UNIVERSITY OF
KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for

svIP 1= |nertial methods for finding minimum-norm
0.T Mewomo . o o . . .
solutions of the split variational inequality
problem beyond monotonicity

Introduction
Preliminaries
Main Results

Numerical
Examples

Banach Algebras and Applications Conference
References Granada Spain 2022
O.T. Mewomo

School of Mathematics, Statistics & Computer Science
University of KwaZulu-Natal, Durban, South Africa

Wednesday, 20th July, 2022

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



ool Outline

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

othods for © Introduction
SVIP @ Fixed point problem

@ Background of the study

Introduction @ Purpose of the study

Preliminaries

0.T Mewomo

Preliminaries

Main Results

Numerical
Examples

Main Results

References @ Assumptions

@ Proposed methods

@ Convergence analysis

@ Numerical Examples
© References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



el 1= Acknowledgement

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

0.T Mewomo

@ | acknowledge with thanks the invitation and opportunity
by the organizers of the 25th Conference on Banach
Algebras and Applications 2022.

Introduction

Preliminaries

Main Results

Lo @ | acknowledge the financial support of 250 CHF by
Symmetry towards my participation in this conference.

References

@ A Special Issue can be proposed at any time to Symmetry.
For details, see https://www.mdpi.com/journal /symmetry.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 3 /37



UNIVERSITY OF
KWAZULU-NATAL

8 Fixed point problem

INYUVES|
YAKWAZULU-NATALI

o, @ Let X be a Hilbert or Banach space, C a nonempty closed
s subset of X and T': C — C a nonlinear operator. We
denote by F(T) the set of fixed points of T, i.e.

F(T)={zeC: Tz =z}

SVIP

0.T Mewomo

Introduction
Fixed point problem
Background of the
study
Purpose of the study
Preliminaries
Main Results

Numerical
Examples

References

Wednesday, 20th July, 2022 4/37

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP



e Fixed point problem

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

e @ Let X be a Hilbert or Banach space, C a nonempty closed

contraction

hods fi .
mvie subset of X and T": C — C a nonlinear operator. We

0.T Mewomo denote by F(T) the set of fixed points of T, i.e.
Introduction F(T) — {l' S C . Tl' = :1,‘}
el pant pralem @ The Fixed Point Problem (FPP) is formulated as follows:

Background of the
study

Purpose of the study
Preliminaries

Main Results

Numerical
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 4/37



e Fixed point problem

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

T @ Let X be a Hilbert or Banach space, C a nonempty closed

methods for

svip subset of X and T': C — C a nonlinear operator. We

0.T Mewomo denote by F(T) the set of fixed points of T, i.e.

Introduction F(T) — {l' S C . Tl' = :1,‘}

T @ The Fixed Point Problem (FPP) is formulated as follows:
:renm..:ahnesdy Find € C such that Tx = z. (1.1)

Main Results

Numerical
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 4/37



388~

&

e Fixed point problem

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

T @ Let X be a Hilbert or Banach space, C a nonempty closed

methods for

svip subset of X and T': C — C a nonlinear operator. We

0.T Mewomo denote by F(T) the set of fixed points of T, i.e.

Introduction F(T) = {JI = C : TZL' = :1:}

S— @ The Fixed Point Problem (FPP) is formulated as follows:
. Find 2 € C such that Tz = z. (1.1)
Main Results

Numerical

S @ In connection with the FPP are the following questions:

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 4/37



388~

&

e Fixed point problem

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

T @ Let X be a Hilbert or Banach space, C a nonempty closed

methods for

svip subset of X and T': C — C a nonlinear operator. We

0.T Mewomo denote by F(T) the set of fixed points of T, i.e.

Introduction F(T) = {JI = C : TZL' = :1:}

S— @ The Fixed Point Problem (FPP) is formulated as follows:
. Find 2 € C such that Tz = z. (1.1)
Main Results

Numerical

S @ In connection with the FPP are the following questions:

References

o Does a fixed point exist?

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 4/37



388~

&

e Fixed point problem

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

T @ Let X be a Hilbert or Banach space, C a nonempty closed

methods for

svip subset of X and T': C — C a nonlinear operator. We

0.T Mewomo denote by F(T) the set of fixed points of T, i.e.

Introduction F(T) = {JI = C : TZL' = :1:}

S— @ The Fixed Point Problem (FPP) is formulated as follows:
. Find 2 € C such that Tz = z. (1.1)
Main Results

Numerical

S @ In connection with the FPP are the following questions:

References

o Does a fixed point exist?
o If exist, is it unique?

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 4/37



388~

&

e Fixed point problem

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

T @ Let X be a Hilbert or Banach space, C a nonempty closed

methods for

svip subset of X and T': C — C a nonlinear operator. We

0.T Mewomo denote by F(T) the set of fixed points of T, i.e.

Introduction F(T) = {JI = C : TZL' = :1:}

S— @ The Fixed Point Problem (FPP) is formulated as follows:
. Find 2 € C such that Tz = z. (1.1)
Main Results

Numerical

S @ In connection with the FPP are the following questions:

References

o Does a fixed point exist?
o If exist, is it unique?
o If exist, how can we approximate it?

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 4/37



e Fixed point problem

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

o Let X be a Hilbert or Banach space, C a nonempty closed

methods for

svip subset of X and T': C — C a nonlinear operator. We

0.T Mewomo denote by F(T) the set of fixed points of T, i.e.

Introduction F(T) = {l’ = C : TZL' = IE}

S— @ The Fixed Point Problem (FPP) is formulated as follows:
. Find 2 € C such that Tz = z. (1.1)
Main Results

Numerical

S @ In connection with the FPP are the following questions:

References

o Does a fixed point exist?

o If exist, is it unique?

o If exist, how can we approximate it?
@ This work focus on the last question, i.e. approximating a
fixed point of T if its fixed point exists.

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 4 /37



e Fixed point problem

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

o Let X be a Hilbert or Banach space, C a nonempty closed

methods for

svip subset of X and T': C — C a nonlinear operator. We

0.T Mewomo denote by F(T) the set of fixed points of T, i.e.

Introduction F(T) = {l’ = C : TZL' = IE}

S— @ The Fixed Point Problem (FPP) is formulated as follows:
. Find 2 € C such that Tz = z. (1.1)
Main Results

Numerical

S @ In connection with the FPP are the following questions:

References

o Does a fixed point exist?

o If exist, is it unique?

o If exist, how can we approximate it?
@ This work focus on the last question, i.e. approximating a
fixed point of T if its fixed point exists.

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 4 /37



é Fixed point problem

e
Picard iteration process (PIP) and Banach contraction mapping principle

UNIVERSITY OF
KWAZULU-NATAL

YAKWA’?JIJE?INATALI ( B C M P )

Projection &
contraction

methods for @ PIP is defined in a metric space X as follows:

r1 € X,
Introduction
Tpy1 = Txy, Vn > 1,

Fixed point problem

Background of the
study

Purpose of the study
Preliminaries
Main Results

Numerical
Examples

References

Wednesday, 20th July, 2022 5/37

Projection & contraction methods for SVIP

0.T Mewomo (UKZN, South Africa)



Fixed point problem

W itweomll Picard iteration process (PIP) and Banach contraction mapping principle
YAKWA’%VJ:J?IIGATALI ( B C M P )

Projection &
contraction

methods for @ PIP is defined in a metric space X as follows:

0.T Mewomo

r1 € X,
Introduction ( ]. . 2)
Fixed point problem xn+1 = T.%'n, Vn 2 1,
Background of the
study
Purpose of the study
Preliminaries @ BCMP (see [Ba]): For a complete metric space X and
Main Results T : X — X a contraction. Then

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



Fixed point problem

W itweomll Picard iteration process (PIP) and Banach contraction mapping principle
YAKWA’%VJ:J?IIGATALI ( B C M P )

Projection &
contraction

methods for @ PIP is defined in a metric space X as follows:

0.T Mewomo

r1 € X,
Introduction ( ]. . 2)
Fixed point problem xn+1 = T.%'n, Vn 2 1,
Background of the
study
Purpose of the study
Preliminaries @ BCMP (see [Ba]): For a complete metric space X and
Main Results T : X — X a contraction. Then
Numerical o T has a unique fixed point

Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



BT

&

W itweomll Picard iteration process (PIP) and Banach contraction mapping principle
YAKWA’%VJ:J?IIGATALI ( B C M P )

Fixed point problem

Projection &
contraction

methods for @ PIP is defined in a metric space X as follows:

0.T Mewomo

r1 € X,
Introduction ( ]. . 2)
Fixed point problem xn+1 = T.%'n, Vn 2 1,
Background of the
study
Purpose of the study
Preliminaries @ BCMP (see [Ba]): For a complete metric space X and
Main Results T : X — X a contraction. Then
Numerical o T has a unique fixed point

Examples

o PIP (1.2) converges strongly to the unique fixed point of 7.

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 5/37



388~

&

W itweomll Picard iteration process (PIP) and Banach contraction mapping principle
YAKWA’%VJ:J?IIGATALI ( B C M P )

Fixed point problem

Projection &
contraction

methods for @ PIP is defined in a metric space X as follows:

0.T Mewomo

r1 € X,
Introduction ( ]. . 2)
Fixed point problem xn+1 = T.%'n, Vn 2 1,
Background of the
study
Purpose of the study
Preliminaries @ BCMP (see [Ba]): For a complete metric space X and
Main Results T : X — X a contraction. Then
Numerical o T has a unique fixed point

Examples

o PIP (1.2) converges strongly to the unique fixed point of 7.

References

@ BCMP is the pivot of metric fixed point theory.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 5/37



=Sl Fixed point problem
W itweomll Picard iteration process (PIP) and Banach contraction mapping principle
YAKWPIEYJUL‘J?IN&TALI ( B C M P )

Projection &
contraction

methods for @ PIP is defined in a metric space X as follows:

0.T Mewomo

r1 € X,
Introduction ( ]. . 2)
Fixed point problem xn+1 = T.%'n, Vn 2 1,
Background of the
study
Purpose of the study
Preliminaries @ BCMP (see [Ba]): For a complete metric space X and
Main Results T : X — X a contraction. Then
Numerical o T has a unique fixed point

Examples

o PIP (1.2) converges strongly to the unique fixed point of 7.

References

@ BCMP is the pivot of metric fixed point theory.

@ For mappings more general than the contraction mapping,
one may not be able to apply the BCMP.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 5/37



=Sl Fixed point problem
W itweomll Picard iteration process (PIP) and Banach contraction mapping principle
YAKWPIEYJUL‘J?IN&TALI ( B C M P )

Projection &
contraction

methods for @ PIP is defined in a metric space X as follows:

0.T Mewomo

r1 € X,
Introduction ( ]. . 2)
Fixed point problem xn+1 = T.%'n, Vn 2 1,
Background of the
study
Purpose of the study
Preliminaries @ BCMP (see [Ba]): For a complete metric space X and
Main Results T : X — X a contraction. Then
Numerical o T has a unique fixed point

Examples

o PIP (1.2) converges strongly to the unique fixed point of 7.

References

@ BCMP is the pivot of metric fixed point theory.

@ For mappings more general than the contraction mapping,
one may not be able to apply the BCMP.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 5/37



e

e \ariational inequality problem (VIP)

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

@ The VIP is defined as finding a point z* € C such that

Introduction <A$*7 Yy — ,’L’*> > 0, W Yy € H, (13)

Fixed point problem

Background of the
study

Purpose o the study A :H — H is a nonlinear operator, H is a Hilbert space
el and C C H is nonempty, closed, convex.

Main Results

Numerical
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 6 /37



BT

&

e \ariational inequality problem (VIP)

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

0.1 Mewomo @ The VIP is defined as finding a point z* € C such that

Introduction <A$*7 Y — ,’L’*> > 0, W Yy € H, (13)

Fixed point problem

Background of the
study

P ——— A :H — H is a nonlinear operator, H is a Hilbert space
Preliminaries and C C H is nonempty, closed, convex.

:::e:::ms @ It is known that VIP (1.3) is equivalent to the FPP, for all
Examples v >0,

References x* = Po(l —~vA)x™. (1.4)

Thus Fixed point methods can be applied to solve VIP.

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 6/37



BT

&

e \ariational inequality problem (VIP)

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

0.1 Mewomo @ The VIP is defined as finding a point z* € C such that

Introduction <A$*7 Y — ,’L’*> > 0, W Yy € H, (13)

Fixed point problem

Background of the
study

P ——— A :H — H is a nonlinear operator, H is a Hilbert space
Preliminaries and C C H is nonempty, closed, convex.

:::e:::ms @ It is known that VIP (1.3) is equivalent to the FPP, for all
Examples v >0,

References x* = Po(l —~vA)x™. (1.4)

Thus Fixed point methods can be applied to solve VIP.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 6/37



388~

&

peee®d  Split variational inequality problem (SVIP)

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for

SVIP The VIP (1.3) was later generalized to the following SVIP
0.T Mewomo by Censor et al.: Find z € C such that

I:tr::uctm: (Az,y —z) >0, VyecC, (1.5)

Background of the
study

Purpose of the study

and z =Tz € Q solves

Preliminaries

Main Results <Fz,u — Z> 2 O7 Y u € Q, (16)

Numerical
Examples

where C and Q are nonempty, closed and convex subsets
of real Hilbert spaces H1 and Hs respectively,

A:Hy — Hi, F:Hy — Hoy are two operators and

T :Hy1 — Ho is a bounded linear operator.

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 7/37



388~

&

peee®d  Split variational inequality problem (SVIP)

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for

SVIP The VIP (1.3) was later generalized to the following SVIP
0.T Mewomo by Censor et al.: Find z € C such that

I:tr::uctm: (Az,y —z) >0, VyecC, (1.5)

Background of the
study

Purpose of the study

and z =Tz € Q solves

Preliminaries

Main Results <Fz,u — Z> 2 O7 Y u € Q, (16)

Numerical
Examples

where C and Q are nonempty, closed and convex subsets
of real Hilbert spaces H1 and Hs respectively,

A:Hy — Hi, F:Hy — Hoy are two operators and

T :Hy1 — Ho is a bounded linear operator.

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 7/37



Split variational inequality problem (SVIP) contd

UNIVERSITY OF
KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projectio_n &

contraction

methors for @ The SVIP can be viewed as a pair of VIPs in which a
solution of one VIP occurs in a given space H1 whose

image under a given bounded linear operator T is a

Introduction . .
solution of another VIP in another space Hs.

Fixed point problem

0.T Mewomo

Background of the
study

Purpose of the study
Preliminaries
Main Results

Numerical
Examples

References

Wednesday, 20th July, 2022

Projection & contraction methods for SVIP

0.T Mewomo (UKZN, South Africa)



e Split variational inequality problem (SVIP) contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction

methods for @ The SVIP can be viewed as a pair of VIPs in which a

A solution of one VIP occurs in a given space H1 whose
image under a given bounded linear operator T is a

Introduction . .

- solution of another VIP in another space Hs.

Background of the . . . . .

—— @ Thus SVIP (1.5)-(1.6) is an interesting combination of the

Preliminaries VI P

Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 8/37



e Split variational inequality problem (SVIP) contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction

methods for @ The SVIP can be viewed as a pair of VIPs in which a

A solution of one VIP occurs in a given space H1 whose
image under a given bounded linear operator T is a

Introduction . .

- solution of another VIP in another space Hs.

Background of the . . . . .

—— @ Thus SVIP (1.5)-(1.6) is an interesting combination of the

Preliminaries VI P

Main Results @ Many practical nonlinear problems arising in applied

pumerical sciences such as optimization, image recovery, signal

xamples ] . !

References processing and machine learning can be formulated as
SVIP.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 8/37



BT

&

e Split variational inequality problem (SVIP) contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction

methods for @ The SVIP can be viewed as a pair of VIPs in which a
T solution of one VIP occurs in a given space H1 whose

image under a given bounded linear operator T is a
Introduction . .
- solution of another VIP in another space Hs.
Background of the . . . . .
—— @ Thus SVIP (1.5)-(1.6) is an interesting combination of the
Preliminaries VI P
Main Results @ Many practical nonlinear problems arising in applied
pumerical sciences such as optimization, image recovery, signal
xamples ] . !
References processing and machine learning can be formulated as
SVIP.

@ The SVIP has only been studied by very few authors when
the operators A and F' are not necessarily co-coercive.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 8/37



BT

&

e Split variational inequality problem (SVIP) contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction

methods for @ The SVIP can be viewed as a pair of VIPs in which a
T solution of one VIP occurs in a given space H1 whose

image under a given bounded linear operator T is a
Introduction . .
- solution of another VIP in another space Hs.
Background of the . . . . .
—— @ Thus SVIP (1.5)-(1.6) is an interesting combination of the
Preliminaries VI P
Main Results @ Many practical nonlinear problems arising in applied
pumerical sciences such as optimization, image recovery, signal
xamples ] . !
References processing and machine learning can be formulated as
SVIP.

@ The SVIP has only been studied by very few authors when
the operators A and F' are not necessarily co-coercive.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 8 /37



388~

&

e Split variational inequality problem (SVIP) contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction

methods for @ The first known attempt to solve the SVIP when A and F
SV are monotone and Lipschitz continuous was made by

Censor et al. [C]. First, they transformed the SVIP into an

IR equivalent constrained VIP in the product space Hi x H»

Fixed point problem

T (see [Section 4][C]). Then, they employed the well-known

study

Dy subgradient extragradient method to solve the problem.

Preliminaries

0.T Mewomo

Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 9/37



e Split variational inequality problem (SVIP) contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction

methods for @ The first known attempt to solve the SVIP when A and F
SV are monotone and Lipschitz continuous was made by

Censor et al. [C]. First, they transformed the SVIP into an

IR equivalent constrained VIP in the product space Hi x H»

Fixed point problem

T (see [Section 4][C]). Then, they employed the well-known

study

Dy subgradient extragradient method to solve the problem.

Preliminaries

O.T Mewomo

@ However, the potential difficulty in this approach lies in

Numerical the computation of the projection onto some new product
Epics subspace formulations and the difficulty in translating the
RElicaces method back to the original spaces H; and Hs.

Main Results

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 9/37



e Split variational inequality problem (SVIP) contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction

methods for @ The first known attempt to solve the SVIP when A and F
SV are monotone and Lipschitz continuous was made by

Censor et al. [C]. First, they transformed the SVIP into an

IR equivalent constrained VIP in the product space Hi x H»

Fixed point problem

T (see [Section 4][C]). Then, they employed the well-known

study

Dy subgradient extragradient method to solve the problem.

Preliminaries

O.T Mewomo

@ However, the potential difficulty in this approach lies in
Numerical the computation of the projection onto some new product
Epics subspace formulations and the difficulty in translating the
RElicaces method back to the original spaces H; and Hs.

Main Results

@ They obtained weak convergence to a solution of SVIP
provided that the solution set of SVIP is nonempty, A, F
are Ly, Lo-co-coercive operators respectively.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 9/37



e Split variational inequality problem (SVIP) contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction

methods for @ The first known attempt to solve the SVIP when A and F
SV are monotone and Lipschitz continuous was made by

Censor et al. [C]. First, they transformed the SVIP into an

IR equivalent constrained VIP in the product space Hi x H»

Fixed point problem

T (see [Section 4][C]). Then, they employed the well-known

study

Dy subgradient extragradient method to solve the problem.

Preliminaries

O.T Mewomo

@ However, the potential difficulty in this approach lies in
Numerical the computation of the projection onto some new product
Epics subspace formulations and the difficulty in translating the
RElicaces method back to the original spaces H; and Hs.

Main Results

@ They obtained weak convergence to a solution of SVIP
provided that the solution set of SVIP is nonempty, A, F
are Ly, Lo-co-coercive operators respectively.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 9/37



ol Our interest

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Fonpraction. @ Our interest in this work is to solve the SVIP when A and
s F are pseudomonotone and Lipschitz continuous, without
any product space reformulation of the original problem,

and with minimal number of projections per iteration.

SVIP
0.T Mewomo
Introduction

Fixed point problem

Background of the
study

Purpose of the study
Preliminaries
Main Results

Numerical
Examples

References

Wednesday, 20th July, 2022 10/37

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP



ol Our interest

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction @ Our interest in this work is to solve the SVIP when A and
eip F' are pseudomonotone and Lipschitz continuous, without
0.T Mewomo any product space reformulation of the original problem,

and with minimal number of projections per iteration.

Introduction

RpBrEEn @ To this end, we construct two extensions of the projection

Background of the

i and contraction methods for solving the SVIP (1.5)-(1.6).

Purpose of the study

Preliminaries
Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 10/37



388~

&

ol Our interest

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction @ Our interest in this work is to solve the SVIP when A and

methods for

SVIP F' are pseudomonotone and Lipschitz continuous, without
0.T Mewomo any product space reformulation of the original problem,
and with minimal number of projections per iteration.

Introduction

RpBrEEn @ To this end, we construct two extensions of the projection

Background of the

i and contraction methods for solving the SVIP (1.5)-(1.6).

Purpose of the study

Preliminaries @ Our methods do not depend on the knowledge of the
Main Results bounded linear operator norm ||T'||.

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 10/37



388~

&

ol Our interest

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction @ Our interest in this work is to solve the SVIP when A and

methods for

SVIP F' are pseudomonotone and Lipschitz continuous, without
0.T Mewomo any product space reformulation of the original problem,
and with minimal number of projections per iteration.

Introduction

RpBrEEn @ To this end, we construct two extensions of the projection

Background of the

i and contraction methods for solving the SVIP (1.5)-(1.6).

Purpose of the study

Preliminaries @ Our methods do not depend on the knowledge of the
Main Results bounded linear operator norm ||T'||.

Numerical

Examples @ The sequence generated by our methods converges
References strongly to a minimum-norm solution of the SVIP. In many
practical problems, it is very important and useful if the
minimum-norm solutions of such problems can be found.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 10/37



388~

P~

ol Our interest

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction @ Our interest in this work is to solve the SVIP when A and
eip F' are pseudomonotone and Lipschitz continuous, without
0.T Mewomo any product space reformulation of the original problem,

and with minimal number of projections per iteration.

Introduction

RpBrEEn @ To this end, we construct two extensions of the projection

Background of the

i and contraction methods for solving the SVIP (1.5)-(1.6).

Purpose of the study

Preliminaries @ Our methods do not depend on the knowledge of the
Main Results bounded linear operator norm ||T'||.

Numerical

Examples @ The sequence generated by our methods converges

References strongly to a minimum-norm solution of the SVIP. In many
practical problems, it is very important and useful if the
minimum-norm solutions of such problems can be found.

@ Our methods include inertial extrapolation steps. This aid
to improved the convergence speed.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 10/37



388~

P~

ol Our interest

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction @ Our interest in this work is to solve the SVIP when A and
eip F' are pseudomonotone and Lipschitz continuous, without
0.T Mewomo any product space reformulation of the original problem,

and with minimal number of projections per iteration.

Introduction

RpBrEEn @ To this end, we construct two extensions of the projection

Background of the

i and contraction methods for solving the SVIP (1.5)-(1.6).

Purpose of the study

Preliminaries @ Our methods do not depend on the knowledge of the
Main Results bounded linear operator norm ||T'||.

Numerical

Examples @ The sequence generated by our methods converges

References strongly to a minimum-norm solution of the SVIP. In many
practical problems, it is very important and useful if the
minimum-norm solutions of such problems can be found.

@ Our methods include inertial extrapolation steps. This aid
to improved the convergence speed.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 10/37



oo Nonexpansive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Prajection & @ Let H be a real Hilbert space with inner product (,) and

methods for norm ||.||. A mapping T': H — H is said to be
SVIP

Introduction
Preliminaries
Main Results

Numerical
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 11 /37



el Nonexpansive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Let H be a real Hilbert space with inner product (,) and
contraction - . .
methods for norm ||.||. A mapping T': H — H is said to be

sviP o L-Lipschitz continuous, if there exists a constant L > 0

such that

Introduction
B [Tz — Tyl < Lz —yl,

Preliminaries

0.T Mewomo

z,y € H;

Main Results

Numerical
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 11 /37



el Nonexpansive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Let H be a real Hilbert space with inner product (,) and
contraction - . .
methods for norm ||.||. A mapping T': H — H is said to be

sviP o L-Lipschitz continuous, if there exists a constant L > 0

such that

oductor [Tz —Tyll < Lllz —yll, =yeH;

Preliminaries

0.T Mewomo

Main Results
Numerical e a contraction if L € [0,1);
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 11 /37



el Nonexpansive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Let H be a real Hilbert space with inner product (,) and
contraction - . .
methods for norm ||.||. A mapping T': H — H is said to be

sviP o L-Lipschitz continuous, if there exists a constant L > 0

such that

oductor [Tz —Tyll < Lllz —yll, =yeH;

Preliminaries

0.T Mewomo

Main Results
Numerical e a contraction if L € [0,1);

Examples ° nonexpansive if L = 1,
References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 11 /37



el Nonexpansive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Let H be a real Hilbert space with inner product (,) and
contraction - . .
methods for norm ||.||. A mapping T': H — H is said to be

sviP o L-Lipschitz continuous, if there exists a constant L > 0

0.T Mewomo SuCh that

Introduction ||TZ' _ Ty” S LHJ? _ yH, T,y c H,

Preliminaries

Main Results

Numerical e a contraction if L € [0,1);
Examples ° nonexpansive if L = 1,
References e a-averaged if a € (0,1) and

T=(1-a)l+as,

where S : H — H is nonexpansive and [ is the identity
mapping on H.

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 11 /37



el Nonexpansive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Let H be a real Hilbert space with inner product (,) and
contraction - . .
methods for norm ||.||. A mapping T': H — H is said to be

sviP o L-Lipschitz continuous, if there exists a constant L > 0

0.T Mewomo SuCh that

Introduction ||TZ' _ Ty” S LHJ? _ yH, T,y c H,

Preliminaries

Main Results

Numerical e a contraction if L € [0,1);
Examples ° nonexpansive if L = 1,
References e a-averaged if a € (0,1) and

T=(1-a)l+as,

where S : H — H is nonexpansive and [ is the identity
mapping on H.
@ Remark

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 11 /37



el Nonexpansive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Let H be a real Hilbert space with inner product (,) and
contraction - . .
methods for norm ||.||. A mapping T': H — H is said to be

sviP o L-Lipschitz continuous, if there exists a constant L > 0

0.T Mewomo SuCh that

Introduction ||TZ' _ Ty” S LHJ? _ yH, T,y c H,

Preliminaries

Main Results

Numerical e a contraction if L € [0,1);
Examples ° nonexpansive if L = 1,
References e a-averaged if a € (0,1) and

T=(1-a)l+as,

where S : H — H is nonexpansive and [ is the identity
mapping on H.

@ Remark

o Every averaged mapping is nonexpansive.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 11 /37



el Nonexpansive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Let H be a real Hilbert space with inner product (,) and
contraction - . .
methods for norm ||.||. A mapping T': H — H is said to be

sviP o L-Lipschitz continuous, if there exists a constant L > 0

0.T Mewomo SuCh that

Introduction ||TZ' _ Ty” S LHJ? _ yH, T,y c H,

Preliminaries

Main Results

Numerical e a contraction if L € [0,1);
Examples ° nonexpansive if L = 1,
References e a-averaged if a € (0,1) and

T=(1-a)l+as,

where S : H — H is nonexpansive and [ is the identity
mapping on H.
@ Remark
o Every averaged mapping is nonexpansive.

e F(S) = F(T).

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 11 /37



el Nonexpansive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Let H be a real Hilbert space with inner product (,) and
contraction - . .
methods for norm ||.||. A mapping T': H — H is said to be

sviP o L-Lipschitz continuous, if there exists a constant L > 0

0.T Mewomo SuCh that

Introduction ||TZ' _ Ty” S LHJ? _ yH, T,y c H,

Preliminaries

Main Results

Numerical e a contraction if L € [0,1);
Examples ° nonexpansive if L = 1,
References e a-averaged if a € (0,1) and

T=(1-a)l+as,

where S : H — H is nonexpansive and [ is the identity
mapping on H.
@ Remark
o Every averaged mapping is nonexpansive.

e F(S) = F(T).

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 11 /37



el Co-coercive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

@ T is said to be

methods for
SVIP

Introduction
Preliminaries
Main Results

Numerical
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 12/37



el Co-coercive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ T is said to be

contraction

methods for o L-co-coercive (or L-inverse strongly monotone), if there
SvIP exists L > 0 such that

<T.’L‘ —Ty,x — y> > LTz — Ty||27 Va,y€eH,

Introduction
Preliminaries
Main Results

Numerical
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 12/37



el Co-coercive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Felza @ T is said to be

contraction

methods for o L-co-coercive (or L-inverse strongly monotone), if there
SvIP exists L > 0 such that

(Te —Ty,x —y) > L|Te —Ty|?, Vx,yeH,

Introduction

Preliminaries

Main Results @ monotone, if

Eoia (Te=Tyo—y) 20, Vaye,

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 12/37



el Co-coercive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ T is said to be

contraction

methods for o L-co-coercive (or L-inverse strongly monotone), if there
SvIP exists L > 0 such that

<T.’L‘ —Ty,x — y> > LTz — Ty||27 Va,y€eH,

Introduction

Preliminaries

Main Results @ monotone, if

Numerical
Ex;::;:lzz <T$L‘ - Ty,.’L' - y> > 07 v T,y € H7
References

e pseudomonotone, if

<Tx,y—x>20 — <Ty,y—x>20, Vax,yeH,

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 12/37



a7

&

el Co-coercive mappings

KWAZULU-NATAL

3
b

INYUVES|
YAKWAZULU-NATALI

Projection & @ T is said to be
contraction

methods for o L-co-coercive (or L-inverse strongly monotone), if there
SvIP exists L > 0 such that

<Tm —Ty,x — y> > LTz — Ty||27 Va,y€eH,

0.T Mewomo

Introduction

Preliminaries

Main Results e monotone, if

N ical
E:E::]‘:;:Z <TCL‘ - Ty,.’L' - y> > 07 v T,y € H7
References

e pseudomonotone, if

<Tx,y—x>20 — <Ty,y—x>20, Vz,y€eH,

o sequentially weakly continuous, if for every sequence {z,}
that converges weakly to a point z, the sequence {Tz,}
converges weakly to Tx.

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 12/37



a7

&

el Co-coercive mappings

KWAZULU-NATAL

3
b

INYUVES|
YAKWAZULU-NATALI

Projection & @ T is said to be
contraction

methods for o L-co-coercive (or L-inverse strongly monotone), if there
SvIP exists L > 0 such that

<Tm —Ty,x — y> > LTz — Ty||27 Va,y€eH,

0.T Mewomo

Introduction

Preliminaries

Main Results e monotone, if

N ical
E:E::]‘:;:Z <TCL‘ - Ty,.’L' - y> > 07 v T,y € H7
References

e pseudomonotone, if

<Tx,y—x>20 — <Ty,y—x>20, Vz,y€eH,

o sequentially weakly continuous, if for every sequence {z,}
that converges weakly to a point z, the sequence {Tz,}
converges weakly to Tx.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 12/37



el Co-coercive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

AEEiD & @ Clearly, L-co-coercive operators are %—Lipschitz continuous

contraction

methods fo and monotone but the converse is not always true.

Introduction
Preliminaries
Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 13 /37



el Co-coercive mappings

KWAZULU-NATAL

YAKWAIULU'N&TALI

L|psch|tz continuous

el & @ Clearly, L-co-coercive operators are +

contraction

Eehoaslicy and monotone but the converse is not always true.
@ Also, monotone operators are pseudomonotone but the

SVIP

0.T Mewomo
converse is not always true.

Introduction
Preliminaries
Main Results

Numerical
Examples

References

Wednesday, 20th July, 2022 13 /37

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP



Co-coercive mappings

UNIVERSITY OF
KWAZULU-NATAL

YAKWAIULU'N&TALI

Frafesitn & @ Clearly, L-co-coercive operators are + Llpschltz continuous
contraction

methods for and monotone but the converse is not always true.

T @ Also, monotone operators are pseudomonotone but the
converse is not always true.

@ The following is an example of a pseudomonotone,
Lipschitz continuous and sequentially weakly continuous

operator but fails to be a monotone operator.

Introduction
Preliminaries
Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 13 /37



388~

&

el Co-coercive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Clearly, L-co-coercive operators are %—Lipschitz continuous

contraction

methods for and monotone but the converse is not always true.

T @ Also, monotone operators are pseudomonotone but the
converse is not always true.

@ The following is an example of a pseudomonotone,
Lipschitz continuous and sequentially weakly continuous

operator but fails to be a monotone operator.

Let H = Ix(R). Then, the operator A : H — H defined by

Introduction
Preliminaries
Main Results

Numerical
Examples

References

A(z1, z2,23,...) = (mle*x%,0,0, o)

is pseudomonotone, Lipschitz continuous and sequentially
weakly continuous but not monotone.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 13 /37



388~

&

el Co-coercive mappings

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Clearly, L-co-coercive operators are %—Lipschitz continuous

contraction

methods for and monotone but the converse is not always true.

T @ Also, monotone operators are pseudomonotone but the
converse is not always true.

@ The following is an example of a pseudomonotone,
Lipschitz continuous and sequentially weakly continuous

operator but fails to be a monotone operator.

Let H = Ix(R). Then, the operator A : H — H defined by

Introduction
Preliminaries
Main Results

Numerical
Examples

References

A(z1, z2,23,...) = (mle*x%,0,0, o)

is pseudomonotone, Lipschitz continuous and sequentially
weakly continuous but not monotone.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 13 /37



o Our assumptions

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
co"traCtion _
methods for

@ The feasible sets C and Q are nonempty closed and convex
subsets of the real Hilbert spaces H1 and Hs, respectively.

SVIP

O.T Mewomo

Introduction
Preliminaries

Main Results
Assumptions
Proposed methods
Convergence
analysis
Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 14 /37



o Our assumptions

KWAZULU-NATAL

@ The feasible sets C and Q are nonempty closed and convex
subsets of the real Hilbert spaces H1 and Hs, respectively.

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

O.T Mewomo

Introduction

@ A:Hy — Hi and F : Ho — Ho are pseudomonotone,
TR sequentially weakly continuous and Lipschitz continuous
P with Lipschitz constants Ly and Lo, respectively.

Proposed methods

Preliminaries

Convergence
analysis

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 14 /37



BT

&

o Our assumptions

KWAZULU-NATAL

@ The feasible sets C and Q are nonempty closed and convex
subsets of the real Hilbert spaces H1 and Hs, respectively.

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

O.T Mewomo
Introduction
@ A:Hy — Hi and F : Ho — Ho are pseudomonotone,
TR sequentially weakly continuous and Lipschitz continuous
e one with Lipschitz constants Ly and Lo, respectively.

Proposed methods

Preliminaries

Convergence

ST o T : Hi — Ho is a bounded linear operator and the solution
Numerical setI':={z € VI(AC): Tz VI(F,Q)} is nonempty.

Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 14 /37



388~

&

o Our assumptions

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for

SVIP

0.1 Mewomo @ The feasible sets C and Q are nonempty closed and convex
subsets of the real Hilbert spaces H1 and Hs, respectively.

Introduction

oreliminarios @ A:Hy — Hi and F : Ho — Ho are pseudomonotone,
TR sequentially weakly continuous and Lipschitz continuous
P with Lipschitz constants Ly and Lo, respectively.

Proposed methods

Convergence

ST o T : Hi — Ho is a bounded linear operator and the solution
Numerical setI':={2 € VI(A,C) : Tz € VI(F,Q)} is nonempty.

Examples
References o {0,}9°, and {7,}5°, are positive sequences satisfying the
following conditions:
o0
6, €(0,1), lim 6, =0, > 6, =o00and lim 3 =0.
n—o0

n—=1 n—oo "

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 14 /37



a7

&

UNIVERSITY OF
KWAZULU-NATAL

3
b

Our assumptions

YAKWAIULU'N&TALI

Projection &
contraction
methods for
SVIP

@ The feasible sets C and Q are nonempty closed and convex
subsets of the real Hilbert spaces H1 and Hs, respectively.

O.T Mewomo

Introduction

oreliminarios @ A:Hy — Hi and F : Ho — Ho are pseudomonotone,
TR sequentially weakly continuous and Lipschitz continuous
P with Lipschitz constants Ly and Lo, respectively.

Proposed methods

Convergence

ST o T : Hi — Ho is a bounded linear operator and the solution
Numerical setI':={z € VI(AC): Tz VI(F,Q)} is nonempty.

Examples

References o {0,}9°, and {7,}5°, are positive sequences satisfying the

following conditions:

on € (0,1), lim 6, =0, Z 0, = oo and lim g—" = 0.
n—o0

n=1 n—oo

e {0,} C (a,1—14,) for some a > 0.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 14 /37



a7

&

UNIVERSITY OF
KWAZULU-NATAL

3
b

Our assumptions

YAKWAIULU'N&TALI

Projection &
contraction
methods for
SVIP

@ The feasible sets C and Q are nonempty closed and convex
subsets of the real Hilbert spaces H1 and Hs, respectively.

O.T Mewomo

Introduction

oreliminarios @ A:Hy — Hi and F : Ho — Ho are pseudomonotone,
TR sequentially weakly continuous and Lipschitz continuous
P with Lipschitz constants Ly and Lo, respectively.

Proposed methods

Convergence

ST o T : Hi — Ho is a bounded linear operator and the solution
Numerical setI':={z € VI(AC): Tz VI(F,Q)} is nonempty.

Examples

References o {0,}9°, and {7,}5°, are positive sequences satisfying the

following conditions:

on € (0,1), lim 6, =0, Z 0, = oo and lim g—" = 0.
n—o0

n=1 n—oo

e {0,} C (a,1—14,) for some a > 0.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 14 /37



BT

q_
hae® Solving SVIP with L; and Ls known

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction
hods f -
methods o M Algorithm

B \/odified projection and contraction method with fixed stepsize.
Introduction @ Step 0: Choose sequences {0,152 1,{0n}2 and {1,}2°
Preliminaries such that the conditions from Assumption 3.1 hold and let
Main Result n>0,7%€(0,2),i=12,p€(0,£), A€ (0,£), >3

Assumptions

S and xg,x1 € Hy be given arbitrarily. Set n := 1.
analysis

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 15 /37



a7

q_
hae® Solving SVIP with L; and Ls known

KWAZULU-NATAL

3
b

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

Algorithm

O.T Mewomo o . . . . o o
Modified projection and contraction method with fixed stepsize.

Introduction @ Step 0: Choose sequences {0,152 1,{0n}2 and {1,}2°
Preliminaries such that the conditions from Assumption 3.1 hold and let
P n>0,7%€(0,2),i=12 pe(0,4), Ac(0,£), a>3
Probosed methods and xg,x1 € Hy be given arbitrarily. Set n := 1.

Convergence
analysis

Nomerical e Step 1: Given the iterates x,,—1 and z,, (n > 1), choose
Examples ay, such that 0 < a,, < @y, where

References

. n—1 Tn i
S min {n+a_17 ||xn7xn_1\|} , i xn # T (3.1)
n - 1 |
e

ro—T otherwise.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 15 /37



a7

q_
hae® Solving SVIP with L; and Ls known

KWAZULU-NATAL

3
b

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

Algorithm

O.T Mewomo o . . . . o o
Modified projection and contraction method with fixed stepsize.

Introduction @ Step 0: Choose sequences {0,152 1,{0n}2 and {1,}2°
Preliminaries such that the conditions from Assumption 3.1 hold and let
P n>0,7%€(0,2),i=12 pe(0,4), Ac(0,£), a>3
Probosed methods and xg,x1 € Hy be given arbitrarily. Set n := 1.

Convergence
analysis

Nomerical e Step 1: Given the iterates x,,—1 and z,, (n > 1), choose
Examples ay, such that 0 < a,, < @y, where

References

. n—1 Tn i
S min {n+a_17 ||xn7xn_1\|} , i xn # T (3.1)
n - 1 |
e

ro—T otherwise.

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 15 /37



haes® Solving SVIP with L; and Ls known contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

Algorithm

Oty (W e Step 2: Compute w,, = x,, + an(xy — Tp—1),

Introduction

yn = Po(Twy, — \FTwy,),

Preliminaries

Main Results
Assumptions Zn — Twn - 'Y2ﬂn7'n7
Proposed methods

Convergence

anatys where ry, := Twy, — yp — N(FTw, — Fyy) and

Numerical . Tw —Yn,T o . ° _
Examples By = W, if rn, # 0; otherwise, 3, = 0.

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



haes® Solving SVIP with L; and Ls known contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

Algorithm

Oty (W e Step 2: Compute w,, = x,, + an(xy — Tp—1),

Introduction

yn = Po(Twy, — \FTwy,),

Preliminaries

Main Results

Assumptions Zn — Twn - 'Y2ﬁn7'n7

Proposed methods

Convergence

anaysis where ry, := Twy, — yp — N(FTw, — Fyy) and
umerical T n—Yn,"'n g H
s B = {Twn—yn.rn) w”rnlﬁQ " >, if r, # 0; otherwise, 3, = 0.

References

e Step 3: Compute b, = wy, + 1, T*(z,, — Twy,), where

Tn_'n2 /.
e>0, n, € |e, M—e],lf@#]ﬂwn;

otherwise, 1, = 1. 1, being a stepsize.

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



haes® Solving SVIP with L; and Ls known contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

Algorithm

Oty (W e Step 2: Compute w,, = x,, + an(xy — Tp—1),

Introduction

yn = Po(Twy, — \FTwy,),

Preliminaries

Main Results

Assumptions Zn — Twn - 'Y2ﬁn7'n7

Proposed methods

Convergence

anaysis where ry, := Twy, — yp — N(FTw, — Fyy) and
umerical T n—Yn,"'n g H
s B = {Twn—yn.rn) w”rnlﬁQ " >, if r, # 0; otherwise, 3, = 0.

References

e Step 3: Compute b, = wy, + 1, T*(z,, — Twy,), where

Tn_'n2 /.
e>0, n, € |e, M—e],lf@#]ﬂwn;

otherwise, 1, = 1. 1, being a stepsize.

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



haes® Solving SVIP with L; and Ls known contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

Algorithm

o Step 4: Compute

O.T Mewomo

Introduction Up = Pc(bn — ,LLAbn),

Preliminaries

Main Results tn = bn — Y1 YnUn,

Assumptions

Proposed methods
p— where vy, := by, — up, — p(Ab, — Auy,) and
analysis

’ (bn_un/vn>
lTonll?

, iIf vy, # 0; otherwise, v, = 0.

Numerical 'Yn =
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



BT

q_
haes® Solving SVIP with L; and Ls known contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

Algorithm

o Step 4: Compute

O.T Mewomo

Introduction Up = Pc(bn — ,LLAbn),
Preliminaries

Main Results tn = bn — Y1 YnUn,

Assumptions

Proposed methods

— where vy, := b, — u, — pu(Ab, — Auy,) and
o s :
Numerical Vi, = W, if vy, # 0; otherwise, v, = 0.

Examples

@ Step 5: Compute

References
Tni1 = (1= 0p — 6,)bp + Ot

Set n:=n+ 1 and go back to Step 1.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



BT

q_
haes® Solving SVIP with L; and Ls known contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

Algorithm

o Step 4: Compute

O.T Mewomo

Introduction Up = Pc(bn — ,LLAbn),
Preliminaries

Main Results tn = bn — Y1 YnUn,

Assumptions

Proposed methods

— where vy, := b, — u, — pu(Ab, — Auy,) and
o s :
Numerical Vi, = W, if vy, # 0; otherwise, v, = 0.

Examples

@ Step 5: Compute

References
Tni1 = (1= 0p — 6,)bp + Ot

Set n:=n+ 1 and go back to Step 1.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



a7

q_

oo Solving SVIP with L; and L, unknown

KWAZULU-NATAL
Algorithm

Modlified projection and contraction method with self adaptive
stepsize.

@ Step 0: Choose sequences {0, }72 1,{0n}02 and {1},
A such that the conditions from Assumption 3.1 (d)-(e) hold
Asumpios and letn > 0, v; € (0,2), a; € (0,1),i=1,2, \; >0,

Cr— w1 >0, a >3 and xg,x1 € Hy be given arbitrarily. Set
~ n:= 1.

3
b

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

O.T Mewomo

Introduction

Preliminaries

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 18 /37



oo Solving SVIP with L; and L, unknown

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

Algorithm

Modlified projection and contraction method with self adaptive
stepsize.

@ Step 0: Choose sequences {0, }72 1,{0n}02 and {1},
A such that the conditions from Assumption 3.1 (d)-(e) hold
Asumpios and letn > 0, v; € (0,2), a; € (0,1),i=1,2, \; >0,

Cr— w1 >0, a >3 and xg,x1 € Hy be given arbitrarily. Set
-~ n:= 1.

O.T Mewomo

Introduction

Preliminaries

Numerical
Examples

@ Step 1: Given the iterates x,,_1 and x, for eachn > 1,
choose o, such that 0 < a,, < &y, where

References

g n—1 Tn g
R0 {nJrafl’ ”l‘n_fl?n—lH} , ifTn # Tn
n—1
n+oa—17

(3.2)

Qp, 1=
otherwise.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 18 /37



oo Solving SVIP with L; and L, unknown

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

Algorithm

Modlified projection and contraction method with self adaptive
stepsize.

@ Step 0: Choose sequences {0, }72 1,{0n}02 and {1},
A such that the conditions from Assumption 3.1 (d)-(e) hold
Asumpios and letn > 0, v; € (0,2), a; € (0,1),i=1,2, \; >0,

Cr— w1 >0, a >3 and xg,x1 € Hy be given arbitrarily. Set
-~ n:= 1.

O.T Mewomo

Introduction

Preliminaries

Numerical
Examples

@ Step 1: Given the iterates x,,_1 and x, for eachn > 1,
choose o, such that 0 < a,, < &y, where

References

g n—1 Tn g
R0 {nJrafl’ ”l‘n_fl?n—lH} , ifTn # Tn
n—1
n+oa—17

(3.2)

Qp, 1=
otherwise.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 18 /37



hoe® Solving SVIP with L; and L, unknown contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction

methods for
SVIP

Algorithm

e Step 2: Compute

O.T Mewomo

Introduction Wnp = Tnp + (079 ($n - $n—1)7

Preliminaries

yn = Po(Twy, — A\pFTw,,),

Main Results

Assumptions

P d method: — —

e 2n = TWwy — Y26nTn,
Convergence

analysis

Numerical where Tn = Tw?’b —Yn — ATL(FTwTL - Fyn):
Examples By, 1= LWn=Unitn) ify £ 0: otherwise, B, = 0; and

References 712

. T n—"UYn .
mln{%, )‘n}a if FTw, # Fy,

(3.3)
Ans otherwise.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 19 /37



hoe® Solving SVIP with L; and L, unknown contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction

methods for
SVIP

Algorithm

e Step 2: Compute

O.T Mewomo

Introduction Wnp = Tnp + (079 ($n - $n—1)7

Preliminaries

yn = Po(Twy, — A\pFTw,,),

Main Results

Assumptions

P d method: — —

e 2n = TWwy — Y26nTn,
Convergence

analysis

Numerical where Tn = Tw?’b —Yn — ATL(FTwTL - Fyn):
Examples By, 1= LWn=Unitn) ify £ 0: otherwise, B, = 0; and

References 712

. T n—"UYn .
mln{%, )‘n}a if FTw, # Fy,

(3.3)
Ans otherwise.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 19 /37



hoe® Solving SVIP with L; and L, unknown contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

O.T Mewomo

Algorithm

o Step 3: Compute

Introduction
Preliminaries

Main Results *
— by, = wy + T (2, — Twy),
Proposed methods

Convergence ) )
e where the stepsize 1, is chosen such that for small enough

Numerical

0 _Twn—zal® if Tw.. -
Examples € > 5 Mn S €, HT*(Twn_Zn)||2 — €|, IT Z2pn % Wn,,

References otherwise, Nn =1).

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 20 /37



hoe® Solving SVIP with L; and L, unknown contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

O.T Mewomo

Algorithm

o Step 3: Compute

Introduction
Preliminaries

Main Results *
— by, = wy + T (2, — Twy),
Proposed methods

Convergence ) )
e where the stepsize 1, is chosen such that for small enough

Numerical

0 _Twn—zal® if Tw.. -
Examples € > 5 Mn S €, HT*(Twn_Zn)||2 — €|, IT Z2pn % Wn,,

References otherwise, Nn =1).

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 20 /37



INYUVES|
YAKWAZULU-NATALI

Projection &

raesl Solving SVIP with L; and Ly unknown contd
contraction Algorlthm
e o Step 4: Compute u, = Pe(bn — jinAby),

O.T Mewomo

tn = by — Y1 VnUn,

Introduction

Preliminaries <b —Un,,V >

o= = — Ab., — A — Un—Un,Un/)
Main Results |_/Vhere Un bn _un 'un( bn un)’ ")’n ||Un||2
o if v, # 0; otherwise, v, = 0; and

Proposed methods

I

Convergence
analysis . a | |bn7un | | ]
Numerical . nmin { m7 Hn ¢ s if Abn # A’U,n
Examples Hn+1 =

(3.4)
Loy otherwise.

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 21 /37



BT

é

INYUVES|
YAKWAZULU-NATALI

Projection &

raesl Solving SVIP with L; and Ly unknown contd
contraction Algorlthm
e o Step 4: Compute u, = Pe(bn — jinAby),

O.T Mewomo

tn = by — Y1 VnUn,

Introduction

Preliminaries <bnfun/Un>

Main Results Where Un = bn — Un — 'un (Abn - Aun)’ ")’n - ||Un||2 ’

Assumptions if vy, # 0; otherwise, ~y, = 0; and
Proposed methods

Convergence
analysis

Numerical
Examples

oy fmin{ R i} i Ab # Au
n+l — i
Ln,s otherwise.

(3.4)

References

o Step 5: Compute

Zns1 = (1= 0n — 6,)bn + Onty.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



BT

é

INYUVES|
YAKWAZULU-NATALI

Projection &

raesl Solving SVIP with L; and Ly unknown contd
contraction Algorlthm
e o Step 4: Compute u, = Pe(bn — jinAby),

O.T Mewomo

tn = by — Y1 VnUn,

Introduction

Preliminaries <bnfun/Un>

Main Results Where Un = bn — Un — 'un (Abn - Aun)’ ")’n - ||Un||2 ’

Assumptions if vy, # 0; otherwise, ~y, = 0; and
Proposed methods

Convergence
analysis

Numerical
Examples

oy fmin{ R i} i Ab # Au
n+l — i
Ln,s otherwise.

(3.4)

References

o Step 5: Compute

Zns1 = (1= 0n — 6,)bn + Onty.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



388~

&

UNIVERSITY OF
KWAZULU-NATAL

Highlight on some of the features of our
methods

INYUVES|
YAKWAZULU-NATALI

Projection & @ Our methods can be viewed as modified projection and
methods for contraction methods involving one projection onto C per

iteration for solving VIP in H; and another projection and
contraction methods involving one projection onto Q per
| ducti . . . .
niroduction iteration under a bounded linear operator T' for solving
Preliminaries . .

another VIP in another space Ho, with no extra

projections onto the feasible sets.

0.T Mewomo

Main Results

Assumptions

Proposed methods

Convergence
analysis

Numerical
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 22 /37



BT

&

UNIVERSITY OF
KWAZULU-NATAL

Highlight on some of the features of our
methods

INYUVES|
YAKWAZULU-NATALI

Projection & @ Our methods can be viewed as modified projection and

methods for contraction methods involving one projection onto C per
iteration for solving VIP in H; and another projection and

contraction methods involving one projection onto Q per

iteration under a bounded linear operator T for solving

M Recuie another VIP in another space Ho, with no extra

. projections onto the feasible sets.

e @ Another notable advantage of our methods is that the

::::ﬁcal monotonicity assumption on A and F' usually used to

Examples guarantee convergence, is dispensed with and no extra

Refeiencss projections are required under this setting.

O.T Mewomo

Introduction

Preliminaries

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



Highlight on some of the features of our
methods

UNIVERSITY OF
KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Our methods can be viewed as modified projection and

methods for contraction methods involving one projection onto C per
iteration for solving VIP in H; and another projection and

contraction methods involving one projection onto Q per

iteration under a bounded linear operator T for solving

M Recuie another VIP in another space Ho, with no extra

. projections onto the feasible sets.

Pt

F— @ Another notable advantage of our methods is that the

analysis

O.T Mewomo

Introduction

Preliminaries

Numerical monotonicity assumption on A and F' usually used to
Faiples guarantee convergence, is dispensed with and no extra
References projections are required under this setting.

@ The stepsizes {\,} and {u,} given by (3.3) and (3.4),
resp. are generated at each iteration by some simple
computations. Thus, the second method is easily

implemented without the prior knowledge of the Lipschitz

ala =1a =lalal
0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 22 /37



Highlight on some of the features of our
methods

UNIVERSITY OF
KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Our methods can be viewed as modified projection and

methods for contraction methods involving one projection onto C per
iteration for solving VIP in H; and another projection and

contraction methods involving one projection onto Q per

iteration under a bounded linear operator T for solving

M Recuie another VIP in another space Ho, with no extra

. projections onto the feasible sets.

Pt

F— @ Another notable advantage of our methods is that the

analysis

O.T Mewomo

Introduction

Preliminaries

Numerical monotonicity assumption on A and F' usually used to
Faiples guarantee convergence, is dispensed with and no extra
References projections are required under this setting.

@ The stepsizes {\,} and {u,} given by (3.3) and (3.4),
resp. are generated at each iteration by some simple
computations. Thus, the second method is easily

implemented without the prior knowledge of the Lipschitz

ala =1a =lalal
0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 22 /37



e

Highlight on some of the features of our
KWAZULU-NATAL m eth o d s

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction

methods for
SVIP

@ Step 5 of both algorithms guarantee the strong
convergence to a minimum-norm solution of the problem.

Introduction
Preliminaries

Main Results
Assumptions.
Proposed methods
Convergence
analysis
Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 23 /37



388~

&

UNIVERSITY OF
KWAZULU-NATAL

Highlight on some of the features of our
methods

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

0.T Mewomo

@ Step 5 of both algorithms guarantee the strong
convergence to a minimum-norm solution of the problem.

Introduction
Preliminaries
Main Results @ Our methods do not require any product space

S formulation, thereby avoiding any potential difficulties that
T might be caused by the product space.

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 23 /37



J @l Highlight on some of the features of our
e methods

Projection &
contraction
methods for
SVIP

0.T Mewomo

@ Step 5 of both algorithms guarantee the strong
convergence to a minimum-norm solution of the problem.

Introduction

Preliminaries

Main Results @ Our methods do not require any product space
A formulation, thereby avoiding any potential difficulties that
T might be caused by the product space.

Numerical

A @ The choice of the stepsize 7, in Step 3 of both methods do
P not require the prior knowledge of the operator norm || 7.

Proposed methods

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 23 /37



J @l Highlight on some of the features of our
e methods

Projection &
contraction
methods for
SVIP

0.T Mewomo

@ Step 5 of both algorithms guarantee the strong
convergence to a minimum-norm solution of the problem.

Introduction

Preliminaries

Main Results @ Our methods do not require any product space
A formulation, thereby avoiding any potential difficulties that
T might be caused by the product space.

Numerical

A @ The choice of the stepsize 7, in Step 3 of both methods do
P not require the prior knowledge of the operator norm || 7.

Proposed methods

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 23 /37



el | emmas and Theorems

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for

SVIP

The stepsize n,, given in Step 3 of Algorithms 3.2 and 3.5 is
well-defined.

O.T Mewomo

Introduction
Preliminaries

Main Results
Assumptions
Proposed methods
Convergence
analysis

Numerical

Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 24 /37



el | emmas and Theorems

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

The stepsize n,, given in Step 3 of Algorithms 3.2 and 3.5 is
well-defined.

MM [ ct {x,,} be a sequence generated by Algorithm 3.2 under
R Assumption 3.1. Then, {z,} is bounded.

Numerical
Examples

O.T Mewomo

Introduction

Preliminaries

Main Results

Assumptions

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 24 /37



T

&

el | emmas and Theorems

KWAZULU-NATAL

3

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

The stepsize n,, given in Step 3 of Algorithms 3.2 and 3.5 is
well-defined.

O.T Mewomo

Introduction

Preliminaries

Main Results

Assumptions

MM [ ct {x,,} be a sequence generated by Algorithm 3.2 under
R Assumption 3.1. Then, {z,} is bounded.

Numerical
Examples

References

Let {z,,} be a sequence generated by Algorithm 3.5 under
Assumption 3.1. Then, {x,} converges strongly top € T,
where ||p|| = min{||z|| : z € T'}.

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 24 /37



T

&

el | emmas and Theorems

KWAZULU-NATAL

3

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

The stepsize n,, given in Step 3 of Algorithms 3.2 and 3.5 is
well-defined.

O.T Mewomo

Introduction

Preliminaries

Main Results

Assumptions

MM [ ct {x,,} be a sequence generated by Algorithm 3.2 under
R Assumption 3.1. Then, {z,} is bounded.

Numerical
Examples

References

Let {z,,} be a sequence generated by Algorithm 3.5 under
Assumption 3.1. Then, {x,} converges strongly top € T,
where ||p|| = min{||z|| : z € T'}.

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 24 /37



ol Example 1

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

o Let H1 = (b(R), ||.|[) = Ha.

methods for
SVIP

Introduction

Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 25 /37



e

ol Example 1

KWAZULU-NATAL

YAKWAIULU'NATALI

Projection & @ Let Hl = (ZQ(R)a |H|l2) =

contraction

methods for @ Define T : 12 (R) - 12 (R) b

svIP
173

Tr = (0,3:1,

T2

2, ) , Yz € b(R).
Introduction

Preliminaries

Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 25 /37



P
w5

&

ol Example 1

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & o Let Hy = (L(R), ||.||5) = Ha.

contraction

metsh\(;:i; for @ Define T : o (R) — b (R) by
Tz = (Oxl%%) , Vz € b(R).
Introduction

Prefiminaries @ Then, T is a bounded linear operator on l»(R) with adjoint

Main Results

Numerical T*y == (y ys U4 . > ) Vy € l2 (R)

Examples 2 ?’ E’ o

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 25 /37



4
E aa ™
onrvessity or
KWAZULU-NATAL

Example 1

YAKWAIULU N&TALI

Projection & @ Let Hi = (ZQ(R)a |H|l2) = Ha.

contraction

methods for @ Define T : 12 (R) — 12 (R) by

SVIP
T2 I3

0.T Mewomo —
To= (0.3 3,

Introduction

) Vi € b(R).

Prefiminaries @ Then, T is a bounded linear operator on l»(R) with adjoint

Main Results

Numerical T*y = <y2 yj y74, .o > 5 Vy S lQ(R)

Examples 7973

References

o Let C =09 ={z € bR):|lz—all, <r}, where
=(1,3,%,--),r=3forCanda=(3,3,3,-), r=1

for Q. Then C, Q are nonempty closed and convex subsets

of k(R). Thus,

if zellz—all, <r,

Pe(x) =P =
c(x) o(z) =% _r 4+ a, otherwise.

XT—a
O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 25 /37




4
E aa ™
onrvessity or
KWAZULU-NATAL

Example 1

YAKWAIULU N&TALI

Projection & @ Let Hi = (ZQ(R)a |H|l2) = Ha.

contraction

methods for @ Define T : 12 (R) — 12 (R) by

SVIP
T2 I3

0.T Mewomo —
To= (0.3 3,

Introduction

) Vi € b(R).

Prefiminaries @ Then, T is a bounded linear operator on l»(R) with adjoint

Main Results

Numerical T*y = <y2 yj y74, .o > 5 Vy S lQ(R)

Examples 7973

References

o Let C =09 ={z € bR):|lz—all, <r}, where
=(1,3,%,--),r=3forCanda=(3,3,3,-), r=1

for Q. Then C, Q are nonempty closed and convex subsets

of k(R). Thus,

if zellz—all, <r,

Pe(x) =P =
c(x) o(z) =% _r 4+ a, otherwise.

XT—a
O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 25 /37




e Example 1 contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Define A, F': h(R) — k(R) by
methods for

svip Az, x2,23,...) = (mle*I%,O,O,...

F(z1,z9,23,...) = (lee_x%, 0,0,...

Introduction
Preliminaries
Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 26 /37



e Example 1 contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Define A, F': h(R) — k(R) by

contraction
methods for

)
svip Az, 9, 23,...) = (x1e7%1,0,0,...),

F(z1,z9,23,...) = (51}16_:0%, 0,0,...).

Introduction

Preliminaries

@ Then, by Example 2.1, A, F' are pseudomonotone,
Lipschitz continuous and sequentially weakly continuous
but not monotone.

Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 26 /37



388~

&

e Example 1 contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Define A, F': h(R) — k(R) by
methods for

2
svip Az, 9, 23,...) = (x1e7%1,0,0,...),
0.T Mewomo 2
F(z1,2z9,23,...) = (br1e”*1,0,0,...).
Introduction

Preliminaries

@ Then, by Example 2.1, A, F' are pseudomonotone,
Lipschitz continuous and sequentially weakly continuous
but not monotone.

@ We plot the graph of errors against the number of

iterations and compare our methods with some existing

methods.

Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 26 /37



388~

&

e Example 1 contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Define A, F': h(R) — k(R) by
methods for

2
svip Az, 9, 23,...) = (x1e7%1,0,0,...),
0.T Mewomo 2
F(z1,2z9,23,...) = (br1e”*1,0,0,...).
Introduction

Preliminaries

@ Then, by Example 2.1, A, F' are pseudomonotone,
Lipschitz continuous and sequentially weakly continuous
but not monotone.

@ We plot the graph of errors against the number of
iterations and compare our methods with some existing

methods.
@ we consider the following cases for the numerical example.

Main Results

Numerical
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 26 /37



388~

&

e Example 1 contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & @ Define A, F': h(R) — k(R) by
methods for

)
svip Az, 9, 23,...) = (x1e7%1,0,0,...),

O.T Mewomo —xQ
F(:I}l,xQ,xg,...) = (51’16 1,0,0,...).

Introduction

Preliminaries

@ Then, by Example 2.1, A, F' are pseudomonotone,
Lipschitz continuous and sequentially weakly continuous
but not monotone.

@ We plot the graph of errors against the number of
iterations and compare our methods with some existing

methods.
@ we consider the following cases for the numerical example.

o Case 1: Take ;= (1,3, %,---) and wp = (3,5, &5.-++).

Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 26 /37



388~

&

UNIVERSITY OF
KWAZULU-NATAL

Example 1 contd

YAKWAIULU'N&TALI

Projection & @ Define A, F': h(R) — k(R) by
methods for

2
svip Az, 9, 23,...) = (x1e7%1,0,0,...),
0.T Mewomo 2
F(z1,2z9,23,...) = (br1e”*1,0,0,...).
Introduction

Preliminaries

@ Then, by Example 2.1, A, F' are pseudomonotone,
Lipschitz continuous and sequentially weakly continuous
but not monotone.

@ We plot the graph of errors against the number of
iterations and compare our methods with some existing

Main Results

Numerical
Examples

References

methods.
@ we consider the following cases for the numerical example.
o Case 1: Take z; = (1,3,1,- )andxoz(

o Case 2: Take 1 = (l 2% i

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 26 /37



388~

&

UNIVERSITY OF
KWAZULU-NATAL

Example 1 contd

YAKWAIULU'N&TALI

Projection & @ Define A, F': h(R) — k(R) by
methods for

2
svip Az, 9, 23,...) = (x1e7%1,0,0,...),
0.T Mewomo 2
F(z1,2z9,23,...) = (br1e”*1,0,0,...).
Introduction

Preliminaries

@ Then, by Example 2.1, A, F' are pseudomonotone,
Lipschitz continuous and sequentially weakly continuous
but not monotone.

@ We plot the graph of errors against the number of
iterations and compare our methods with some existing

methods.
@ we consider the following cases for the numerical example.

Main Results

Numerical
Examples

References

o Case 1: Take z; = (1, %1,%,~--)andxoz(%,%,ﬁ,--)
o Case 2: Takexl—(%,ig,lﬁ,--dande:(l,%,g,--J.
o Case 3: Take z1 = (1,7, 5 2

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 26 /37



388~

&

UNIVERSITY OF
KWAZULU-NATAL

Example 1 contd

YAKWAIULU'N&TALI

Projection & @ Define A, F': h(R) — k(R) by
methods for

2
svip Az, 9, 23,...) = (x1e7%1,0,0,...),
0.T Mewomo 2
F(z1,2z9,23,...) = (br1e”*1,0,0,...).
Introduction

Preliminaries

@ Then, by Example 2.1, A, F' are pseudomonotone,
Lipschitz continuous and sequentially weakly continuous
but not monotone.

@ We plot the graph of errors against the number of
iterations and compare our methods with some existing

methods.
@ we consider the following cases for the numerical example.

Main Results

Numerical
Examples

References

o Case 1: Take z; = (11 %1,%1,~--)andx0:(%,%l,ﬁ, 2.
o Case 2: Take z1 = (3, 15,11—0,--~)andx0:(1,§,§,- -).
o Case 3: Take z; = (1, %,§,~-~)andx0:(%, ,%,u-).
o Case 4: Takexl—(%,z,%,---)anda:oz(l 50 )

»

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 26 /37



388~

&

UNIVERSITY OF
KWAZULU-NATAL

Example 1 contd

YAKWAIULU'N&TALI

Projection & @ Define A, F': h(R) — k(R) by
methods for

2
svip Az, 9, 23,...) = (x1e7%1,0,0,...),
0.T Mewomo 2
F(z1,2z9,23,...) = (br1e”*1,0,0,...).
Introduction

Preliminaries

@ Then, by Example 2.1, A, F' are pseudomonotone,
Lipschitz continuous and sequentially weakly continuous
but not monotone.

@ We plot the graph of errors against the number of
iterations and compare our methods with some existing

methods.
@ we consider the following cases for the numerical example.

Main Results

Numerical
Examples

References

o Case 1: Take z; = (11 %1,%1,~--)andx0:(%,%l,ﬁ, 2.
o Case 2: Take z1 = (3, 15,11—0,--~)andx0:(1,§,§,- -).
o Case 3: Take z; = (1, %,§,~-~)andx0:(%, ,%,u-).
o Case 4: Takexl—(%,z,%,---)anda:oz(l 50 )

»

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 26 /37



¢

P~

UNIVERSITY OF
KWAZULU-NATAL

P
w5

Example 1: Errors against number of
iterations

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction

methods for
SVIP

Introduction

Preliminaries

W 2 w0 10 o ® 4 0 w w0 @ w0 10

. F C
Main Results Numberoferatons Number oferatons

Numerical
Examples

References

0 10 160 0w

w0 1 G @ 0 o
Number of terations Number of erations.

Figure: Top Left: Case 1; Top Right: Case 2; Bottom Left: Case 3;
Bottom Right: Case 4.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 27 /37



el Example 2

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

o Let H1 =Ha = Lz([o, 1})

methods for
SVIP

Introduction

Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 28 /37



P~

el Example 2

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & o Let Hl — ’;L[2 — LZ([O, 1})

contraction

methos fo o Define T': Ly([0,1]) — La([0,1]) by

SVIP

Introduction

1
Tx(s) :/0 K(s,t)x(t)dt, Yz € Lyo([0,1)),

Preliminaries

where K is a continuous real-valued function on

[0,1] x [0,1]. Then, T is a bounded linear operator with
Numerical -
Examples a d_] oint

Main Results

References

T x(s) :/0 K(t,s)x(t)dt, Vo € Lao([0,1]).

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 28 /37



P~

el Example 2

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection & o Let Hl — ’;L[2 — LZ([O, 1})

contraction

methos fo o Define T': Ly([0,1]) — La([0,1]) by

SVIP

Introduction

1
Tx(s) :/0 K(s,t)x(t)dt, Yz € Lyo([0,1)),

Preliminaries

where K is a continuous real-valued function on

[0,1] x [0,1]. Then, T is a bounded linear operator with
Numerical -
Examples a d_] oint

Main Results

References

T x(s) :/0 K(t,s)x(t)dt, Vo € Lao([0,1]).

e In particular, we define K (s,t) = e for all s,t € [0, 1].

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 28 /37



4
E aa ™
onrvessity or
KWAZULU-NATAL

Example 2

INYUVES|
YAKWAZULU-NATALI

Projection & o Let Hl — H2 — LQ([O, 1})

methods fo o Define T : Ly([0,1]) — La([0,1]) by

SVIP

0.T Mewomo

Introduction

1
Tx(s) :/0 K(s,t)x(t)dt, Yz € Lyo([0,1)),

Preliminaries

where K is a continuous real-valued function on
_ [0,1] x [0,1]. Then, T is a bounded linear operator with
E'X“;“:;::Z' adjoint

Main Results

References

T x(s) :/0 K(t,s)x(t)dt, Vo € Lao([0,1]).

e In particular, we define K (s,t) = e for all s,t € [0, 1].
o Let C = {x € Ly(]0,1]) : (y,z) < b}, where y =t + 1 and
b =1, then C is a nonempty closed and convex subset of
LQ([O’ 1])

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 28 /37



4
E aa ™
onrvessity or
KWAZULU-NATAL

Example 2

INYUVES|
YAKWAZULU-NATALI

Projection & o Let Hl — H2 — LQ([O, 1})

methods fo o Define T : Ly([0,1]) — La([0,1]) by

SVIP

0.T Mewomo

Introduction

1
Tx(s) :/0 K(s,t)x(t)dt, Yz € Lyo([0,1)),

Preliminaries

where K is a continuous real-valued function on
_ [0,1] x [0,1]. Then, T is a bounded linear operator with
E'X“;“:;::Z' adjoint

Main Results

References

T x(s) :/0 K(t,s)x(t)dt, Vo € Lao([0,1]).

e In particular, we define K (s,t) = e for all s,t € [0, 1].
o Let C = {x € Ly(]0,1]) : (y,z) < b}, where y =t + 1 and
b =1, then C is a nonempty closed and convex subset of
LQ([O’ 1])

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 28 /37



e Example 2 contd

KWAZULU-NATAL

YAKWAIULU'NATALI

Projection &
contraction
methods for

SVIP

@ Thus, we define the metric projection Fp¢ as:

b—{y,z)
I

Tz Y T

— Fe(x) =
ntroduction x,
Preliminaries

Main Results

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022

29/37



P
w5

&

UNIVERSITY OF
KWAZULU-NATAL

Example 2 contd

YAKWAIULU'NATALI

Projection &
contraction
methods for
SVIP

@ Thus, we define the metric projection Fp¢ as:

b||< >y+l‘ if (y,z) >0,

— yll®
Introduction PC(x) x, if <y,ﬂ7> S b.
Preliminaries
Main Results
Numerical o AlSO, |et Q = {CC E L2([0’ 1]) : Hl‘“ S T}’ Where r= 27
e then Q is a nonempty closed and convex subset of
References LQ([O, 1])

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 29 /37



P
w5

&

UNIVERSITY OF
KWAZULU-NATAL

Example 2 contd

YAKWAIULU'NATALI

Projection &
contraction
methods for
SVIP

@ Thus, we define the metric projection Fp¢ as:

b||< >y+l‘ if (y,z) >0,

Pe(x) = yll®

Introduction ( ) .’13, If <y,ﬂ7> S b
Preliminaries

Main Results

N— @ Also, let Q@ = {x € Lo([0,1]) : ||z|| < r}, where r =2,
Examples then Q is a nonempty closed and convex subset of
References

@ Thus, we define Pg as:

x, if ve€Q,

r, otherwise.
flf2 >

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



P
w5

&

UNIVERSITY OF
KWAZULU-NATAL

Example 2 contd

YAKWAIULU'NATALI

Projection &
contraction
methods for
SVIP

@ Thus, we define the metric projection Fp¢ as:

b||< >y+l‘ if (y,z) >0,

Pe(x) = yll®

Introduction ( ) .’13, If <y,ﬂ7> S b
Preliminaries

Main Results

N— @ Also, let Q@ = {x € Lo([0,1]) : ||z|| < r}, where r =2,
Examples then Q is a nonempty closed and convex subset of
References

@ Thus, we define Pg as:

x, if ve€Q,

r, otherwise.
flf2 >

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



Example 2 contd

UNIVERSITY OF
KWAZULU-NATAL

YAKWAIULU N&TALI

Projection & o AlSO, deﬁne F: Q — L2([07 1]) by

contraction
methods for

svip F(z)(t) := g(x)M(z)(t), Yz e Q, tec]|0,1],

0.T Mewomo

where g : @ — R is defined by g(z) := 1+” T and
Introduction M L2([() 1)) — Lg([O 1]) is defined by
preliminaries fo s)ds, Vx € Ly([0,1]), t € [0,1]. Then
r:::e:::ﬂts gis %—Llpscmtz continuous and 1 < g(z) <1, Vze€C.
Examples Also, M is the Volterra intergral mapping which is
References bounded and linear monotone. Hence, F' is
pseudomonotone and Lipschitz continuous but not

monotone.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 30 /37



Example 2 contd

UNIVERSITY OF
KWAZULU-NATAL

YAKWAIULU N&TALI

Projection & @ Also, define F': Q — Ly([0,1]) by

contraction
methods for

svip F(z)(t) := g(x)M(z)(t), Yz e Q, tec]|0,1],

0.T Mewomo

where g : @ — R is defined by g(x) := ﬁ and
Introduction M L2([0 1]) — L2([0 1]) is defined by

Prelliminaries fo s)ds, Yx € Ly([0,1]), t€[0,1]. Then
r:::e:::ﬂts gis %—Llpscmtz continuous and 1 < g(z) <1, Vze€C.
Examples Also, M is the Volterra intergral mapping which is

References bounded and linear monotone. Hence, F'is

pseudomonotone and Lipschitz continuous but not
monotone.
@ We consider the following cases in this example:

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 30 /37



Example 2 contd

UNIVERSITY OF
KWAZULU-NATAL

YAKWAIULU N&TALI

Projection & @ Also, define F': Q — Ly([0,1]) by

contraction
methods for

svip F(z)(t) := g(x)M(z)(t), Yz e Q, tec]|0,1],

0.T Mewomo

where g : @ — R is defined by g(x) := ﬁ and
Introduction M L2([0 1]) — L2([0 1]) is defined by

preliminaries fo s)ds, Vx € Ly([0,1]), t € [0,1]. Then

r:::e:::ﬂts gis %—Llpscmtz continuous and 1 < g(z) <1, Vze€C.

Examples Also, M is the Volterra intergral mapping which is

References bounded and linear monotone. Hence, F'is
pseudomonotone and Lipschitz continuous but not
monotone.

@ We consider the following cases in this example:
o Case 1: Take z1(t) =1+ t% and zo(t) =t + 5.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



Example 2 contd

UNIVERSITY OF
KWAZULU-NATAL

YAKWAIULU N&TALI

Projection & @ Also, define F': Q — Ly([0,1]) by

contraction
methods for

svip F(z)(t) := g(x)M(z)(t), Yz e Q, tec]|0,1],

0.T Mewomo

where g : @ — R is defined by g(x) := ﬁ and
Introduction M L2([0 1]) — L2([0 1]) is defined by

preliminaries fo s)ds, Vx € Ly([0,1]), t € [0,1]. Then

r:::e:::ﬂts gis %—Llpscmtz continuous and 1 < g(z) <1, Vze€C.

Examples Also, M is the Volterra intergral mapping which is

References bounded and linear monotone. Hence, F'is
pseudomonotone and Lipschitz continuous but not
monotone.

@ We consider the following cases in this example:
o Case 1: Take z1(t) =1+ t% and zo(t) =t + 5.
o Case 2: Take z1(t) =sin(t) and zo(t) =t + 1.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 30 /37



Example 2 contd

UNIVERSITY OF
KWAZULU-NATAL

YAKWAIULU N&TALI

Projection & o AlSO, deﬁne F: Q — L2([07 1]) by

contraction
methods for

svip F(z)(t) := g(x)M(z)(t), Yz e Q, tec]|0,1],

0.T Mewomo

where g : @ — R is defined by g(x) := ﬁ and
Introduction M L2([0 1]) — L2([0 1]) is defined by

preliminaries fo s)ds, Vx € Ly([0,1]), t € [0,1]. Then

r:::e:::ﬂts gis %—Llpscmtz continuous and 1 < g(z) <1, Vze€C.

Examples Also, M is the Volterra intergral mapping which is

References bounded and linear monotone. Hence, F'is
pseudomonotone and Lipschitz continuous but not
monotone.

@ We consider the following cases in this example:
o Case 1: Take z1(t) =1+ t% and zo(t) =t + 5.
o Case 2: Take z1(t) =sin(t) and zo(t) =t + 1.
o Case 3: Take x1(t) =t + 1 and xo(t) =t + 3.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



Example 2 contd

UNIVERSITY OF
KWAZULU-NATAL

YAKWAIULU N&TALI

Projection & o AlSO, deﬁne F: Q — L2([07 1]) by

contraction
methods for

svip F(z)(t) := g(x)M(z)(t), Yz e Q, tec]|0,1],

0.T Mewomo

where g : @ — R is defined by g(x) := ﬁ and
Introduction M L2([0 1]) — L2([0 1]) is defined by

preliminaries fo s)ds, Vx € Ly([0,1]), t € [0,1]. Then

r:::e:::ﬂts gis %—Llpscmtz continuous and 1 < g(z) <1, Vze€C.

Examples Also, M is the Volterra intergral mapping which is

References bounded and linear monotone. Hence, F'is
pseudomonotone and Lipschitz continuous but not
monotone.

@ We consider the following cases in this example:
o Case 1: Take z1(t) =1+ t% and zo(t) =t + 5.
o Case 2: Take z1(t) =sin(t) and zo(t) =t + 1.
o Case 3: Take x1(t) =t + 1 and xo(t) =t + 3.
o Case 4: Take x1(t) = 0.7e7' + 1 and xo(t) =t + 3.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



Example 2 contd

UNIVERSITY OF
KWAZULU-NATAL

YAKWAIULU N&TALI

Projection & o AlSO, deﬁne F: Q — L2([07 1]) by

contraction
methods for

svip F(z)(t) := g(x)M(z)(t), Yz e Q, tec]|0,1],

0.T Mewomo

where g : @ — R is defined by g(x) := ﬁ and
Introduction M L2([0 1]) — L2([0 1]) is defined by

preliminaries fo s)ds, Vx € Ly([0,1]), t € [0,1]. Then

r:::e:::ﬂts gis %—Llpscmtz continuous and 1 < g(z) <1, Vze€C.

Examples Also, M is the Volterra intergral mapping which is

References bounded and linear monotone. Hence, F'is
pseudomonotone and Lipschitz continuous but not
monotone.

@ We consider the following cases in this example:
o Case 1: Take z1(t) =1+ t% and zo(t) =t + 5.
o Case 2: Take z1(t) =sin(t) and zo(t) =t + 1.
o Case 3: Take x1(t) =t + 1 and xo(t) =t + 3.
o Case 4: Take x1(t) = 0.7e7' + 1 and xo(t) =t + 3.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022



¢

e

UNIVERSITY OF
KWAZULU-NATAL

P
w5

Example 2: Errors against number of
iterations

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for

SVIP

Introduction

Preliminaries

100
Number of erations.

. B ) e
Main Results Number of eratons

Numerical e 1 0?
Examples i .

1 £,
References “ we

B 8 :
1
10
10 .
0% 02

E) 0 150 o 00 5
Number of terations Number of terations.

Figure: Top Left: Case 1; Top Right: Case 2; Bottom Left: Case 3;
Bottom Right: Case 4.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 31 /37



poaed END OF TALK

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

methods for
SVIP

Introduction

Main Results THANKS FOR LISTEN

Numerical
Examples

References

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 32 /37



prmer®d References contd

KWAZULU-NATAL

YAKWAIULU N&TALI

Wosweslll  Arg R. P. Agarwal, D. O’Regan, D. R. Sahu, Iterative

methods fo construction of fixed points of nearly asymptotically
nonexpansive mappings, J. Nonlinear Convex Anal., 8

(2007), 61-79.

S. Banach, Sur les operations dans les ensembles abstracts

ET leur applications aux equations integrals, Fund. Math.,

S 3 (1922), 133-181.

Examples Bo E. Blum and W. Oettli, From optimization and

References variational inequalities to equilibrium problems, Math.

Stud., 63 (1994), 123-145.

Ce Y. Censor, T. Elfving, A multiprojection algorithm using
Bregman projections in a product space, Numerical
Algorithms, 8(2)(1994), 221 - 239.

CaY L. C. Ceng, Q. H. Ansari and J. C. Yao, An
extragradient method for solving split feasibility and fixed

O.T Mewomo

Introduction
Ba
Preliminaries

Main Results

palnt nro 44 AVaTa h )
O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 33 /37



——
References

UNIVERSITY OF
KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &

contraction C C. E. Chidume, Geometric properties of Banach spaces

methods for

svip and nonlinear iterations, Springer Verlag Series, Lecture
01 Mewomo Notes in Mathematics, ISBN 978-1-84882-189-7, (2009).
Introduction G O. Giiler, On the convergence of the proximal point
Preliminaries algorithm for convex minimization, SIAM J. Control
Main Results Optim., 29 (1991), 403-419.
Numerical
Examples BHF B. Halpern, Fixed points of nonexpanding maps, Bull.
References Amer. Math. Soc., 73 (1967), 591-597.

Ish S. Ishikawa, Fixed points by a new iteration method,
Proc. Amer. Math. Soc., 44 (1) (1974), 147-150.

KT S. Kamimura and W. Takahashi, Approximating
solutions of maximal monotone operators in Hilbert
spaces, J. Approx. Theory, 106 (2000), 226-240.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 34 /37



UNIVERSITY OF
KWAZULU-NATAL

References contd
INYUVESI
YAKWAZULU-NATALI

Projection &
contraction

bl [KRA M. A. Krasnosel’skii, Two observations about the method
SVIP of successive approximations, Uspehi. Math. Nauk.,
10(1955), 123-127.

P J.L. Lions and G. Stampacchia, Variational inequalities,
Preliminarics COmm. Pure Appl. Math., 20 (1967), 493-519.

Main Results

O.T Mewomo

Introduction L |

Numerical Ma W. R. Mann, Mean value methods in iteration, Proc.
Examples Amer. Math. Soc., 4 (1953), 506-510.

References

LM P. L. Lions, B. Mercier, Splitting algorithms for the sum
of two nonlinear operators, SIAM J. Numer. Anal., 16 (6)
(1979), 964-979.

Roc R. T. Rockafellar, Monotone operators and the proximal
point algorithm, SIAM J. Control Optim., 14 (1976),
877-898.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 35 /37



BT

P~
prmer®d References contd

KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

Projection &
contraction
methods for
SVIP

0.T Mewomo

T YSX Y. Song and X. Liu, Convergence comparison of several
Preliminaries iteration algorithms for the common fixed point problems,
WS Renilie Fixed Point Theory Appl., 2009 (2009), Art. ID 824374.

Numerical

Examples Xu H. K. Xu, Viscosity approximation methods for
References nonexpansive mapping, J. Math. Anal. Appl., 298 (1)
(2004), 279-291.

O.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 36 /37



UNIVERSITY OF
KWAZULU-NATAL

INYUVES|
YAKWAZULU-NATALI

methods for
SVIP

0.T Mewomo

Introduction
Preliminaries

Main Results

Thank You!

Numerical
Examples

References

0.T Mewomo (UKZN, South Africa) Projection & contraction methods for SVIP Wednesday, 20th July, 2022 37 /37



	Introduction
	Fixed point problem
	Background of the study
	Purpose of the study

	Preliminaries
	Main Results
	Assumptions
	Proposed methods
	Convergence analysis

	Numerical Examples
	References

