
Numerical index of Banach spaces

and duality

K. Boyko, V. Kadets, M. Mart́ın, D. Werner

1



Numerical Range of an operator

• Toeplitz, 1918:

H Hilbert space, T ∈ L(H)

V (T ) = {(Tx | x) : x ∈ H, ‖x‖ = 1}.

• Lumer, 1961; Bauer, 1962:

X Banach space, T ∈ L(X)

V (T ) = {x∗(Tx) : ‖x‖ = ‖x∗‖ = x∗(x) = 1}.
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Numerical radius and numerical index

• Numerical radius:

X Banach space, T ∈ L(X),

v(T ) = sup{|λ| : λ ∈ V (T )}

v is a continuous seminorm: v(T ) 6 ‖T‖

• Numerical index:

X Banach space,

n(X) = inf{v(T ) : T ∈ L(X), ‖T‖ = 1}

= max{k > 0 : k‖T‖ 6 v(T ) ∀T ∈ L(X)}

(Lumer, 1968)
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Some basic properties

• n(X) = 1 iff v and ‖ · ‖ coincide.

• n(X) = 0 iff v is not an equivalent norm in L(X).

• X real, dim(X) < ∞,

n(X) = 0 iff the group of isometries of X is infinite.

• X complex ⇒ n(X) > 1/e.

(Bohnenblust–Karlin, 1955; Glickfeld, 1970)

• {n(X) : X complex, dim(X) = 2} = [e−1, 1]

{n(X) : X real, dim(X) = 2} = [0, 1]

(Duncan–McGregor–Pryce–White, 1970)
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Some examples

• H Hilbert space, dim(H) > 1,

n(H) = 0 if H is real,

n(H) = 1/2 if H is complex.

• n
(
L1(µ)

)
= 1 µ positive measure.

n
(
C(K)

)
= 1 K compact Hausdorff space.

(Duncan et al., 1970)

• If dim(X) < ∞, then

n(X) = 1 ⇔ |x∗(x)| = 1
(
x ∈ ext(BX), x∗ ∈ ext(BX∗)

)
.

(McGregor, 1971)
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• If A is a C∗-algebra ⇒

n(A) = 1 A commutative,

n(A) = 1/2 A not commutative.

(Huruya, 1977)

• A(D) disk algebra ⇒ n
(
A(D)

)
= 1.

(Crabb–Duncan–McGregor, 1972)

• If A is a function algebra ⇒ n(A) = 1.

(Werner, 1997)

• For n > 2, the unit ball of Xn is a 2n regular polygon.

n(Xn) =


tan

( π

2n

)
if n is even,

sin
( π

2n

)
if n is odd.

(M.–Meŕı, ??)
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• Direct sums:

n
(
[⊕λ∈ΛXλ]c0

)
= n

(
[⊕λ∈ΛXλ]l1

)
= n

(
[⊕λ∈ΛXλ]l∞

)
= inf

λ
n(Xλ)

(M.–Payá, 2000)

• Vector valued function spaces:

n
(
C(K, X)

)
= n

(
L1(µ,X)

)
= n

(
L∞(µ,X)

)
= n(X)

(M.–Payá, 2000; M.–Villena, 2003)
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Numerical range and duality

• X Banach space, T ∈ L(X),

• supRe V (T ) = lim
α→0+

‖Id + α T‖ − 1
α

.

• Then, v(T ) = v(T ∗).

• Therefore, n(X∗) 6 n(X).

(Duncan et al., 1970)

• Question:

Are n(X) and n(X∗) always equal ?

• Answer:

No, as we will show in the following.
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The counterexample

Let us consider the Banach space

X =
{
(x, y, z) ∈ c⊕∞ c⊕∞ c : lim x+lim y+lim z = 0

}
.

Then, n(X) = 1 but n(X∗) < 1.

Proof:

• We write c∗ = `1 ⊕1 K lim and we observe that

X∗ =
[
c∗ ⊕1 c∗ ⊕1 c∗

]
/(lim, lim, lim).

• Then, writing Z = `
(3)
1 /(1, 1, 1), we can identify

X∗ ≡ `1 ⊕1 `1 ⊕1 `1 ⊕1 Z,

X∗∗ ≡ `∞ ⊕∞ `∞ ⊕∞ `∞ ⊕∞ Z∗.
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• Let us prove that n(X) = 1.

• A = {(en, 0, 0, 0)} ∪ {(0, en, 0, 0)} ∪ {(0, 0, en, 0)}.
• Then BX∗ = acow∗(A) and

|x∗∗(a)| = 1 ∀ x∗∗ ∈ ext(BX∗∗) ∀ a ∈ A.

• Fix T ∈ L(X) and ε > 0.

• We find a ∈ A such that ‖T ∗(a)‖ > ‖T ∗‖ − ε.

• Then, we find x∗∗ ∈ ext(BX∗∗) such that

|x∗∗(T ∗(a))| = ‖T ∗(a)‖ > ‖T ∗‖ − ε.

• Since |x∗∗(a)| = 1, this gives that

v(T ∗) > ‖T ∗‖ − ε,

so v(T ) = ‖T‖ and n(X) = 1.
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• Z is an L-summand of X∗ so

n(X∗) = n(Z).

• But n(Z) < 1 !

Figure 1: The unit ball of Z
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Remarks

• There is Z with two isometric preduals X1 and X2 such

that n(X1) and n(X2) are not equal:

X1 =
�
(x, y, z) ∈ c⊕∞ c⊕∞ c : lim x + lim y + lim z = 0

	
,

X2 =
�
(x, y, z) ∈ c⊕∞ c⊕∞ c : x(1) + y(1) + z(1) = 0

	
.

• n(X1) = 1, n(X2) < 1.

• Z = X∗
1 ≡ X∗

2 .

• There is a real X such that n(X) = 1 and n(X∗) = 0.
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Open problems

• Y dual space. Is there a predual X such that

n(X) = n(Y ) ?

• Find (isomorphic) properties implying the equality of the

numerical index of a space and the one of its dual.

• Reflexivity is such a property.

• Asplundness is not.

• RNP ?

• A positive result:

Let X be a Banach space with the RNP.

If n(X) = 1, then n(X∗) = 1.
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