UNIVERSIDAD DE GRANADA

Existence of hermitian operators
on finite-dimensional Banach spaces:
geometrical consequences

Miguel Martin, Javier Meri, Angel Rodriguez-Palacios




e Hermitian operators
H complex Hilbert space, T € L(H)

T is Hermitian <— T =T~
— (Tx|x)eR VxeH
— |exp(ipT)|| =1 Vp e R

iT is Hermitian <— T*=-T
< Re(Tx|x)=0 VYxeH
— |lexp(pT)||=1 YpeR
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iT is Hermitian <= Re (Tx|x) =0 Vxe€ H
— |lexp(pT)||=1 VpeR

Re (Tx |x) =0 VxeH

0

Re x*(Tx) =0 when x € Sy, x* € Spys, x™(x) =1

)
x*(Tx) =0 when x € Sx, x* € Sx+, x™"(x) =1

(calling X = HR)



e Numerical Range
X Banach space, T € L(X)

[1 Numerical range:
V(T) = {x"(Tx) : x € Sx, x* € Sxs, x*(x) =1}
[ 1 Numerical radius:

o(T) =sup{|A| : A€ V(T)}
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THEOREM (BOHNENBLUST-KARLIN, 1955)

(1 X real Banach space, T € L(X)

o(T)=0 <= |exp(pT)||=1VpeR

(iT is hermitian in L(X)¢)



(1 Numerical index:

inf{o(T) : |T| =1}
=max{k >0 : k||T|| <o(T) VT}

n(X)

74\

n(X) <1 if Xis real

0
1 . :
. <n(X) <1 if Xis complex

0 4T # 0 with v(T) =0 n(X)=2~0

T+ 4

[J Of course, if dim(X) < oo, the equivalence holds
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e Real Banach spaces with
numerical index zero

SOME KNOWN EXAMPLES:

[ H Hilbert space, dim(H) >1 = n(H) =0

[1 X complex Banach space — n(XIR) =0
(Tx =ixVx e X, v(T)=0)

On(Z)=0,Y rbltrary X =Y & Z (absolute sum)
(

(Z)
— n(X) =



PROPOSITION

X real Banach space, Y, Z < X, Z # 0.
If Z has a complex structure, X =Y & Z, and

Hy—|—eisz = |ly + z| (p cR, y€Y, z¢ Z),

then n(X) = 0.
Moreover, T(y,z) = (0,iz) has numerical radius 0.



EXAMPLE

Exists a real polyhedral Banach space X such that n(X) =0

[1 X does not contains C isometrically

0 o(T) >0 forevery T € L(X) \ {0}



e Finite dimension

THEOREM

X finite-dimensional real space. TFAE:

(i) n(X) =0

(i1) Exist nonzero complex spaces X, ..., Xy, a real space X, and
q1,---,9n € IN such that X = Xg @ X1 ® - - - © Xy, and

HxO+QMWx1+.._+g%p%1

= llxo+ - 4 xnl|

for every p € R and every Xj € X]- (7 =0,1,...,n).



SKETCH OF THE PROOF

O Fix T € L(X) \ {0} such that v(T) =0

[1 A Theorem by Auerbach: there exists a Hilbert space H with
dim(H) = dim(X) such that every surjective isometry in L(X)
remains isometry in L(H)

[ Apply the above to exp(oT) for every p € R

[1 Use Kronecker's Approximation Theorem to change the roots of
the characteristic polynomial of T by rational numbers



COROLLARY

X real Banach space with n(X) =0
O If dim(X) = 2, then X =C
O If dim(X) = 3, then X = R @ C (absolute sum)



COROLLARY

X real Banach space, consider the subspace of L(X)

Z(X)={T e L(X) : v(T)=0)

O dim(X) =n = dim (Z(X)) <

/
N

O dim (Z(X)) = n(nz— D <= X is a Hilbert space




EXAMPLE

Exists a real Banach space X such that dim(X) =4, n(X) =0,
and the numbers of complex spaces in the theorem cannot be
reduced to one.

X = (R, || - ||), where

27T . .
[(a,b,c,d)|| = i/o |Re (ez”(aﬂb) +elt(c+id))‘ at,
which satisfies
Hezip(a,b,0,0) +eiP(o,o,c,d)H = ||(a,b,c,d)|

for every p € R and every a,b,c,d € R.



In this case, dim (Z(X)) =1 and Z(X) is generated by

([0 2 0 0)
=20 0 0
=10 0 0 1

\o 0—10)





