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Numerical range of an operator

X Banach spaceT € L(X)

V(T) =T = X[ =[] =x(x) =1}

(Toeplitz, 1918; Lumer, 1961; Bauer, 1962)

Numerical radius

v(T) = sup{[A| : AeV(T)}

VIS a continuous seminorm:

v(T) < |[IT|]



Numerical index of a Banach space

n(X)=maxk>0 : k||T|| <w(T) VT eL(X)}
=inf{v(T) : T e L(X), |T||=1}

0<nX)<1

n(X*) < n(X)

H Hilbert space, diftH) > 1

n(H)=0 if H is real
n(H)=1/2 if His complex
X complex=- n(X)>1/e

(Bohnenblust-Karlin, 1955; Glickfeld, 1970)

{n(X) : X complex dim(X) =2} =[e 1, 1]
{n(X) : Xreal dim(X) =2} =0,1]

(Duncan-McGregor-Pryce-White, 1970)



“Clasical” examples

n(Ly(w) =1 W positive measure
X*=Li(n) = nX)=1

In particular, n(C(K)) =1 K compact Hausdorff space

(Duncan et al., 1970)

K compact, u measure,Y Banach

n(C(K,Y)) = n(La(kY)) =n(Y)

(Martin-Paya, to appear)

Afunction algebra= n(A) =1

(D. Werner, 1997)

n(lp) p?é 172700 ?



Isomorphic point of view

X Banach N(X)={n(Y) : Y ~X}
N(X)?
N(R?) = [0,1] N(C?) =[e 1

X reflexive real Banach space,
dim(X) =0 = 1¢ N(X)

X infinite-dimensional real, & N(X)

(i) X has Radon-Nikodym property> X «— 1
(i) X Asplund space= X* «— |3

As a consequence:

Xreal, dimX) =0, 1e N(X)
= X* /X non-separable

(L6pez-Martin-Paya, 1999)



Positive results (Finet-Martin-Paya)

N(R) = N(C) = {1}

So,X Banach space with difX) > 1

PROPOSITION

(i) Xreal = 0e& N(X)
(i) X complex = et e N(X)

PROPOSITION
N(X) is an interval

COROLLARY

0, 1] real case
1eN(X) = NX)=

le1,1] complex case

canN(X) reduce to one poin? NO



Lindentrauss’ properties (a) and (3)

X has propertya) with constanp (0<p < 1)
iff 3{(x,X }ici C X x X* such that

() Xl =Ixl=xx)=1 (i€l

(i) }xpl<pe  (i#1])

(il ) [|X*]| =sup{|x*(x)| : 1€l} (x* € X)
If {(x,%")}ier satisfies(i), (ii), and

(ii)p [Ix]| =sup(x'(x)| - iel}  (xeX)

thenX has property(3) with constanp.

PROPOSITION
X Banach space having propef(ty) or (3) with constanp.

it X is real, them(X) > =—P.
11p

If X is complex, them(X) >1—p.



IDEA OF THE PROOF

SupposeX has property3) with constanp.
T eL(X), €>0. Takexe X, ||X||=1s.t.

T[> |[T]| —e.

Takei € | such that

(T > ([T —e.




Partington 1982:

Every Banach space can be renormed to have prof@rty
with any constanp € (1/2,1).

THEOREM

X real Banach space> N(X) 2 [0,1/3)

X complex Banach space> N(X) D [e™1,1/2)

Schachermayer 1983; Godun-Troyanski 1993:
“Almost” every Banach space admits equivalent norms verifying

property(a) with constanp € (0,1).

THEOREM
X Banach space with a “large biorthogonal system”
(in particular,X separable oK reflexive)

Xreal = N(X)2[0,1)

X complex = N(X) 2 [e1,1)

COROLLARY
X real, dimX) =0, X**/X separable= N(X)=10,1)



