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Introduction
Our aim is to study equalities involving the norm of operators on Banach spaces, and to discuss the possibility of defining isometric properties for Banach spaces by requiring that all
operators of a suitable class satisfy such a norm equality. The interest in this topic goes back to 1963, when I. Daugavet [1] showed that each compact operator T on C|0, 1| satisfies

the norm equality
(DE) [ Id+T|| =1+ ||T|.

The above equation is nowadays referred to as Daugavet equation.

A Banach space X is said to have the Daugavet property if (DE) holds for every rank-one operator T € L(X). In such a case, every weakly
compact operator on X also satisfies (DE) [2]. Examples of spaces having this property are C(K) and Lq(u), provided that K is perfect and i does
not have any atoms (see [3] for an elementary approach), and certain function algebras such as the disk algebra A(ID) or the algebra of bounded

analytic functions H® [4, 6]. The state-of-the-art on the subject can be found in [5].

e Geometric characterization [2]: X has the Daugavet property if and only if for every x € Sx and every ¢ > 0 one has

o (Bx\ (x+(2—¢)Bx) ) = Bx

(see figure on the right).

We will study two cases:

o ||Id+¢g(T)|| = f(||g(T)||) for entire ¢ and continuous f.

THE PROBLEM: Study the possibility of finding norm equalities for operators in the spirit of Daugavet equation, valid for all rank-one operators on a Banach space.

e ||g(T)|| = f(||T||) for entire ¢ and arbitrary f (when X is a real space g is an entire function which carries the real line into itself).

l. Equalities of the form ||¢(T)|| = f(||T||)

REMARK: Let X be Banach space over K (=R orC), f : lRaL — R an arbitrary function, and
a,b € K. If the norm equality
lald+bT| = f(IT])

holds for every rank-one operator T on X, then
f(t)=lal+|b]t  (t€RT).

If a £ 0, b # 0, then X has the Daugavet property. Therefore, in order to find new properties,
we have to replace Id + T by other functions of T.

THEOREM: Let ¢ : K — K be an entire function and f : Rj — R an arbitrary func-
tion. Suppose that there is a Banach space X over K with dim(X) > 2 such that the norm

equality
Ig(D)Il = FAUITI)

holds for every rank-one operator T on X. Then, only three possibilities may happen:
e ¢ Is a constant function (trivial case).
e Thereisb € K\ {0} sothat ¢(¢) = b for every ¢ € K

e Therearea, b € K\ {0} sothat ¢({) =a+ b for{ € K,
and X has the Daugavet property.

(trivial case).

Proof (complex case):
(0@

Letg(2) = ) o ¢* be the power series expansion of g and let § = ¢ — 1. We take xy, X{ € Sx
k=0

and xo, x1 € Sx such that x;(xp) = 0 and x7(x1) = 1. We write Tp = xj ® xg and T; = x7 ® x1,

which satisfy || Ty|| = ||T7]| = 1. For each A € C it is straightforward to check that

g(/\Tl) — aold an g()\) Tl and g()\TO) = LZOId -+ 611)\ To .
Now, fixed A € C, we have

lagld + §(A)T1 || = lIg(AT) | = F(IA]) = Ig(ATo) || = llagld + a1 ATyl
Therefore, using the triangle inequality we obtain

8 < 2]ap] +[aq| [A] (A € Q).

From this, it follows by just using Cauchy’s estimates, that ¢ is a polynomial of degree less or
equal than one, and the result follows from the above remark. []

Some open questions

Il. Equalities of the form ||[Id + ¢(T)|| = f(||g(T)||)

o« Complex case

LEMMA: Let ¢ : C — C be a non-constant entire func-
tion, let f : [|¢(0)], +c0o[— IR be a continuous function
and let X be a Banach space with dim(X) > 2. Suppose

that the norm equality

d +g(T)[l = fClI(T)II)

holds for every rank-one operator T € L(X). Then, —

1(1+8(0)) Id + T[] = |1+ g(0)| — Ig(0)| + [|g(0) Id + T|

for every rank-one operator T € L(X).

Two different cases appear:
° |1+2(0)] —|g(0)] #0
° [1+2(0)] —[g(0)] =0.

If Re g(0) # —1/2

THEOREM: Assume that we are under the
hypothesis of the above lemma and sup-
pose that Reg(0) # —1/2. Then, X has
the Daugavet property.

e Real case

If Reg(0) = —1/2

THEOREM: Assume that we are under the
hypothesis of the above lemma and sup-
pose that Reg(0) = —1/2. Then, there is
w € T suchthat |Id + wT|| = ||Id + T|| for
every rank-one operator T € L(X).

EXAMPLE: If X = C[0,1] @&, C[0,1], then

o |[1d + e T|| = ||Id + T|| for every 6 € R,
rank-one T.
e X does not have the Daugavet property.

If ¢(0) # —1/2

REMARKS:

e The proofs given in complex case are not
valid (we use Picard’s Theorem).

e They work when ¢ is onto.

e We do not know what is the situation
when ¢ is not onto, even in two easy
examples:

o |1d+T?|| =1+ T2,
o [Id—T?|| =1+ |T?.

If g(0) = —1/2

EXAMPLE: If X = C|0,1] &, C|0, 1], then:
e For every rank-one T we have

|Id — T|| = ||I1d + T||.

e X does not have the Daugavet property.

e Study the real or complex spaces for which the equality ||Id + T|| = ||Id — T|| holds for every rank-one operator.

o Study the real spaces X for which the equality ||I1d + T2|| = 1 + ||T?|| holds for every rank-one operator T on X.
o Is there any real space X with dim(X) > 1 such that ||Id + T2|| = 1 + || T?|| for every operator T € L(X) ?

References

The results shown here appear in:

1] 1. K. DAUGAVET, On a property of completely continuous operators in the space C, Uspekhi Mat. Nauk 18 (1963), 157—158 (Russian).
2] V. KADETS, R. SHVIDKOY, G. SIROTKIN, AND D. WERNER, Banach spaces with the Daugavet property, Trans. Amer. Math. Soc. 352 (2000), 855—873.

3] D. WERNER, An elementary approach to the Daugavet equation, in: Interaction between Functional Analysis, Harmonic Analysis and Probability (N. Kalton, E. Saab and
S. Montgomery-Smith editors), Lecture Notes in Pure and Appl. Math. 175 (1994), 449—-454.

4] D. WERNER, The Daugavet equation for operators on function spaces, J. Funct. Anal. 143 (1997), 117-128.
5] D. WERNER, Recent progress on the Daugavet property, Irish Math. Soc. Bull. 46 (2001), 77-97.
6] P. WOJTASZCZYK, Some remarks on the Daugavet equation, Proc. Amer. Math. Soc. 115 (1992), 1047—-1052.

V. KADETS, M. MARTIN, AND J. MERI, Norm equalities for operators on Banach spaces, preprint 2006. http://arxiv.org/math.FA/0604102




