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Notation and objective
°

Notation and objective

X Banach space over K (= R or C).
@ Sy unit sphere, By unit ball,
@ X* dual space,
@ L(X) bounded linear operators,
@ Iso(X) surjective linear isometries,
@ T* € L(X*) adjoint operator of T € L(X).

Main Objective

We construct a real Banach space X such that

@ Iso(X) does not contains uniformly continuous one-parameter semigroups.

@ But Iso(X*) contains infinitely many uniformly continuous one-parameter
semigroups.
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The tool: numerical range of operators

The tool: numerical range of operators |

Q F. F. Bonsall and J. Duncan
Numerical Ranges of Operators on Normed Spaces and of Elements of
Normed Algebras.
London Math. Soc. Lecture Note Series, 1971.

¥ F F Bonsall and J. Duncan
Numerical Ranges II.
London Math. Soc. Lecture Note Series, 1973.

@ H. P. Rosenthal
The Lie algebra of a Banach space.
in: Banach spaces (Columbia, Mo., 1984), LNM, Springer, 1985.
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The tool: numerical range of operators
[ Jele}

Hilbert spaces

@ A n X nreal or complex matrix
W(A) = {(Ax|x) : xeK", (x| x)= 1}_

@ H real or complex Hilbert space, T € L(H),

W(T) ={(Tx|x) : xeH, lIxll =1}.

Some properties

H Hilbert space, T € L(H):
@ W(T) is convex.

@ In the complex case, W(T) contains the spectrum of T.

@ If, moreover, T is normal, W(T) = co Sp(T).
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The tool: numerical range of operators

oeo

Banach spaces

X Banach space, T € L(X),

V(T) = {x*(Tx) : X" € Sy, x € Sx, X"(x) = 1}

Some properties

X Banach space, T € L(X):
@ V(T) is connected (not necessarily convex).

@ In the complex case, V(T) contains the spectrum of T.
@ Actually,
% Sp(T) = | V(T),

the intersection taken over all numerical ranges V/(T) corresponding to
equivalent norms on X.
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Notation and objective The tool: numerical range of operators ample

[e]e] lele}

X real or complex Banach space, T € L(X),

v(T) = sup{l/l| tAde V(T)}.

@ vis a seminorm with v(T) < ||T]|.
@ v(T)=v(T")forevery T € L(X).

X real or complex Banach space,
n(X) =inf{v(T) : TeL(X), ITI =1}
= maxtk >0 : K|TIl < v(T) YT € L(X)}.

@ n(X) =1iff v(T) = ||T|| for every T € L(X).
o Ifthereis T # 0 with v(T) = 0, then n(X) = 0.
@ The converse is not true.
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The tool: numerical range of operators
o0

Relationship with semigroups of operators

A motivating example

A real or complex n x n matrix. TFAE:

@ A is skew-adjoint (i.e. A* = -A).
@ Re(Ax | x) = 0 for every x € H.
@ B = exp(pA) is unitary for every p € R (i.e. B*B = 1d).

v

In term of Hilbert spaces

H (n-dimensional) Hilbert space, T € L(H). TFAE:
e Re W(T) = {0}.
@ exp(pT) € Iso(H) for every p € R.

For general Banach spaces

X Banach space, T € L(X). TFAE:
@ Re V(T) = {0}.
@ exp(pT) € Iso(X) for every p € R.
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The tool: numerical range of operators
oce

Characterizing uniformly continuous semigroups of operators

X real or complex Banach space, T € L(X). TFAE:

@ Re V(T) = {0}.

@ |lexp(pT)ll < 1 for every p € R.

° {exp(pT) i pe€ Rg} c Iso(X).

@ T belongs to the tangent space of Iso(X) at Id, i.e. exists a function
f:[-1,1] — Iso(X) with f(0) = Id and f'(0) = T.
. ld+p Tl -1

o lim ———

p—0
direction of T is null.

= 0, i.e. the derivative or the norm of L(X) at Id in the

v

Main consequence for us

If X is a real Banach space with n(X) > 0, then Iso(X) is “small”:

@ it does not contain any uniformly continuous one-parameter semigroups,

@ the tangent space of Iso(X) at Id is zero.
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The example

The example |
@ M. Martin
The group of isometries of a Banach space and duality.
preprint.
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The example
[ Jele}

The main example

The construction

E separable Banach space. We construct a Banach space X(E) such that

n(X(E))=1 and  X(E) = E & Li(u)

The main consequence

Take E = ¢, (real). Then
o n(X(£2)) = 1,s0ls0(X(£2)) is “small’.
@ Since X(£2)* = €2 &1 L1(u), given S € Iso(¢.), the operator

S 0
T*(o Id)

is a surjective isometry of X(£2)*.

@ Therefore, Iso (X(fz)*) contains infinitely many semigroups of isometries.
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The example
oeo

Sketch of the construction |

We need

Y ={fec(o.1]x[0,1]) : f(.0) =0} X(E) = E' & Li(u) &
X(E) ={fec([0.1]x[0.1]) : f(-,0) € E} n(X(E)) =1

Proving that X(E)* = E* & Ly(u) )

@ Y is an M-ideal of C([0, 1] x [0, 1]), so Y is an M-ideal of X(E).
@ This means that X(E)* = Y* @ Y.
@ Y* = Ly(u) for some measure u; Y+ = (X(E)/Y)".
o Define & : X(E) — E by ®(f) = f(-,0).
o [P <1andkerd =Y.
° b X(E)/Y — E is a surjective isometry since:
° (geE : liglh <1< d(if e X(E) : lIfll < 1}).
@ Therefore, Y+ = (X(E)/Y) = E".
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The example
[e]e] J

Sketch of the construction I

We need

v ={fec([0.11x[0.1]) : f(~.0)=0]
X(E) = {fe C(fo.1]x[0.1]) : 1(-0) € E} X(Ey =E @ L) & n(X(E)=1

Proving that n(X(E)) =1 J

@ FixTe L(X(E)). Find fy € X(E) and & €]0, 1] x [0, 1] such that |[Tf0](§o)| ~ITII.
@ Consider the non-empty open set
V={£€]0.1]x[0.1] : f(£) ~ fo(&0)}
and find ¢ : [0,1] x [0,1] — [0, 1] continuous with supp(¢) C V and ¢(&) = 1.
@ Write fo(&) = Awy + (1 — A)w. with |wi| = 1, and consider the functions
fi=(-¢)fo+ ¢wfori=1,2.

@ Then, fie Y c X(E), lIfill <1, and

o = (af + (1 = V&)|| = ligfs - efo(£)l ~ 0.
@ Therefore, there is i € {1, 2} such that |[T(f,-)](.fo)| ~ ITll, but now |f;(&)l = 1.

@ Equivalently,
oe (T()| ~ T and I6g, (F)I = 1,
meaning that v(T) ~ || T]|.
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Some related results

Some related results )

@ K. Boyko, V. Kadets, M. Martin, and D. Werner.
Numerical index of Banach spaces and duality.
Math. Proc. Cambridge Philos. Soc. (2007).

@ M. Martin, J. Meri, and A. Rodriguez-Palacios.
Finite-dimensional spaces with numerical index zero.
Indiana U. Math. J. (2004).

@ H. P. Rosenthal
The Lie algebra of a Banach space.
in: Banach spaces (Columbia, Mo., 1984), LNM, Springer, 1985.

Miguel Martin (Granada) Isometries and duality — Universidad de Murcia, February 28th, 2008



Some related results
[ Jele]e]

Isometries in finite-dimensional spaces

Let X be a finite-dimensional real space. TFAE:

@ Iso(X) is infinite.
@ n(X)=0.
@ Thereis T € L(X), T # 0, with v(T) = 0.

v

Examples of spaces of this kind

@ Hilbert spaces.

@ Xz, the real space subjacent to any complex space X.
© An absolute sum of any real space and one of the above.
© Moreover, if X = X, & X; where X; is complex and

[[%0 + € xi|| = lIxo + Xl (xo €Xo, X1 € Xy, O € R).

(Note that the other 3 cases are included here)

Can every Banach space X with n(X) = 0 be decomposed as in Q2
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Some related results
[e] le]e]

Negative answer |

Infinite-dimensional case

There is an infinite-dimensional real Banach space X with n(X) = 0 but X is
polyhedral. In particular, X does not contain C isometrically.

| A

The example is

o]

n>2

X, is the two-dimensional space whose unit ball is the regular polygon of 2n
vertices.

Such an example is not possible in the finite-dimensional case.
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Some related results
[e]e] o]

(Quasi affirmative) negative answer Il

Finite-dimensional case

X finite-dimensional real space. TFAE:
e n(X)=0.

@ X=Xy®X; ®--- & X, such that
@ Xp is a (possible null) real space,

e Xi,..., X, are non-null complex spaces,
there are py, ..., p, rational numbers, such that
”XO 4+ eiPt 5% Ak ooo - eipnean _ ”XO 4+ X e+ Xn“

for every x; € X; and every 6 € R.

1 27 . .
X = R4 -1, l(a, b, c,d)l| = Zf |Re (e*(a+ ib) + e (c + id))| dt.
0
Then n(X) = 0 but the unique possible decomposition is X = C @ C with

et + et = o + el

o’
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Some related results
[e]ele] ]

The Lie-algebra of a Banach space

X real Banach space, Z(X) = {T eL(X) : v(T)= 0}-

@ When X is finite-dimensional, Iso(X) is a Lie-group and Z(X) is the tangent
space (i.e. its Lie-algebra).

<

Remark
If dim(X) = n, then

n(n-1)

0 < dim(Z(X)) < =—

’

An open problem

Given n > 3, which are the possible dim (Z(X)) over all n-dimensional X’s?

A

Observation (Javier Meri, PhD)
When dim(X) = 3, dim(Z(X)) cannot be 2.
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Some related results
@00

Numerical index of Banach spaces

X real or complex Banach space,
n(X) =inf{v(T) : TeL(X), ITI =1} =max{k >0 : kITI < v(T) VT € L(X)}.

@ C(K), Li(u) have numerical index 1.
@ H Hilbert space, dim(H) > 1, then

1
n(H) =0 real case n(H) = 5 complex case.

©Q n(L,[0,1]) = n(¢,) but both are unknown.
Q If X, is the two-dimensional space such that By, is a 2n-polygon, then

T\ ..o .
n(Xn):tan(E) if nis even n(Xn):sln(E) if nis odd.

@ If X is a C*-algebra or the predual of a von Neumann algebra, then
n(X) = 1 if the algebra is commutative and n(X) = 1/2 otherwise.
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Some related results
(o] o}

Numerical index and duality

Proposition

X Banach space.
@ v(T*) = v(T) for every T € L(X).
@ Therefore, n(X*) < n(X).

Is it always n(X) = n(X*) ?

Another example

@ ltis known: if X or X* is a C*-algebra, then n(X) = n(X*).
@ Consider Y = X(K(£2)). Then

n(Y) =1 and Y= "((52))k D1 L1 (/.t)

Then, Y** = L(62) &« Lo (1) is 2 C*-algebra but n(Y*) <n(K(€2)) =1/2.
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Some related results
ooe

Numerical index and duality

In the example n(X(¢2)) > n(X(£2)"), one finds that X(£2)" has another predual
(namely, £>» &, Y) for which the numerical index coincides with the numerical
index of its dual.

Open problems

We look for sufficient conditions assuring the equality between the numerical index
of a Banach space and the one of its dual.

@ Asplundness is not such a property.

@ What’s about RNP ?

© What'’s about if X* has a unique predual ?

© What's about if X does not contains a copy of ¢, ?

If X is a separable Banach space containing (an isomorphic copy of) ¢y, then
there is an equivalent norm | - | on X such that

n((X.1-1)7) < n((X.1-1)).
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