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Numerical Range of an operator

e Toeplitz, 1918:
H Hilbert space, T € L(H)

V(T)=A(Tx|z) : € H, ||z|| =1}

e Lumer, 1961; Bauer, 1962:
X Banach space, T € L(X)

V(T) = {2"(Tz) = lz|| = [l27]| = 27 (z) = 1}



Numerical radius and numerical index

e Numerical radius:
X Banach space, T' € L(X),

v(T) =sup{|A| : Ae V(T)}

v is a continuous seminorm: v(7T") < ||T'|]

e Numerical index:

X Banach space,

n(X) =inf{v(T) : T € L(X), ||T| =1}
=max{k >0 : k||T| <v(T) VI € L(X)}

(Lumer, 1968)



Some basic properties

e n(X)=1Iiff vand || - || coincide

e n(X) = 0 iff v is not an equivalent norm in L(X)

e X complex = n(X) > 1/e.
(Bohnenblust—Karlin, 1955; Glickfeld, 1970)

e {n(X) : X complex, dim(X) =2} =[e™!,1]
{n(X) : X real, dim(X) =2} =10,1]

(Duncan—-McGregor—Pryce-White, 1970)



Some examples

e H Hilbert space, dim(H) > 1,

n(H) =20 if H is real
1/2 if H is complex

1 p positive measure
n(C(K)) =1 K compact Hausdorff space

(Duncan et al., 1970)

n(A) =1 A commutative
o If Aisa C*-algebra =

n(A) =1/2 A not commutative

(Huruya, 1977)



e If Ais a function algebra = n(A4) =1

(Werner, 1997)

e For n > 2, the unit ball of X, is a 2n regular polygon:

n(X,) = <

( 7
tan (—) If n is even,

2n
sin (1) if 1 is odd.
. 2n
(M.—Meri, 77)

e Every finite-codimensional subspace of C'[0, 1]

has numerical index 1

(Boyko—Kadets—M.—Werner, 2006)



Some interesting results

e dim(X) < oo:

n(X)=1 < |z*(x)| =1 (x € ext(Bx), =* € ext(Bx+))
(McGregor, 1971)
n(X) =0 < the group of isometries of X is infinite

< X has certain complex structure
(Rosenthal, 1984)

e dim(X) = oo:

X real, n(X) =1 = X**/X is non-separable
(Lopez—M.—Paya, 1999)
n(X) = 0 does not imply X D C (in particular, X
could be polyhedral)
(M.—Meri—Rodriguez-Palacios, 2004)



Numerical range and duality

e X Banach space, T' € L(X),

e Therefore, n(X*) < n(X).
(Duncan et al., 1970)

o (QUESTION:
Are n(X) and n(X*) always equal ?

e ANSWER:

No, as we will show in the following.




The counterexample

Let us consider the Banach space
X ={(2,y,2) € Do CDooc : limz+limy+limz =0}.

Then, n(X) =1 but n(X*) < 1.

PROOF:

e We write ¢* = ¢1®; < lim > and we observe that

X" =" @ ¢ @ ]/ < (lim, lim, lim) > .

e Then, writing Z = zf’)/ < (1,1,1) >, we can identify

X =l ®101P10181 Z,

X =V Pooloo Doo loo Dax L.



e Let us prove that n(X) = 1.

A = {(en,0,0,0)} U {(0, ,,0,0)} U{(0,0,e,,0)}.
Then Bx+ = aco® (A) and

‘ZIZ**(CL)‘ =1 Vz* e eXt(Bx**) VaeA.
Fix T'e L(X) and € > 0.
We find a € A such that ||[T*(a)|| > ||T*|| — €.
Then, we find ** € ext(Bx=++) such that
27 (T7(a))| = [T (a)|| > [|T7]] —e.
Since |z**(a)| = 1, this gives that
v(T7) > IT7]| =&,

so v(T) = ||T| and n(X) = 1.
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e / is an L-summand of X* so

n(X*) < n(2).

e Butn(Z) <1l

Figure 1: The unit ball of Z
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Remarks

e There is a real X such that n(X)=1 and n(X*) = 0.

e There is a complex X such that n(X) =1 and
n(X*) =1/e.

e There is Z with two preduals X; and X5 such that
n(X1) and n(Xs) are not equal:

X1 ={(z,y,2) EcB®xcPoc : limz+limy+limz =0},

Xo={(2,y,2) EcBxcPoc : z(1)+y(1)+ 2(1) =0}.

n(Xl) =1, N(XQ) < 1.
Z = Xt =Xz
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Open problems

e Y dual space. Is there a predual X such that
n(X)=n(Y)?

e Find (isomorphic) properties implying the equality of the

numerical index of a space and the one of its dual.

Reflexivity is such a property.
Asplundness is not.

RNP ?

A positive result:

Let X be a Banach space with the RNP.
If n(X) =1, then n(X*) = 1.

13



