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Introduction

Some notation

Notation
X real or complex Banach space
Bx closed unit ball

Sx unit sphere
X* topological dual
y* € X* attains its norm if there is y € Bx such that ||y*|| = |y*(y)]
NX) ={(r,y*) € Sx x Sx- : y*(y) =1}
For (x,x*) € X x X* its distance to M(X) is
d((x.x).N(X)) =inf {max{llx =y, Ix* = y*[I} + (v,y*) € N(X)}
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The starting point

A PROOF THAT EVERY BANACH SPACE IS
SUBREFLEXIVE

BY ERRETT BISHOP AND R. R. PHELPS
Communicated by Mahlon M. Day, August 19, 1960

A real or complex normed space is subreflexive if those functionals
which attain their supremum on the unit sphere S of E are norm-
dense in E¥, i.e., if for eachf in E* and each €>0 there existg in E*
and x in S such that | g(x)|=|lg]| and||f—g|| <e. There exist in-
complete normed spaces which are not subreflexive [1]* as well as
incomplete spaces which are subreflexive (e.g., a dense subspace of a
Hilbert space). It is evident that every reflexive Banach space is sub-
reflexive. The theorem mentioned in the title will be proved for real
Banach spaces; the result for complex spaces follows from this by
considering the spaces over the real field and using the known isome-
try between complex functionals and the real functionals defined by
their real parts.

In other words. . .

Norm attaining funcionals are dense in X*.
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The starting point

AN EXTENSION TO THE THEOREM OF BISHOP AND
PHELPS

BELA BOLLOBAS

Bishop and Phelps proved in [1] that every real or complex Banach space is
subreflexive, that is the functionals (real or complex) which attain their supremum

on the unit sphere of the space are dense in the dual space. We shall sharpen this
result and then apply it to a problem about the numerical range of an operator.

Denote by S and S’ the unit spheres in a Banach space B and its dual space B’,
respectively.

THEOREM . Suppose x € S, fe S’ and |f(x)—1|< €2/2(0 < & < %). Then there
exist ye S and ge S’ such that g(y)=1,|| f—gll < & and || x—y|| < e+¢%.

This is nowadays known as the Bishop-Phelps-Bollobas theorem
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The starting point

AN EXTENSION TO THE THEOREM OF BISHOP AND
PHELPS

BELA BOLLOBAS

Bishop and Phelps proved in [1] that every real or complex Banach space is
subreflexive, that is the functionals (real or complex) which attain their supremum

on the unit sphere of the space are dense in the dual space. We shall sharpen this
result and then apply it to a problem about the numerical range of an operator.

Denote by S and S’ the unit spheres in a Banach space B and its dual space B’,
respectively.

THEOREM . Suppose x € S, fe S’ and |f(x)—1|< €2/2(0 < & < %). Then there
exist ye S and ge S’ such that g(y)=1,|| f—gll < & and || x—y|| < e+¢%.

Our objective is to introduce two moduli which measure the best possible
Bishop-Phelps-Bollobas theorem in a concrete Banach space
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Definitions and basic properties

Definitions

X Banach space, ¢ € (0, 2)

Bishop-Phelps-Bollobas modulus

®x(0) is the smallest € > 0 such that given x € Bx, x* € Bx+ with
Rex*(x) > 1—4, 3(y,y*) € N(X) with |[x — y|[< &, ||x* —y*||<e

o Ox(8) = du(M(X), {(x,x*) € Bx X Bx+ : Rex*(x) >1—6})

Spherical Bishop-Phelps-Bollobas modulus

3 (0) is the smallest £ > 0 such that given x € Sx, x* € Sx- with
Rex*(x) > 1 -4, Ay, y*) € N(X) with ||[x — y[|[< e, ||x* —y*||<e

o d5(0) = du(N(X), {(x,x*) € Sx x Sx- : Rex*(x) >1—6})

Observation

The smaller are ®x and ¢§(, the better is the Bishop-Phelps-Bollobas theorem
in the space X
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Basic properties

Properties of the moduli

3 (0) < Px(0) for all &

®x and ®3 are non-decreasing functions

®x and ®3 are continuous on &

Fixed 0, X — ®x(8) and X — ®3(d) are continuous (Banach-Mazur)
Consequence: if X; and X, are almost isometric,

then ®x, (0) = ®x,(J) and ¢§<1(5) = <D)5<2(5)

Px(6) < Ox-(5) and ®3(8) < D3 (6) for all &

Miguel Martin (Granada)



The upper bound of the moduli

The upper bound of the moduli




The upper bound of the moduli

X Banach space, § € (0,2). Then, ®x(8) < V2§ (so, d3(5) < V26).

e In other words, given (x,x*) € Bx x Bx+ with Rex*(x) > 1 — 4, there is
(y,y*) € N(X) with ||x — y|| < V26, [|x* — y*|| < V20.

m Use with C =Bx, z=x, f = x*,

S
Idea of the Proof (for %) e=6 k= \/%
Phelps, 1974 m Gety=x € Sx, g€ Y*\ {0}
with [|x — y| < V29,
CoOROLLARY 2.2. Suppose that C is a closed convex subset of the Banach ||X* _ || < 6
space E, that f € E* has norm 1, and that € > 0 and z € C are such that g V25
sup f(C) < f(2) + e L y* :g/”g”' (yay*)en(x)

Ix* -y

. |
Then for any 0 < k <1 there exist g € E* and x, € C such that sup g(C) =

o) 30— 2| < chand| f—g) <k <lx* — gl + e —g/lell|
= |x* — gl +[1 - lall|
<2x* — gl < V2o
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The best possible general Bishop-Phelps-Bollobas theorem

Bishop-Phelps-Bollobas Theorem

X Banach space, € € (0,2). Given (x,x*) € Bx x Bx+ with
Rex*(x) > 1 —€2/2, there is (y,y*) € M(X) with ||x — y|| <&, ||x* —y*|| <.

This is best possible
The real space X = ({2 satisfies () = dx(8) = v/20 for all § € (0,2).
Indeed,

V25 W)
2 > | €

z=(1-vV26,1) € Sx z*( J1—

satisfy Rez*(z) = 1 — 6 and d((z, z*), (X)) = V26.
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Examples
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Hilbert spaces

Example

) ifo<d<l1
dp(6) = S ®S(5) = 0 f 5€(0.2).
=(9) {\/51+1 if1<o<2 2(0) = 0 forevery 9 €(0.2)

Example

Let H be a Hilbert space of dimension over R greater than or equal to two.

Then:
= /2~ /4 —2 for every ¢ € (0,2).
(b) For & € (0,1], ®p(6) = ma {5 m}
For 6 € (1,2), dy(8) = V5.
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More examples

Proposition

X Banach space satisfying one of the following conditions:
s X=Y® 7
B X*=V® W and V, W are not weak*-dense in X*
m in particular, X =Y &, Z

then ®3 () = ®x(8) = v/20 for § € (0,1/2).

Examples

The above result applies to
La(p), Loo(p), C(K).
C*-algebras with non-trivial center.
L(H)**, but not known for X(H) or L(H).
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A picture of the moduli of the known examples

2 2
1 1

0 1 2 0 1 2
The value of ®x(0) for &, C, Zg)) The value of d>)5<(6) for ®, C, Kffo)
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Relation with uniformly non-

squareness
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Relation with uniformly non-squareness

Theorem

If X is uniformly non-square, then ®x(J) < V/26.

Remarks
m X is uniformly non-square iff it does not contain almost isometric
copies of the real space 65,20)
m X is uniformly non-square iff so is X*

m The result can be quantified, relating ®x(d) with a modulus of uniformly
non-squareness for small §’s

m The theorem reads also as: if ®x(d) = /24 for some §, then X contains
almost isometric copies of zfﬁ).

m dx(6) = /20 iff d3(6) = /26

We are going to prove the theorem in the finite-dimensional case.
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Recalling the slide “The upper bound of the moduli”

\
X Banach space, § € (0,2). Then, ®x(5) < V25 (so, 5(8) < v/29).

e In other words, given (x,x*) € Bx x Bx« with Rex*(x) > 1 — ¢, there is
(v,y*) € N(X) with [Ix — y]| < V23, []x* — y*|| < V2.

Idea of the Proof (for ®3)

Phelps, 1974

COROLLARY 2.2. Suppose that C is a closed convex subset of the Banach
space E, that f € E* has norm 1, and that € > 0 and z € C are such that

sup f(C) < f(2) + e

Then for any 0 << k <1 there exist g € E* and x, € C such that sup g(C) =
&) |y — 2| S efkand | f—g|| < k.

If ®x(8) = /26 and dim(X) < oo, Ix*, g with

Ix* —g/lell]| = 2llx* - gl

m Use with C = Bx, z=x, f = x*,

_ _ s
E—J,k—ﬁ

m Gety=x € Sx, g€ Y\ {0}
with [[x — y|| < v/25,

Ix* —gll < -
=y =g/lgl (v,y") € N(X)
|x*—&/llell||
<lx* —gll + ||g — &/lell|
= |Ix* — gl + |1 - llgll|
<2lx* —gll < 2%
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ind ¢
A way to find £

A sufficient condition

X Banach space, k € (0,1), exist x € Sx, y € X with
Ix —y|| =k and HX — II%\IH = 2k. Then, X contains (the real) Q).

Proof.

It is enough to find u, v € Sx such that
lut vl =llu—vl=2

L~ lIyll] = k. so Iyl =1 — K or
Iyl =1+ k.

If |lyl| =1— k, take u=y/(1 — k),
v=(x—y)/kin Sx

If ||lyl]| =1+ k, take u=y/(1+ k),
v=(y—x)/kin Sx

If dim(X) = oo, either use limits or
ultrapowers
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Relation with uniformly non-squareness

Containing ég%) is not enough

Example

Fix 6 € (0,2). Let X5 such that By is the
absolutely convex hull of

3 € €
(Ov 07 Z)a (1 -, 17 5)7 (1 -¢, _17 5)7

3 I3 I3

(5 - 17 17 5)7 (5 - 17 _17 E)’ (1, 1- g, E)a
e I3

(_1,1—5,5), (1,5_175),

(_175 - 17 %)7 (1, 170)5 (1a _170)'

where £ = /26.
Then, X5 contains Eg) isometrically but ®x, () < V26
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Final remarks and open problems

Remark

It is possible to get a modulus which depends on the norm of points and
functionals which is more accurate than the general one.

m It is possible to get the minimum value which is valid for all Banach spaces,
m It has been calculated for Hilbert spaces, L1(u), C(K)...

Open problems

Calculate or estimate the moduli for other spaces like L(1)

B Find a lower bound of the moduli valid for all Banach spaces with
dimension greater than or equal to two

Can we get the same consequences if we just study the behaviour of the
moduli close to 07

. c9(2) e Px(8) _ 17
For instance, does X contain £ if I|Tjgp o5 = 17
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