NUMERICAL RADIUS OF RANK-ONE OPERATORS ON BANACH SPACES

MARIO CHICA, MIGUEL MARTIN, AND JAVIER MERT

ABsTRACT. We study the rank-one numerical index of a Banach space, namely the infimum of the
numerical radii of those rank-one operators on the space which have norm-one. We show that the
rank-one numerical index is always greater or equal than 1/e. We also present properties of this
index and some examples.

1. INTRODUCTION

The aim of this paper is to study the rank-one numerical index of Banach spaces. This concept
has been recently introduced in [12] to relate the numerical range and the usual norm of rank-one
operators on L,-spaces as an analog to the deeply studied numerical index of Banach spaces.

Let us recall the relevant notation and definitions. Given a Banach space X over the field K (= R
or C), X* will stand for its topological dual, Sy is the unit sphere of X, and L(X) is the Banach
algebra of all (bounded linear) operators on X. The numerical radius is the semi-norm defined on
L(X) by

o(T) = sup{|z*(Tz)| : 2" € Sx-, x € Sx, z*(z) =1} (T € L(X)).
Very often, v is actually a norm and it is equivalent to the operator norm || - ||. Thus, it is natural to
consider the so-called numerical index of the space X, namely the constant n(X) defined by

n(X) = inf{o(T) : T € L(X), ||T|| = 1}.

Equivalently, n(X) is the greatest constant k& > 0 such that k||T|| < v(T) for every T € L(X). Note
that 0 < n(X) < 1, and n(X) > 0 if and only if v and || - || are equivalent norms on L(X).

Let us present some results about numerical index of Banach spaces. We refer the reader to the
expository paper [8] and references therein and the more recent papers [5, 12, 13]. First, some examples
of Banach spaces whose numerical index is known are the following: for a Hilbert space H of dimension
greater than one, one has n(H) = 1/2 in the complex case and n(H) = 0 in the real case. Li(p)
spaces and their isometric preduals have numerical index 1 so, in particular, n(C(K)) = 1 for every
compact topological space K. The disk algebra A(D) and H> are other examples of Banach spaces
with numerical index one. The numerical index of L,(u) spaces is still unknown, but it has been
recently shown that n(L,[0,1]) = n(¢,) and that, in the real case, this number is strictly positive
when p # 2. Some results about the numerical index that can be interesting for our discussion are the
following: it is known that v(T") = v(T™) for every T' € L(X™), so it follows that n(X*) < n(X) for
every Banach space X; this inequality may be strict. The numerical index is continuous with respect
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to the Banach-Mazur distance between equivalent norms and this gives that the set of values of the
numerical index of a Banach space up to renorming is an interval (actually, a non-trivial interval).
The numerical index of the cg-, £1-, or £-sum of a family of spaces is equal to the infimum of the
numerical index of the spaces and the numerical indices of the vector-valued function spaces C(K, X),
Li(p, X), and Lo (, X) are equal to the numerical index of the range space.

Real and complex spaces behave differently with respect to the numerical index. Indeed, the set
of values of the numerical index of real Banach spaces fills the whole interval [0, 1], while for complex
Banach spaces it fills the interval [1/e,1]. The fact that n(X) > 1/e in the complex case, known
as the Bonehnblust-Karlin theorem, has important consequences specially in the theory of Banach
algebras.

As mentioned above, the rank-one numerical index of a Banach space X was introduced in [12] as
the constant

n1(X) =max{k >0 : k|T|| > v(T) VT € L(X) with dim(T(X)) < 1}
=inf{v(T) : T e L(X), |T|| =1, dim(T(X)) < 1}.

The main motivation to study rank-one operators and the rank-one numerical index is that in an
arbitrary Banach space, only for rank-one operators it is possible to give a formula for the operator
norm.

It is proved in [12] that for every 1 < p < co and every atomless measure p, one has

_2 _z2
n1(Lp(p)) = p~rq s

where ¢ = p/(p — 1) is the conjugate exponent to p. It is also shown that n;(H) = 1/2 for every real

or complex Hilbert space H of dimension greater than one.

While the definition of rank-one numerical index was first given in [12], the study of numerical
radius of rank-one operators was initiated much earlier. For instance, in the 1999 paper [9], the
authors proved a number of results for Banach spaces with numerical index one, but they claimed
that all of them are also true for Banach spaces with rank-one numerical index equal to one, since
in all the proofs only rank-one operators are used. Actually, in [10] it is introduced the so-called
alternative Daugavet property. A Banach space X has the alternative Daugavet property if the norm
equality

o | 14 +07)| = 1+ |

holds for all rank-one operators on the space and, in such a case, all compact operators also satisfy
that equation (actually, this is true for all operators not fixing a copy of ¢1, as has been recently
proved in [1, Corollary 5.6]). The relation of this property with the rank-one numerical index comes
from the fact known from the 1970’s [4] that for T' € L(X),

o(T)=|T| <= fél\%)i | Id+6T| =1+ |T].

Therefore, a Banach space X has the alternative Daugavet property if and only if n;(X) = 1 and,
in such a case, we actually have v(T) = ||T|| for every operator T' € L(X) which does not fix a copy
of ¢1 (in particular, for compact operators). It also follows that for a finite-dimensional space X, if
n1(X) = 1, then n(X) = 1. This result is false in the infinite-dimensional setting, an example being
C([0,1],45). Some interesting examples are the following: C(K,X) has the alternative Daugavet
property if and only if X does or K is perfect; the spaces L (1, X) and Lo (1, X) have the alternative
Daugavet property if and only if X does or u has no atoms.

In this paper, we fist prove that ny(X) > 1/ e for every Banach space X (a result which is new in the
real case) and provide an example of a two-dimensional space for which the equality is true. Next, we
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study stability properties of the rank-one numerical index. Among others, we show that the rank-one
numerical index of a cg-, £1-, and £.-sum of spaces is the infimum of the rank-one numerical index of
the summands, we calculate the rank-one numerical index of C(K, X), Ly (p, X) and Lo (u, X), and
we show that ni(X*) = ny(X) when X is an L-embedded space. We also prove that the rank-one
numerical index is continuous with respect to equivalent norms. Finally, we present an example of
a Banach space X such that n(X) < ncomp(X) < n1(X) (where neomp(X) is the compact numerical
index, see section 4 for the definition) and a number of other interesting examples.

2. A SHARP LOWER BOUND FOR THE RANK-ONE NUMERICAL INDEX

Our first goal is to give a lower bound for the rank-one numerical index valid in the real case and
to show that it is best possible.

Theorem 2.1. Let X be a real Banach space. Then,
(X)>

n > -

! e

We recall that given a real or complex Banach space X, one can define the exponential function on
L(X) by

0k
= — TeL(X
exp(T g u (T € L(X))
and that it follows from [2, Theorem 3.4] that
(1) [ exp(aT)|| < el (T e L(X), a €K).

Proof of Theorem 2.1. Let us fix a rank-one operator T € L(X). We find = € X*, zy € X such that
Tr =zi(r)ze (v €X)
and write A = z{(xo). It is immediate to check that for each o € R one has
Id +aT ifA=0
(2) exp(aT) = ip
[d+&=—T if A#0.

Now, if v(T) = 0 then A = 0 (indeed, if 29 = 0 the result is clear; otherwise, just pick y* € Sx~ such
that y*(xg) = ||:v0||, write y = zo/||xo|| € Sx and observe that y ( )=1and A = y*(Ty)). Therefore,
equations (1) and (2) give in this case that

[Td+aT| = [lexp(aT)[ <1 (a€R).
This obviously implies that 7' = 0 and thus ||T']| < ev(T).

If otherwise v(T') # 0, we can assume without loss of generality that v(7') = 1 and so we have to
show that ||T]| < e. We distinguish two cases depending on wether A = 0 or not. Suppose first that
A = 0. Then, using equations (1) and (2) for « =1 and a = —1, we obtain

[Td+T| < e and |Id-T] <e
which gives
7] = ||31d+T) — $(1d -T)|| < +5
as desired. Finally, when X\ # 0 one can use (1) and (2) to obtaln
Ao
H1d+e 7 ‘ = |lexp(aT)| < e (aeR).
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Using this for « = 1 and o« = —1 one gets

et —1 e M —

1
HIdJr TH <e and HIdJr TH <e

and, therefore, one has
ed —e A

2\

e =1
A

er —1

1d
h +

1 1
T|| < % ||1d T| + =

T”ge.

et —e

N =1. O

The desired inequality follows now from the fact that )1\1715%

The following example shows that the inequality above is sharp. Let us comment that it is the real
version of the space given in [7] of a complex two-dimensional space with numerical index equal to
1/e.

Example 2.2. There is a real two-dimensional Banach space X withni(X) =1/e. Indeed, consider
the function @ : [0, +0o[— R given by

(I’(t) _ {et/e ift € [076] (t c [O, -|-OOD

t ift>e.
Then, by [4, Proposition 3.1] the mapping || - || : R? — [0, +o0o][ given by
lal®({2)) i a #0 2
«, = « a,pf)eR
(e )1 {w o7 (@R

defines a norm on R2. Now denote X = (R?, || - ||) and consider the shift operator S € L(X) given by
S(a, 8) = (0,). Using Lemma 3.3 in [4] one obtains that

/

IS=1 and wv(S) :sup% =1/e,

which give nq(X) < 1/e, as desired.

3. SOME PROPERTIES OF THE RANK-ONE NUMERICAL INDEX

We present in this section properties of the rank-one numerical index. In many cases, they are
analogous to the ones of the classical numerical index, but also there are some properties which
present a different behavior.

Our first goal is to show that the rank-one numerical index behaves in the expected way when
suitable sums of Banach spaces are considered. Given an arbitrary family {X, : A € A} of Banach

spaces, we denote by [@,c, X»],, the co-sum of the family and [y, Xa], denotes the £,-sum of

the family for a given p with 1 < p < oc.

For the case of ¢y-, ¢1-, and £, -sums we have the following expected result.

Proposition 3.1. Let {X) : A € A} be a family of Banach spaces. Then

nl([@XA]CO) znl([GBX,\bl) :nl([@X)‘]éoo) =inf{ny (X)) : A€ A}.

AEA AEA AEA
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The proof of the proposition above is just an adaptation of the one given in [17, Proposition 1] for
the numerical index. Indeed, it is enough to check that when in this proof one starts with rank-one
operators, all operators involved are also rank-one.

In the already cited paper [17] it is also commented that the numerical index of an £,-sum is less or
equal than the numerical index of the summands. This result has been generalized to absolute sums
of Banach spaces in [14, §2]. Again, all the proofs can be adapted to the rank-one numerical index
since when one starts with a rank-one operator, then all the operators appearing are rank-one. But,
actually, we are now presenting a more general result which is new even for the classical numerical
index. We will use this result later on.

Proposition 3.2. Let X be a Banach space and Y, Z closed subspaces of X such that X =Y & Z
and ||y1 + z|| = lly2 + z|| for z € Z and y1,y2 € Y with ||y1|| = ||ly2]|. Then,

n(X) < n(Y) and n1(X) < n1(Y).

We need a lemma which gives, in the hypotheses of the above result, the possibility of extending
an operator from Y to X with the same norm and numerical radius.

Lemma 3.3. Let X be a Banach space and Y, Z nontrivial closed subspaces of X such that X =Y ®Z
and ||y1 + z|| = |ly2 + z|| for every z € Z and every y1,y2 € Y with ||y1|| = ||y=||. Then, given an
operator T € L(Y'), the operator T € L(X) defined by

Tly+z)=Ty (yeY,zeZ2),

satisfies |T|| = | T and v(T) = v(T).

Proof. We start with two easy observations. First, the hypothesis gives us that the projections to Y
and Z given by the decomposition X =Y @& Z have norm one. Indeed, given y € Y and z € Z, one
has y = 1 (y + 2) + 2 (y — 2) which, using the fact that ||y — z|| = || —y + 2| = ||y + 2||, gives

1 1
Iyl < Slly + 2+ S lly =2l = lly + =]

and, analogously, we get ||z|| < ||y + 2||.

Secondly, we show that X* is isometrically isomorphic to Y* & Z*. To do so, recall that X* =
Z+ @ Y"' and observe that Z+ = Y* and Y+ = Z*. Indeed, consider the mapping J : Z+ — Y*
given by Jzt = 21|y for 2t € Z+. Taking into account that z1(y + z) = 21 (y) and ||y + 2| > ||y
for 2+ € Z1,y € Y,z € Z, it is clear that ||Jz*| = ||z*]. To see that J is onto, fix y* € Y*, take
x* € X* a Hahn-Banach extension of y*, and write * = 2+ + y* for some 2+ € Z+ and y*+ € Y 1.
Then one has Jz+ = 21|y = 2*|y = y*. Analogous arguments show that Y- = Z*. Summarizing,
we have proved that X* = Y™ @ Z* and that the action on X is given by

[v* + 2| (y + 2) = y* (y) + 2*(2) (y+z€X, y*+2" € X¥).

Now, since Y is 1-complemented in X, it is clear that | 7| < |7 and the reversed inequality is
always true. To show that v(T) > v(T), fixed y € Sy and y* € Sy satisfying y*(y) = 1, take a

Hahn-Banach extension 2* € Sx- of y* and observe that z*(y) = 1 and 2*(T(y)) = y*(Ty). Therefore,

ly* (Ty)| = |=*(T(y))| < v(T)

and we get the inequality taking supremum.
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Finally, to prove the inequality v(T) < v(T), fixed z € Sx and z* € Sx- satisfying z*(z) = 1,
there are y € Y,z € Z,y* € Y*,2* € Z* such that
r=y+2 a"=y"+2*, and Rez*(z) =Re (y*(y) +2*(z)) = 1.

Moreover, it holds that [[y[| < [lz[| and [|y*|| < [[2*|. Hence, if we show that Re y*(y) = [ly*[|llyl],
then

jo*(Ta)| = ly*(Ty)| < o(D)ly* [yl < v(T)l|=*||[l] = v(T)
and the proof will be finished. To do so, given € > 0, take y. € By with |ly.|| = ||y|| and such that
Re y*(ye) > [ly* [yl — e
By hypothesis, we have that ||y. + z|| = ||y + z|| = 1 and, therefore,
Re y"(y) + Re 2"(2) = Re[y" +2"](y + 2) = 1
> Re[y" + 2"](ye + 2) = Re y"(y:) + Re 27(2)
> [l llllgell — € + Re 27(2)

which gives Re y*(y) > ||ly*||/|y|]| — €. Finally, the arbitrariness of € tells us that Re y*(y) = ||y*||||y]|-
O

Proof of Proposition 3.2. For the numerical index the result is an obvious consequence of the above
lemma, since for every T' € L(Y) with T # 0, one has

o(T) _ o(T)
n(X)< —=+ = .
2l
Taking infimum on 7' € L(Y') with T' # 0, we get n(X) < n(Y) as desired. The result for the rank-one

numerical index is exactly the same taking into account that when 7T is a rank-one operator, then T
is also a rank-one operator. O

As a particular case of Proposition 3.2 we have that the rank-one numerical index of an absolute
sum of Banach spaces is less or equal than the rank-one numerical index of each of the summands
(see [14, §2] for definitions and for a different proof for the case of the classical numerical index). We
will only give here two particular cases.

Corollary 3.4. Let A be a nonempty set, let {X, : A € A} be a family of Banach spaces and
1< p<oo. Then

nl([@XAL,p) <inf{ni(X,) : A€ A}
AEA

Corollary 3.5.

(a) Let E be R™ endowed with an absolute norm, let X1, ..., X, be Banach spaces and write X
to denote their E-sum. Then

nl(X) < min{nl(Xl), .. ,nl(Xm)}

(b) Let E be a Banach space with a one-unconditional (infinite) basis, let {X; : j € N} be a
sequence of Banach spaces and let X denote their E-sum. Then

ni(X) < inf{ni(X;) : j € N}.

The next result deals with the study of the rank-one numerical index of vector valued spaces. Its
behavior differs from that of the classical numerical index.
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Proposition 3.6. Let K be a compact Hausdorff space, p a positive measure, and X a Banach space.
Then, the following hold:

1 if K is perfect,
n1(X) if K is not perfect,

1 if i has no atoms,

n1(X)  if p has atomic part,

1 if i has no atoms,

n1(X)  if p has atomic part.

Proof. The proof for Ly(p, X) and Lo (11, X) follows the same lines, so we only give the one for the
Li-case. Indeed, it is known that Lq(u, X) is isometrically isomorphic to a space of the form

gl(FaX) @1 Ll(an)

for suitable set I' and atomless measure v, being I' empty when p is actually atomless. Now, the
result follows from Proposition 3.1 and the fact that L;(v, X) has the alternative Daugavet property
[16] and so, ny (L1 (v, X)) = 1.

Let us now prove the result for C(K, X). If K is perfect, C(K, X) has the alternative Daugavet
property [16] and so n; (C(K,X)) = 1. If K has an isolated point, then X is an /,,-summand of
C(K, X) and so Proposition 3.1 gives us that ny (C(K, X)) < ni(X). For the reversed inequality, we
just follow the first part of the proof of [17, Theorem 5] but considering rank-one operators: there,
for a given operator T' € L(C(K, X)) with |T|| = 1, an operator S € L(X) such that ||S] =~ ||T|| and
v(T) =~ v(S) is constructed. If one observes that when T is rank-one, then S is also rank-one, the
mentioned fact shows that ny (C(K, X)) > n1(X). O

We may use the above result to give an example of a Banach space X such that nq (X*) < nq(X).
Indeed, the space X = C([0,1],¢2) satisfies nq(X) =1 but X* = L;(p, ¢2) for some measure p which
clearly contains atoms, so nq(X*) = ny(f2) = 1/2. Let us comment that this kind of examples have
appeared previously in the literature (see [16, Example 4.4]) using a characterization of the alternative
Daugavet property for C*-algebras and von Neumann preduals. On the other hand, for a von Neumann
algebra A, it is shown in [16, Theorem 4.2] that A has the alternative Daugavet property if and only
if its predual A, does (equivalently, ni(A) = 1 iff n1(A.) = 1) and this result was generalized to
L-embedded spaces in [10, Proposition 2.3]. Actually, we may give a more general result covering any
value of the rank-one numerical index. We recall that a Banach space X is said to be L-embedded if
X** = X @1 X, for some closed subspace X of X™**.

Proposition 3.7. Let X be an L-embedded space. Then, nq(X) = ni(X*).

The proof is just an adaptation of the one given in [10, Theorem 2.1] for the case of the classical
numerical index taking into account that in this proof, if one starts with rank-one operators then all
operators envolved are rank-one.

We finish this section with a result on the continuity of the rank-one numerical index of Banach
spaces, analogous to the one given in [6] for the classical numerical index. Actually, the proofs are just
adaptations to the new index of the ones given there, so we will only comment the changes. We need
some definitions and notation used in the cited paper [6] which were actually taken from [3, §18].
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Given a Banach space X, we denote by £(X) the set of all equivalent norms on X. This is an
arcwise connected metric space when provided with the distance

d(p,q) =log (min{k > 1 : p<kq, q<kp})  (p,qg€&(X)).
Ifpe &(X) and T € L(X), we write v,(T) for the numerical radius of T in the space (X, p), that is,
vp(T) =sup{|z*(Tz)| : z € X, 2" € X*, p(z) = p(z*) = 2" (x) = 1}
and nq(X,p) will be the rank-one numerical index of the Banach space (X, p). Finally, we consider
the set
M (X) = {m(X,p) : peE(X)}

which represents all the values of the rank-one numerical index that X may have up to equivalent
renorming.

Proposition 3.8. Let X be a Banach space.

(a) The mapping (p,T) — vp(T) from E(X) x L(X) to R is uniformly continuous on bounded
sets.

(b) As a consequence, the mapping p — n1(X,p) from E(X) to R is continuous.

(¢) Hence, N1(X) is an interval.

(d) If dim(X) > 1, then 1/ e € N1 (X).

Proof. Ttem (a) follows from an easy refinement of the proof of [3, Corollary 18.4], as it was commented
in [6]. (b) follows from (a) in the same manner as the continuity of the classical numerical index is
deduced in [6]. Indeed, fix py € £(X), let B be an open ball centered at py and S = {T € L(X)
po(T) = 1 dim(T(X)) = 1}, where we use the same symbol for a norm on X and the associated
operator norm. It follows from (a) that the mapping ¥ : B x S — R given by

U(p,T) = Zj’((TT)) (peB, TeS)

is uniformly continuous, which implies that the mapping

pr— inf {¥(p,T) : T €S} =n1(X,p)
is continuous on B. (c) is an obvious consequence of (b). Finally, to prove (d) we take a two-
dimensional subspace Y of X, and write X =Y @ Z for suitable Z. Now, let W be a two-dimensional

space with ny (W) = 1/e (Example 2.2 for the real case and [7] for the complex case). Then, we have
X ~ W @ Z, and Proposition 3.1 tells us that ny (W @1 Z) = min{ns (W), n1(Z)} = n (W). O

4. SOME EXAMPLES AND REMARKS

Our goal in this section is to provide some interesting examples relating the rank-one numerical
index with other indices. Let us start by defining some more indices. Given a Banach space X, for
every 7 € N we define the rank-r numerical indezx by

ne(X) = inf{v(T) : T € Sp(x), dim(T(X)) <7}
and the compact numerical index by

Neomp(X) = inf{v(T) : T € Sp(x), T compact}.
It is immediate that n,(X) = n,411(X) 2 Neomp(X) = n(X) for every r € N.

We start providing a real Banach space whose compact numerical index is strictly between the
classical numerical index and the rank-one numerical index. Let us recall that when n,(X) =1 for a
Banach space X, then ncomp(X) =1 [16, Theorem 2.2].
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Example 4.1. There exists a real Banach space X such that
n(X) < Neomp(X) < n1(X).

Indeed, fix a sufficiently large even number k such that tan () < 1/e and take X to be the two-
dimensional real Banach space whose unit ball is the 2k-sided regular polygon centered at the origin,
having one of its vertices on the point (1,0). Now, consider the space

X =C([0,1], £2) &1 Xp.
Then, we have that n(X) = n(f2) = 0 by [17, Proposition 1 and Theorem 5], that ny(X) > 1/e
by Theorem 2.1, and that Ncomp(X) = Ncomp(Xk) = n(Xy) = tan (i) by [11, Theorem 5] and
Proposition 3.1.

Let us comment that we do not know if the equality ncomp(X) = n1(X) holds for every complex
Banach space X.

The next result we present is that for finite-dimensional spaces, the values of the rank-one and the
rank-two numerical indices are sometimes related. We start with a lemma which does not require the
space to be finite-dimensional.

Lemma 4.2. Let X be a Banach space. If there is T € L(X) with dim(T(X)) = 2 and v(T) = 0,
then ny(X) < 1.

Proof. By [19, Thorem 2.1], Y = T(X) is a two-dimensional well-embedded Hilbert subspace of X.
That is (see [19, p. 430] and [19, Proposition 1.11]), there exists a subspace Z of X such that X =Y ®Z
and ||y1 + z|| = |ly2 + z|| for every z € Z and every y1,y2 € Y with ||y1|| = ||y2||. Now, Proposition 3.2
gives that n1(X) < ny(Y). Finally, we have that ny(Y) = % by [12, Proposition 3.3] since Y is a
Hilbert space with dimension greater than one. 0

As an immediate consequence we obtain that the numerical indices of rank-one and rank-two
operators are linked for finite-dimensional Banach spaces.

Corollary 4.3. Let X be a finite-dimensional (real) space with na(X) = 0. Then, ny(X) < 5.

For two-dimensional spaces, the result actually deals with the classical numerical index.

Corollary 4.4. Let X be a two-dimensional (real) space. If ni(X) > 1/2, then n(X) > 0.

We do not know whether the above result is true for arbitrary Banach spaces.

When X is a two-dimensional real Hilbert space, one has that ny(X) = 0 and ny(X) = 1/2. In the
next example we show that something similar can happen for the numerical indices of higher rank.

Example 4.5. For every even number r there is a Banach space X, of dimension r with n,.(X,) =0
and ng(X,) > 0 for every s < r. Indeed, fixed an even number r, [18, Theorem 3.10] provides us with
an r-dimensional real Banach space X, and an onto operator Ty € L(X,) such that

{T e L(X,) : v(T) =0} ={\Tp : A e R}

It follows that n,.(X,) = 0 since Ty # 0 and that ns(X,) > 0 for every s < r since the only non-null
operators with numerical radius zero are the non-null multiples of Ty which have rank r.

We may use the above example to produce an analogue to Example 4.1 for the numerical indices
of higher rank.
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Example 4.6. For every r € N, there exists a real Banach space X such that
n(X) < Neomp(X) < np(X).

Indeed, write Y = X, 15 or Y = X,.;1 of the above example depending on whether r is even or odd.
We have then n,.(Y) > 0 and neomp(Y) = 0 since n,41(Y) = 0 or n,42(Y) = 0 depending on our
choice of Y. From Proposition 3.8.a (just the same proof as (b) there), we deduce that both n¢omp
and n, are continuous with respect to equivalent norm. Therefore, as we may find polyhedral norms
as close to the norm of Y as we want, there exists a polyhedral norm such that, calling W to the space
Y endowed with the this norm, we still have ncomp (W) < n,.(W). Moreover, since W is polyhedral it
cannot contain an isometric copy of C, so Theorem 2.4 in [15] tells us that ncomp (V) # 0. Now, we
may follow the lines of the proof of Example 4.1 and consider the space

X = C([0,1],£) &1 W

which satisfies n(X) = n(¢3) = 0 by [17, Proposition 1 and Theorem 5], n.(X) = n,.(W) and
Neomp(X) = Necomp (W) since C([0, 1], ¢2) has the alternative Daugavet property and Proposition 3.1
is also true for the rank-r and the compact numerical indices.

We do not know if there is a Banach space X such that ncomp(X) # ing n.(X). If such an
re

example exists, it cannot have the approximation property since in that case compact operators can
be approximated in norm, and hence in numerical radius, by finite-rank operators.
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