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Numerical range

H Hilbert space, T' € L(H)
W(T) = {(Tz|z) : e H, |z| =1}

(Toeplitz, 1918)

X Banach space, T € L(X)
W(T) = {z"(Tx) : [lzf| = [[27[| = 27(x) = 1}

(Lumer, 1961; Bauer, 1962)

Numerical radius

v(T) =sup{|A\| : Xe W(T)}

v is a continuous seminorm; actually

(T) < |||
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Numerical index of a
Banach space

X Banach space,

n(X) = max{k >0 : k|T| <o(T) VT € L(X)}
= inf{o(T) : T € L(X), |T| =1}
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H Hilbert space, dim(H) > 1

n(H) =10 if H is real
1/2 if H is complex

X complex space = n(X) >1/e

(Bohnenblust-Karlin, 1955; Glickfeld, 1970)

{n(X) : complex X, dim(X) =2} = [e™} 1]
{n(X) : real X, dim(X) =2} =0,1]

(Duncan-McGregor-Pryce-White, 1970)
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“Classical” examples

0 real case
(1 H Hilbert, dim(H) > 1, n(H) =

1/2 complex case

On(Li(p)) =1 p positive measure
X*=Li(p) = nX)=1
For instance, n(C(K)) =1 K compact space
(Duncan-McGregor-Pryce-White, 1970)
O A(D) disk algebra = n(A(D)) =1

(Crabb-Duncan-McGregor, 1972)
O n(l,), p#1,2,00 ?
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Vector-valued function spaces

(Martin-Payd, 2000; Martin-Villena, preprint)

PROPOSITION

n([@AeAXA]ZOO) = inf n(X))

CONSEQUENCES

[1 The class of Banach spaces with numerical index 1 is

stable by c¢q, [; and [, sums.

[J X Banach space:

n(X) =n(co(X)) =n(l1(X)) = n(lw(X))
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[J There exists a Banach space X such that
v(T) >0 VT eL(X)\{0}

and n(X) =0
[ ] Real case:

For every t € [0, 1], there exist X; isomorphic to ¢y (or
l1 or o) with n(X;) =t

Complex case:

For every s € [e™1,1], there exists X, isomorphic to cg
(or I1 or l) with n(Xs) = s

THEOREM

n(C(K, X)) - n(Ll(u, X)) - n(LOO(,u, X)) — n(X)
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Tensor products

C(K,X) =C(K)®.X

Li(p, X) = Li(p)®@- X

X, Y Banach spaces:

N O: EXAMPLE

(14@@554) <1= n(l4 S04 )

n(li}@ﬂli}) <1l= n(l4®ﬂl4)
(Lima, 1981)
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NUMERICAL INDEX

AND
RENORMING

(Lépez-Martin-Payd, 1999; Finet-Martin-Paya, 2007)
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e The set NV (X)

We define the set N'(X) as

N(X)={n(Y) : Y isomorphic to X}

EXAMPLES

O N(R) =N (C) = {1},
ON®R™ =1[0,1, N(C™)=["1] (m>1)
(Duncan et al, 1970; Tillekeratne, 1974)

{[O, 1] real case
[] N(Co) :N(ll) = N(loo) =

e, 1] complex case

(Martin-Paya, 2000)

X Banach space, dim(X) = co,  N(X) 7
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Positive Results:

PROPOSITION

(i) X real space = 0e€ N(X)
(i) X complex space = e~ e N(X)

PROPOSITION
N(X) is an interval

COROLLARY

0,1]

leN(X) = N(X){[ |
e 11
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Three questions:

[0 Is M(X) a non-trivial interval
O supN(X) =1 ?

0 1eN(X) 7
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THEOREM
X real space = N(X) D[0,1/3)

X complex space = N(X)D e 1,1/2)

THEOREM

X Banach space having a “long biorthogonal system”

(for example, separable or reflexive or WCG)
X real = N(X)2][0,1)

X complex = N(X)Dle !, 1)
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Negative Results:

X Banach space

nX)=1 & ||T|=o(T) VT € L(X)

If dim(X) < oo, then
n(X)=1 < |z%(z)|=1 Ve €ex(Bx), Vx* € ex (Bx~)

(McGregor, 1971)

lz**(x*)| =1 Vz* € ex(Bxx), Va** € ex (Bxx*x)

LI
n(X)=1
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LEMMA
If n(X) =1, then

lz*(x)| =1 Va* € ex(Bx+), Vx € dent (Bx)

™ (x*)| =1 Va** € ex(Bx#+), Vo* € w"—dent (Bx+)

PROPOSITION

X real Banach space, A infinite subset of Sx such that
|z*(a)] =1 forall a € A and z* € ex (Bx+). Then X D ¢
or X D Ij.

Therefore:
X real Banach space with n(X) = 1.

(¢) ffdent (Bx) =0 = X Dcg o X Dl
(ZZ) If jjw*—dent (Bx*) =00 = X"Dl
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CONSEQUENCES

[J X real space, dim(X) = oo, RNP, n(X) =1
= X Dl

[1 X real Asplund space, dim(X) = oo, n(X) =1
= X*Dl

[1 X real Asplund space, RNP, n(X) =1
= dim(X) < o0

[J X real reflexive or quasi-reflexive space, n(X) =1

= dim(X) < 0.

(1 X real space, dim(X) = o0, n(X) =1
= X**/X is non-separable

[1 X real space, dim(X) = oo, X**/X separable
= N(X)=[0,1)
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SOME OP]
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(].) Calculate n(l,)

(2) X arbitrary space, supN(X)=1"7

(3) Characterize those (real) Banach spaces admiting an

equivalent norm with numerical index 1
e Sufficient conditions
e Necessary conditions:

CONJECTURE
X real space, dim(X) = o0, n(X) =1
= X Dcpo X Dl

(4) » x7) ?
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