in other words, if it sends positive elements to positive elements.
An element y € E is called a component of x € E if |y| A |x —y| = 0. In this case we write y C . Let z € E.
An element z € E is called a z-step function if x = ;" | a2 for some components (zj) of z.

Let (©,%, 1) be a measure space. On the real space Lo(u) of all (equivalence classes of) E-measurable
functions, we consider the ordering x < y if and only if x(¢) < y(¢) for almost all ¢t € Q. For two functions
xz,y € Lo, x Vy (resp. © Ay) is equal to the point-wise maximum (resp. minimum) of these functions. For
any x € Lo(u) and A € ¥ we denote x4 = 14 where 14 is the characteristic function of A. The expression
A =BUC for sets A,B,C € ¥ means that A = BUC and BNC = (. If E is a sublattice of Ly(u) and
z,y € F then y C x if and only if y = 214 for some A € ¥ and a 1-step function is just a simple function
and a z-step function is the product of z by a simple function. In particular, if ,z € E are simple (= finite
valued) functions with z > 0 and supp z C supp z then z is a z-step function.
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2. THE ABSOLUTE NUMERICAL INDEX OF L, ()

The main aim of this section is to calculate the absolute numerical index of the L, spaces, as shown in
the following result.

Theorem 2.1. Let 1 < p < oo and let p be a positive measure such that dim(L,(u)) > 2. Then,
In|(Lp()) = Fip-

It is immediate to check that for positive operators on L,(x), the numerical radius and the absolute
numerical radius coincide. Therefore, the following result is a consequence of the above theorem. We state
here its proof since it is simple and useful to get a better understanding of the proof of Theorem 2.1.

Proposition 2.2. Let 1 < p < oo and (Q,3,u) be a measure space. Then, for every positive operator
T e L(Ly(1)) one has
o(T) 2 kp T

Proof. Let T € L(Ly(n)) be positive with [|T']| = 1, fix ¢ > 0, and take x € Sp_(, so that ||[Tz[|P > 1 —¢
and z > 0 (observe that x can be taken positive because T'|z| > |Tx| due to the positivity of T'). Next, fix
any 7 > 0, set

y=xVtTx and A={weQ: z(w) > 7(Tx)(w)},

and observe that
llyl|P = / P dp + / (tTx)Pdp <14 7P and y* =Pt v (rTa)P L
A Q\A

This, together with the positivity of T, allows us to write

1 / 1
o(T) > —— [ y*Tydu> /y#Tydu
D=1 Jo T+ Jo
! Toyp Todp— —— [ (Taypans (1
> — - = — > —
> i [T Tadu= T [ @apan> T—a-o
for every 7 > 0. Taking supremum on 7 > 0 and € > 0, we deduce that v(T') > k), as desired. (]

The proof of Theorem 2.1 depends on the base scalar field. In the real case it needs some auxiliary results
which we state here. They carry the main idea for the best possible estimation of the absolute numerical
radius in the real case and allow us to apply positivity arguments to any operator as it has been done in the
proof of Proposition 2.2.

Lemma 2.3. Let E be a vector lattice, z € ET, and x € E a z-step function with |x| < z. Then there exist
neN, \; €[0,1], and y; € E with |y;| =z for j =1,...,n such that Z?Zl Aj=1and

Proof. Let © = Z;nzl arzi with a; € R and 2z C 2, and use induction on m. Observe that the hypothesis
|z| < z implies that |ax| < 1 forevery k = 1,...,m. For m = 1, one trivially has that o = 1521 2 + 1501 (—2,).
For the induction step assume that the assertion is true for a given m € N and suppose that x = ZZZI a2k

where z; C z and |ag| < 1for k=1,...,m+ 1. Then for T = > ;" axz; and Z = z — 2,11 € ET we have

that 2z, C 2 for k = 1,...,m. By the induction assumption there are ng € N, Xj € [0,1], and y; € E with
lyj| =z for j = 1,...,ng such that 2221 Aj=1land T = M1 + -+ + A\pyYny. Then set A = M%“ and
observe that

=T+ amt12m+1 = MT + zmy1) + (1= N (T — zmt1)
- A(X1§1 +-- Xnogno + ZnL+1) + (1 - A)(Xlgl + -+ Xnggno - Z’m-‘rl)
= MM+ Zmen) + o g g+ 2ma1)) (1= N (M@= 2ms1) + -+ A Gy = Zms1))-
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Finally, take n = 2ny and

Aj :)\Xj, Yj :/:ljj"i‘Zerl for j=1,...,n9 and
)\j:(l—A)Xj, yjzgj—zm_,_l for j:no—|—1,...,2n0
which fulfill the desired conditions. O

Corollary 2.4. Let E be a vector lattice, f a positive linear functional on E, T : E — E a linear operator,
2 € ET, and v € E a z-step function with |x| < z. Then, there exists y € E satisfying |y| = z and

F(ITyl) = F(IT=).

Proof. By Lemma 2.3 there are n € N, A\; € [0,1], and y; € E with |y;| = z for j = 1,...,n such that
Z}Ll Aj =1and 2 = \y1 + - + A\yy,. Then we can write

f(|T$|) < f(/\1|Ty1\ R )\n|Tyn|) = /\1f(|T?J1|) + 4 )\nf(|Tyn|)
and so, f(|Ty;|) = f(|Tx|) for some j. O

Corollary 2.5. Let E be a sublattice of Lo(p) for some measure space (2,2, ) in which the set of all simple
functions is dense, f € (E*)", T € L(E), e >0, 2 € Et and x € E such that |z| < z. Then there exists
y € E satisfying |y| = z and f(|Ty|) > f(|Tz|) —e.

Proof. Tt follows immediately from Corollary 2.4 and the continuity of f, | -|, and T. |
We are ready to prove the main result.
Proof of Theorem 2.1. To prove that |n|(L,(u)) < p~1/Pq=1/4_ it suffices to construct a norm one operator

Ty € L(L,(p)) with |v|(Tp) < p~*/Pg~1/4. Indeed, we pick disjoint sets A, B € ¥ with 0 < u(A), u(B) < oo
(this is possible since dim(Ly(p)) > 2) and define Ty € £(L, () by

3) T = ) By ([ o) 1s (o€ L00),

It is easy to check that || Tp|| = 1. Now we show that |v[(Tp) < k,. Given any x € Sp_(,,), We set

A= sl = [ [al” du
B
and observe that
lzallP = / el du <1 A
A

1/q 1/p
[t = [ ol 1 Tos dn < ( / le(p”qdu) ( / |Tox|pdu)
Q Q B Q
1/q » 1/p
= ([repan) " (warimus) | [ o aufum)

Thus,

1/p
<N ((A) (A 1 eal) <N NV < g
Now, we take supremum with z € S, to get [v|(Tp) < k) as desired.

For the more interesting converse inequality, fix T' € L(L,(p)) with ||T]| =1, € > 0, and 7 > 0, choose
x € Sp,(u so that [Tz]|) > 1 — ¢, and set

A={weQ : |z(w)] > 7|(Tz)(w)|} and B=Q\A.
We split the rest of the proof depending on the base scalar field.
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e Real case. Using Corollary 2.5 for x, z = |x|4 + 7|Tx|p, and f(u / |Tx|P~ udy (u € Ly(u)), choose
y € Ly(p) satisfying |y| = z and f(|Ty|) = f(|T=|) — . Then
lyl” =1zl <1477 and  |y| > 7|Tz],

and therefore, we can write
-1

y#T<y>‘du— ! /\yl”’llTy\du> ~ /ITxIP’l\Tyldu
Iyl lyll? Ja L+7P Jo

p—1 d ™!
T T — 1-2
1+Tp(/W o - e) > (1= 22

for every 7 > 0. Finally, since the inequality holds for every € > 0, we obtain that |v|(T) > max
In|(Ly(p)) = Kip.

[ol(T) >

1Jr,,aundso

e Complez case. Since |z| < 7|Tz| on B, it is possible to find measurable functions 6,,60; : B — C such
that

P(w) = 50@) + 30al)  and 1G] =T(TR@)]  (weB j=12)
Indeed, for w € B define
01(w) = sign (v(w)) (le(@)| +i (FI(T2)@)[2 = o)) '"?)
5(w) = sign (2() (J2(@)] = i (F2|(T2) (@) = a()?) )
if 2(w) # 0 and 6 (w) = 1, f3(w) = —1 if 2(w) = 0. Then define
y=xa+6; (j=12)

where §j =0; on B and §j =0 on A, and observe that

11 ~
p=gmba P <1brn ad i =lelat Bl > riTal
Therefore, we can write
o) > 3 s [ Tl + 5 /mw%mm
>Tp1/|T \P—l( Ty | + 2|7 |)d> /|T|P—1T(1 . )|
= X a a = X a a
T+ Jg g T R Z T ¥t T gt

Ly T
= > —_—
T [ imeran> T -

for every 7 > 0. Since the inequality holds for every € > 0, we obtain that |v|(T) > max ﬁ—;; and hence
T>
|n|(Lp(1)) = kp which finishes the proof. O

We can use Theorem 2.1 together with [12, Theorem 1] to improve the estimation of n(L,(x)) given for
the real case in [12, Corollary 3].

Corollary 2.6. Let 1 < p < 0o and p a positive mesure. Then, in the real case, one has
M,k
nLy(n) > ~22.

Remark 2.7. From the proof of Theorem 2.1 we deduce that x, is also the best constant of equivalence
between the norm and the numerical radius for positive operators (i.e. the inequality in Proposition 2.2 is
the best possible). This is because the operator defined on Equation 3 is clearly positive.
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3. THE NUMERICAL RADIUS OF RANK-ONE OPERATORS ON L, ()

This section is devoted to estimate the numerical radius of rank-one operators on L,(u) for atomless
measures p.

Theorem 3.1. Let (0,2, 1) be an atomless measure space. Then for 1 < p < co one has

i = ma(Ly(pr) > 2.

We need the following easy observation.

Remark 3.2. Let (2, %, i) be an atomless measure space and let f1, ..., f, be simple functions on . Then,
given any X € [0,1], there exists a partition ) = A U B into measurable subsets such that

/Afjdu:A/ijd,u and /ijd#:(l—k)/gfjd,u

for every j =1,...,n. To see that this is true, let Cy, C1,...,Cy, be a partition of Q with 0 < p(Cj) < oo
for k =1,...,m, such that all the functions fi,..., f,, are null on Cy and constant on every C). Then, for
each k = 1,...,m, take Ay, By € ¥ satisfying Cy, = Ay U By, p(Ar) = Au(Cg), and u(Bg) = (1 — AN)p(Ch),
and observe that the sets given by

A:COUGAIC and B:OBk
k=1 k=1

form the desired partition of 2.

Proof of Theorem 3.1. The first inequality follows from the fact that in the proof of Theorem 2.1 it is
constructed a positive and rank-one operator Ty (see (3)) such that |Tp]] = 1 and v(Tp) = |v|(To) < Kp.
Therefore, n1 (L, (1)) < Kp-

We now prove the more interesting second inequality. Let T € £(L,(u)) be a rank-one operator of norm
one, that is,

Tz= </Q x#zdu> y  (2€Lp(p)

for some fixed z,y € S, () (observe that z# € Sr,(u) and that every element in Sp_(,) can be written in
this form). Without loss of generality, we may and do assume that x,y are simple functions. Fix 7 > 0,

A €1]0,1] and set
0 = sign </ x#ydu>€'ﬂ‘ and 6—‘/ x#yd,u‘.
Q Q

Using Remark 3.2, choose a partition 2 = AU B so that

@[ [ i leall” = luall” =
A Q
/ o ydy = (1—)\)/ cydp = (1 — \)69, and HxBHp: HyBHp: 1—A
B Q

Then define z = A\ ra4 + (1 — )\)_%TyB and observe that

|z]|P = )lexAHp +(1- )\)717'p||y3||p =147P.

/x#zdu' ‘/ z#ydu‘.
Q Q

Therefore, we can write

2 ( z >’ 1
Zr (2 ) du =
/Q 2#] \ =l [Elks

(5) o(T) >

1
/ 2# T2 du’ =
Q 1+ 7P
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Besides, using the fact that (u + v)# = u# + v# for disjointly supported elements u,v € L,(u), it is clear
that 2# = )fiacﬁ +6(1— A)férp_lyg. Using this and (4) it is easy to check that

/x#zdu‘ )\_%/I#Idu+§(lf>\)_%7/ x#yd,u‘
Q A B

- ‘A—%A FO(1—N) (1 )\)95’ = AT+ (1—A)iTd = A

and

/z#yd,u‘ = ‘)\_;/x#yd,u—FG(l—)\)_éTp_l/ y#ydu'
Q A B
= [ATEAB5 + 6(1— N TE (L= N = AFa 4 (1 - N

> (1- )\)%qu_
This, together with (5), tells us that

1 1 TPl
T) = \i(1—\)»
o) 2 2= N
for every 7 > 0 and every A € [0,1]. Finally, since maécfj_—;; = /\m[ax] /\%(1 — )\)% = Kp, one obtains that
T> €[0,1
v(T) > & which finishes the proof. O

Note that for p — 1 and p — oo this gives the best possible estimation of the order of nq(L,(p)) because
nf, — 1. Nevertheless, for p = 2 one has k3 = 1/4, while the best estimation is 1/2, as the following easy
result shows.

Proposition 3.3. Let H be a real Hilbert space of dimension greater than one. Then ni(H) = %

Proof. We fix a rank-one operator T € L(H) with ||T'|| = 1. Then, T has the form Tax = (x | z1)z2 for

some elements 1,22 € Sg. If [(z1 | 22)| = 1 then v(T) > |(T'z1 | 1)] = 1 and we are done. If otherwise
[(z1 | z2)] < 1, take x = % € Sy for § € {—1,1} and observe that

(331 + 0z4 | $1) (302 | z1 + 93@2)

o(T) > (T | 2)] =

lx1 + 0222
|+ 0@ 2| | [+ 02 | 20)]” _‘1+9(x2w1>
|21 + Oz2||? 2[1+ 0(z2 | 21)] 2 ’

By just choosing the suitable § € {—1,1} one obtains v(T") > 1/2 and so ni(H) > 1.
For the converse inequality, observe that if we take x1, o orthogonal, then for each x € Sy one has that
(x| 21)? + (7 | 22)? < 1 and, therefore,

x LU12 X {E22
(@ | )] = (e | 2] (@ | 22)] = L ELRE 20y (o 2)]) <

which implies v(T) < 1 and so ny(H) < 3. O

N

4. THE NUMERICAL RADIUS OF NARROW OPERATORS

In Section 3 we obtained an estimate for the numerical radius of rank-one operators in L, (u), it is natural
to ask if it is possible to obtain a similar estimate for finite-rank operators. The aim of this section is to prove
that it is so. In fact, we will do the work for the wider class of narrow operators. Let us recall the relevant
definitions. An operator T' € L(F,X) on a (real or complex) Kéthe function space E on a finite measure
space (2, X, 1) acting to a Banach space X is narrow if for each A € ¥ and each € > 0 there is an z € F

such that 22 =14, / xdp =0 and ||Tz| < e. The conditions 22 = 14, / x dp = 0 mean that there exists
Q Q
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a decomposition A = A1 LU A~ into sets of equal measure with £ = 1 4+ —1 4—. This concept was introduced
in [15] and developed in some other papers [8, 10, 14] (see also the expository paper [16]). Note that if A € &
is an atom then T14 = 0 for any narrow operator T' € L(FE, X), thus, the notion of narrow operator is
nontrivial only for atomless measure spaces (€2, X, ). For a more general consideration of narrow operators
we refer the reader to [14]. If the norm of F is absolutely continuous, then for every Banach space X every
compact (AM-compact, Dunford-Pettis. ..) operator T' € L(E, X) is narrow [14, 15]. For E = L, () this is
easy to see using the technique of the Rademacher system. Indeed, consider any Rademacher system (r,) on
A [15]. Since (r,,) is a weakly null sequence, we have that ||Tr,|| — 0 as n — oco. However, the converse is
not true: there exists a narrow projection P € £(L,[0, 1]) of norm one onto a subspace of L,|0, 1] isometric
to L,[0,1] [15].

Our estimate for the numerical radius of narrow operators in L,(x) depends on the base scalar field. For

the complex case we obtain the same estimate as we did for rank-one operators.

Theorem 4.1. Let (2,3, 1) be an atomless finite measure space. Then, for every 1 < p < oo one has

p—1 _
Tnar (Lp (1)) = nf, in the complex case, Nnar (Lp (1)) = max % in the real case.

Notice that the inequality for the real case gives a positive estimate for 1 < p < co (p # 2) which tends
tolasp—1orp— oco.

To prove this result we need the following lemmas which suggest that a narrow operator behaves almost
as a rank-one operator when it is restricted to a suitable finite dimensional subspace of large dimension.

Lemma 4.2. Let (Q, %, 1) be an atomless finite measure space, 1 < p < 0o, T € L(L,(1)) a narrow operator,
x € Ly(p) a simple function, Te =y, and Q@ = Dy U...U Dy any partition and € > 0. Then there exists a
partition Q = AU B such that

i) [Jeall” = |les]” = 27 |
(ii) pw(D;NA) = pu(D;NB) = u(D;) for each j =1,... L.
(iti) | Tza —27 Y| <€ and ||Tap —271y|| <e.

Proof. Let x = Zaklck for some a, € Kand Q =C;U...UC,,. Foreach k=1,...,mand j=1,...,¢
k=
define sets £, ; = Ck N D; and, using the definition of narrow operator, choose uy ; € L,(1) so that

2e
Ui,j = ]-E'k’j, /QUkJ d,u =0, and |ak|||Tuk7jH < W .
Then set

Ef ={te€Ey; : u;(t) >0}, By, =Ee;\ By

which satisfy u(E,j,j) = u(Ey ;) = $1(Ek ), and define

m /L m /L
_ + . _
A=JU&E, ad  B={JUE;
k=1j=1 k=1j=1
Let us show that the partition Q) = AU B has the desired properties. Indeed, observe that

m L m
1 1 1
Joal? = 35 Yl = laklP Y- 5u(Eiy) = 5 3 laPu(Cr) = 5l
k=1 j=1 k=1 j=1 k=1
and that one obviously has HxBH = HxAH thus (4) is proved.

Since Ek ; € By j C Dy, for each jo € {1,...,¢} we have that

m L
i na=UU(PunEg) = UE o
k=1j=1
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and hence

- 1 & 1
'u(Djo ﬁA) = Z (E—‘r,jo) 92 ZH’(EkJO Z:u Ck mD]o) - iﬂ(Djo)'
k=1 =1
i)

Analogously it is proved that u(D; N B) = Lu(D;) for every j € {1,..., ¢} which finishes (). To prove (iii)

observe that

JSA—JUB:ize:Gk( E+ —1g ) ZZ“W’W

k=1 j=1 k=1 j=1

and hence,

m £
|7@a—28)|| <X lanliTuns] < 2.

k=1j=1
Therefore, one has that
1
[r2a ~ g0 = gll27es ~ T2~ Toa] = res - om] <<
1
Analogously, one obtains HTJ:B — §yH < ¢ finishing the proof of (7). ]

Lemma 4.3. Let (2, %, 1) be an atomless finite measure space, 1 < p < oo, let T' € L(Ly(n)) be a narrow
operator, and let x,y € L,(n) be simple functions such that Tx =y. Then for each n € N and € > 0 there
exists a partition Q = Ay U...U Aon such that for each k =1,...,2™ one has

1) |Jea|]” =277 |=|.
2) |lyac]” =27"lyllP-
3 HTmAk — 2_"yH <e.
Proof. Let y = Z bj1p, for some b; € K and 2= Dy U...U D,. We proceed by induction on n. Suppose

j=
first that n =1 and use Lemma 4.2 to find a partition Q@ = A U B satisfying properties (i) — (éi7). Then (¢)

and (i4i) mean (1) and (3) for A; = A, Ay = B. Besides, observe that (2) follows from (4i):

14 14
1 1
lanI” = sl 0 D) = 2 10517 S (D) = Sl
j=1

=1
and analogously ||ya,||” = 271(ly|”.

For the induction step suppose that the statement of the lemma is true for n € N and find a partition
Q= A;U...U Ao such that for every k = 1,...,2" the following hold:

(6) eacll” =27"l2P, flyall” =27"ylP,  and  ||Twa, —27"y[ <e.
Then, for each £k =1,...,2" use Lemma 4.2 for x4, instead of x, T'x 4, instead of y, the decomposition
on
Q= |_| |_| D ﬁAk
k=1j=1

instead of @ = Dy U... U Dy and § instead of €, and find a partition Q = A(k) U B(k) satisfying properties
(i) — (¢i7). Namely, for each k =1,...,2" we have that:

i) lamam | = sl = 27 eal”
() w(D; N Ay N A(k)) = u(D; ﬂAkﬂB( )) = 2u(D; N Ay) for each j =1,..., 0
Z’Ll HT.%‘ (ApNA(k)) — 2~ T.TA,CH < £ 5 and HT.%‘ (ApNB(k)) — 2_1T.’17Ak” < %
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Let us show that the partition

Q= (A1 NAQ))U...U(Azn NAQ2™)) U (A1 N B(1)) U... U (A N B(2"))
has the desired properties for n + 1:
Property (1): using (¢) and (6), one obtains

[zanampll” = lzawnsanl” =27 za,||” = 270D jz|P.

Property (2): for each k =1,...,2" use (#) and (6) to obtain

¢ ¢
1 1
lycacnaan " = > 10517 (D 0 Ak 0 AGR)) = 5 > [bs (D 1 Ar) = S flya||” = 27D lyl”
Jj=1 j=1
and analogously ||y(a,nm|” = 27" |y|lP.
Property (3): for each k =1,...,2" use (4i¢) and (6) to write
€

2~ °

1
+ §HTIAk — 27"y

—(n _ €
HTI(AmA(k)) — 2 +1)yH < HTUE(AmA(k)) — 27Ty, ’ <5t

and analogously HTJ:(AWB(IC)) — 2_(”+1)yH < ¢, which completes the proof. O

Lemma 4.4. Let (Q,%, ) be an atomless finite measure space, 1 < p < oo, let T € L(Ly(p)) be a narrow
operator, and let x,y € L,(u) be simple functions such that Tx = y. Then for each n € N, each number X
of the form X\ = L where j € {1,...,2™ — 1} and each € > 0 there exists a partition Q = AU B such that:

(A) [Jzal” = Alz]*.
(B) [lys]” = (1 =Myl
(C) HTmA — )\yH <e.

Proof. Use Lemma 4.3 to choose a partition Q = A; U ... Agn satisfying properties (1) — (3) with /5
instead of . Then, setting

J 2"
A=| |4 and B= || A
k=1 k=j+1
one obtains
J

J
Jzall” = Jlea " =" 27 al” = M|,
k=1

k=1
on on
lysl” = > lvacd”= D 27"yl = @ = Nlyl”,
k=j+1 k=j+1

and

J J J c

HTxA — )\yH = HZTxAk — ZQ‘”y‘ < ZHTxAk — 2_"yH <j-=¢

k=1 k=1 k=1 J

as desired. 0

Proof of Theorem 4.1. Let T € L(L,(u)) be a narrow operator of norm one. Fix ¢ > 0,7 > 0,n € N
and A €]0,1[ of the form A = 237 where j € {1,...,2" — 1}. Pick a simple function = € St (,) so that
y = Tx satisfies ||y|]|P > 1 —e. Without loss of generality we may assume that y is a simple function
since one can approximate 7' by a sequence of narrow operators with the desired property (indeed, take a
sequence of simple functions (y,,) converging to y and define T, = T — 2% & (y — ¥m). Then, T}, () = Ym,
1T — Tl < |y — ymll, and T, is narrow for every m € N since it is the sum of a rank-one operator and a
narrow one [15, Proposition 6 on p. 59]).
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Use Lemma 4.4 to find a partition Q = A U B satisfying (A)—(C) and use (B) and (C) to obtain the
following estimate:

(7)

/B yFTadp— A1 — N)|y]l?

= ‘/ y#TxAdu—)\/ y#yd,u‘ < HTxA—)\yH <e.
B B

Then for 6 € T define zg = A\ rz4 + 0(1 — /\)7%Ty3 and observe, using (A) and (B) of Lemma 4.4, that
Izo]/” = A" Hzal|” + (1 = X) 7 7P|lys|]” <1+ 77

Besides, using the fact that (u 4+ v)# = u# + v# for disjointly supported elements u,v € L,(u), it is clear
that zzf = )\_%xﬁ +6(1 - )\)_%Tp’lyg. Using this and (7) we can write

(8) (1+7P)v(T) > max /szng du’

0T
= max )\71/ z#T:EAdqu@)\_%(l—/\)_%T/ e Typ du
0T A A
+§)\*%(1_,\)*57P—1/ y#TxAdu—F(l—)\)_lTp/ y#Tde,u‘
B B
> max A_l/a:#T:cAdu—l—(l—)\)_lTp/ y#Tde,u—l—e)f%(l—)\)*%T/ e Tyg du
0eT A B A

FINEE =P | <A = [ T da— a1 Wl

> max )\71/ I#T:L'Ad,u+(1*)\)717'p/ y#Tde,unL@)\_%(lf)\)_%T/ e Typ du
0T A B A

FONT (1= NP Y y||P| = ATF (1= A)"arP e

- )\7%(1 - )\)7%7"’_15.

> max oA (1 — A)*%T/ e* Typ dp+ A7 (1 — N7 7P~ Y|y P
S A

Let us prove the last step in the formula above. Indeed, we write

a=\""! / ¥ Tx 4 dp+ (1 — A)_lTp/ y* Typ du
A B
b=\"1(l— A)—%T/ Ty du
A
c=Ai(1 = A7 P
and observe that what we need to prove is
max |a + 6b —|—§c| > max |t9b —|—§c| .
0eT 0eT
This inequality is easy. Fixed 6y € T it is clear that

max |a—|—0b+§c| > max{|a+ (90b+%0)| , |a - (90b+%6)|} > |90b+9700|

and the arbitrariness of 6y gives the desired inequality.
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From this point we study the real and the complex case separately. For the complex case, we continue
the estimation in (8) as follows

(1+72)(T) > max _ /\7%(1 _ )\)757_;)—15

oNi (1 — A)*%r/ H#Typ dp+ BT (1= N7y
A

’ A 1—A)*%7/ #Typ du’ + A= NF | - ATE - N T e
A
1 1 -1 1 1 1
ZA (L= A7 lyl[? = ATF (L= A)TarP e
SAT(1= AP (1 —g) = A7 (1= A)TarP e,

By the arbitrariness of ¢ we can write

for every 7 > 0 and every A G]O 1] of the form A = —n where je€{l,...,2" —1}. Since the diadic numbers

are dense in [0, 1] and )\m[ax A a(1-— )\)P = fp = MWax { the last mequahty implies v(T") > &2 which
€[0,1

1+TP ’
)

finishes the proof in the complex case.

In the real case, using (A) and (B) of Lemma 4.4, it is easy to check that

/ # Typ dp
A

which, together with (8) and the choice of y, implies that

ATi(1-A) T

<ATa (=N 7rr|la R wsl, < ATTA =N TERAT(1 = A =7

(1+ P)(T) > ‘Aéu—A)éT/ a# Typ dp+ Ai (1= N)erP Hy|[P| = A7 (1= \) " arPle
A

R e e L S (P Vs

/ e#*Typ du’ - )\7%(1 - )\)7%717_15
A

>Ai(1= NP (1—e)—r—Ar(1—A)"arP e
Hence, by the arbitrariness of ¢ we deduce that

/\%(1 — Nl

T) >
o(T) 1+ 7P
for every 7 > 0 and every A €]0,1[ of the form \ = o where j € {1,. — 1}. Taking supremum on A,
one has .
KpTP™H — T
>
o(T) 1+7P
for each 7 > 0, completing the proof. O

5. OPEN PROBLEMS

Problem 5.1. Calculate the numerical index of L,(pn) for 1 < p < oo, p # 2. As we commented in
the introduction, there are some estimations in the real case, but in the complex case the knowledge about
n(L,(p)) is almost negligible. As a conjecture, we think that n(L,(u)) = M, in the real case and n(L,(u)) =
kp in the complex case.

Problem 5.2. Calculate the rank-one numerical index of L,(u). We conjecture that nq(L,(p)) = K, in
both the real and the complex cases (if the dimension of L,(u) is greater than 1).

Problem 5.3. Is it true that the numerical index of L,(u) coincides with nya:(Lpy(pt)) 7 Let us comment
that for Z = L,([0,1],¢2) one has n(Z) = n(¢2) < 1 and nya(Z) = 1 since Z has the so-called Daugavet
property. On the other hand, it is not difficult to show that n(¢,) coincides with the numerical index of
compact operators on /.
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