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Abstract

We present the resolution of the problem of existence and uniqueness of affine
maximal surfaces containing a regular analytic curve and with a given affine nor-
mal along it, see [1]. As applications we give results about symmetries, character-

ize when a curve in R’ can be a geodesic of a such surface and study helicoidal
affine maximal surfaces, that is, surfaces invariant under a one-parametric group
of equiaffine transformations. We obtain new examples with an analytic curve in
its singular set, which have been studied in [2].

1. Affine Maximal Surfaces

The equiaffine area functional
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with K, the euclidean Gauss curvature and dA. the element of euclidean area,
has attracted to many geometers since the beginning of the last century.

Well-known Facts:

e Blaschke (1923): the associated fourth order Euler-Lagrange equation is
equivalent to the vanishing of the affine mean curvature.

e Calabi (1982): locally strongly convex surfaces have always a negative sec-
ond variation (affine maximal surfaces).

1.1. Recent developments

e Affine Weierstrass formulas that have provided an important tool in their
study, (Calabi, Li, 1990).

e Entire solutions of the fourth order affine maximal surface equation

Byyaz — 2buyway + Gratoyy =0, w = (det (V2¢)) ", (1..1)

are always quadratic polynomials (Trudinger-Wang, 2000).

e Every Affine complete affine maximal surface is an elliptic paraboloid, (Li-Jia,
2001, Trudinger-Wang, 2002).

e The Affine Plateau Problem (Trudinger-Wang, 2005).

e Their extension to different nonlinear fourth order equations (Li-Jia,
2003, Trudinger-Wang, 2002).

¢ The validity of the results in affine maximal surfaces with some natural singu-
larities that may arise (Aledo, Chaves, Galvez, Martinez, Milan, Mira, 2005-
2008).

1.2. Basic Notations

Let ¢ : ¥ — R? be a l.s.c immersion, with second fundamental form o, definite
positive,

1
g = K.%0., Berwald-Blaschke metric
1 .
£ = §Ag¢, affine normal

with A,:= Laplace-Beltrami operator associated to g.
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The affine conormal field N := K. /" N,, satisfies

(N, &) =1, (N,dy(v)) =0, vel), (1..2)

and the Euler-Lagrange equation:= A, N = 0.

1.3. Weierstrass-type Representation Formulas

In the simply-connected case v can be recovered from N and the conformal
class of the Blaschke metric:

Lelieuvre formula
¢:2Re/szdez

Calabi’s Representation ) determine a holomorphic curve ® : Q ¢ ¥ — C?
S.i.

N=>o+0, g = —1Det [CID + &, CDZ,C}TZ} dzdz. (1..3)

Y is determined, up to real translation, by a holomorphic curve ¢ satisfying
—1Det [0 + P, ., P, | > 0. To be precise,

¢:2Re/z (<I>+$)><@Zdz:—z(q>x$—/q>xdq>+/$xd_cb).

2. The Affine Bjorling Problem

Let 5 : I — Y be aregular analyticcurve. a =y o, Y =&(opgand U = N o (3,
then, along the curve «

where by prime we indicate derivation respect to s, for all s € 1.

Definition Given Y, U, « : I — R’ regular analytic curves.
{Y, U} is an analytic equiaffine normalization of « if there is an analytic positive
function X : I — R™ such that all the equations in (2..1) hold on 1.

Theorem Let {Y, U} be an analytic equiaffine normalization of a, then there ex-
Ists a unique affine maximal surface ) containing «(7), with conormal field and
Blaschke normal along o, U and Y respectively.

(v:=a.m.s. along o generated by {Y, U}).

Outline of the Proof

e By the Inverse Function Theorem dz : s+, s € [
e Identity Principle: N, = 1 (U, +4Y x a.), 2 €N

¢ Via Calabi’s representation.

Y = a(sg) +2Re /Z 1@+ @) x DedC, (2..2)
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where, ¢(z) = 3 (U + zfjo Y X oszC>, z €, spel,onacomplex do-
main §2 containing 1.

Corollary Let o, Y : I — R? be two regular analytic curves
Det] Y', o/, Y |Det| Y', o/, 0" | > 0, on I. (2..3)

= 3y ¢ containing «(/) with Y as Blaschke normal along «.
Proof 3, U and ),
I Y x o | O<)\:Det[Y’,oz’,oz”]
Det| Y /)Y | Det| Y o/, Y |
s.t. {Y,U} is an a.e.n. of a. The result follows from above Theorem, taking in
Calabi’s representation,

Y. X o, i [~
— - [ Y €2 I.
d(2) Det[ Voo Y| +210 X ad(, z €€, 50 €

Corollary o, Y : I — R’ regular analytic curves
[ Y7 &/7 a{,/ ] # O?

Y'xa =0, on [I. (2..4)

Given )\ : I — R*, 9; ¢ containing «(7), such that its Blaschke normal along «
is Y and g(o/, ') = A

3. Applications

3.1. The Cauchy Problem

If v : Q — R’ is the graph of a l.s.c. function ¢(x,y), (z,y) € Q. The Euler-
Lagrange equation for the affine area functional is

qbyy(ﬂxx — 2¢xywxy + qb:vxwyy = O, W = (det (V2¢))_3/4 .
In this situation
9o = % (¢x:c dSCQ + 2¢xy dz dy -+ ¢yy dyQ) 3
N = %(—be,—gby,l) ) (31)

1
§ = (Wya — P, 3—\/(; - ?by@x -+ Cba:@y) )

where ¢, = % <§bxywzc — gbxxwy) and Py = % (gbyywx — beywy) -
The Cauchy Problem

( —3/4

W= (det (V%))

¢yywxx — 2¢xywscy + qb:c:vay — Oa

\

where a, b, ¢, d are analytic functions on I, ¢ is defined on 2 containing I x {0},
has solution

z=8+it o
(2,3:0(,)) = (n,0,a(s0) +2Re [ (048) x D,

S0

with
o) = 3 (V) +1 [ YO x Q) dc)),
Uls) = (c(s)a"(s) = b'(5)*) " (=a(s), —b(s), 1),
A(s) = (11, 0,a'(s)),
Y(s) = 1 (c(s)a”(s) — b’(s)Q) T (b’(da,” +3cb”) — 20 — c(c'a” + ca”),

b’(3c’a” + CCI/”) . 26/219” . a//(da// + Cb”),
4t — 202 (d'd + dea” + b)) — " ((—4c? + bd)a” + beb”)
—ca'(da"” + ca™) + V' (a'(da" + 3¢b”) + b(3c'a" + ca™))) .

3.2. Symmetry and Geodesics

Consider T : R® — R?, the equiaffine transformation given by T'(v) = Av + b
and {Y,U} an analytic equiaffine normalization of o« : I — R’ We say T
is a symmetry of {Y,U} if 3 1" : I — [ analytic diffeomorphism such that
aoll=Toa, Yol'=AY, Uol = (A)"'U.

Theorem. (Generalized symmetry principle). Any symmetry of an analytic
equiaffine normalization induces a global symmetry of the affine maximal sur-
face generated by the equiaffine normalization.

If 6:1 — Yisaregularcurve sit., a =9y o 3, Y =¢fofand U = N o are
analytic = « is a pre-geodesic for the Blaschke metric if and only if

" Y]+ U, U, U =0 on I (3..2)

Then a regular analytic curve o : I — R’ is the geodesic of some affine maximal
surface if and only if there exists an affine equiaffine normalization {Y, U} of «
satisfying (3..2) and (", U) = c for a positive constant c.

Thus, we can obtain that every planar analytic curve whose curvature does not
vanish at any point is pre-geodesic of an affine maximal surface which has the
plane containing the curve as a symmetry plane. Also, every analytic helix, (k/7
constant), is pre-geodesic of an affine maximal surface.

4. Helicoidal affine maximal surfaces

Consider T(v) = Asv + bs @ one-parametric subgroup of equiaffine transforma-
tions. From our existence Theorem and generalized symmetry Principle, an
affine maximal surface invariant under 7;, s € R, is locally given as the sur-
face generated by the following {7}-symmetric a.e.n {Y U}, along the orbit

a,(s) = T.(p) of & fixed point p = (py, ps. ps),
Y(s) =AY,  Uls)=(A)"'0,

and Y,, U, € R satisfy the necessary conditions for (2..1) holds. In particular,
the Berwald-Blaschke metric must be constant along «,,.

We apply our representation to classify the affine maximal surfaces invariant
under these groups.
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4.1. Some G, ,~invariant affine maximal surfaces

For this one-parametric group the orbit of a point p is given by a,(s) =
(Pl + D2as +p3a§ + a%pz T P3sS + %,pg + s)

4.2. Some G, ~invariant affine maximal surfaces

In this case «a,(s) = (p1 cos(s) + p2sin(s), —py sin(s) + pe cos(s), ps + as) .
Rotational affine maximal surfaces:

Non rotational G, ,-invariant affine maximal surface:

5. Affine maximal maps

Some Helicoidal affine maximal surfaces:

e Are glued by analytic curves where the affine metric is degenerated but the
affine normal and the affine conormal are well defined.

e Can be represented as in (2..2), where ¢ is a well-defined holomorphic reg-
ular curve on the Riemann surface ..

Definition If a map ) : ¥ — R’ admits a representation as in (2..2) for a cer-
tain holomorphic curve ® which satisfies that [® + @, ®., ®.]|dz|* does not vanish
identically, we say that ¢ is an affine maximal map

Theorem o« : I — R® a regular analytic curve with non-vanishing curvature.
Then, for any non-vanishing regular analytic function . : I — R there exists a
unique affine maximal map «;, containing «(7) in its set of singularities.
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