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Introduction

Introduction

(i) Let X be a Banach space over R or C. A sequence (b, )nen is a basis
if, for each x € X, there exist unique constants «,, € R (or C) such
that 2 = > .y onbn.

(i) A basis is unconditional if x =) - Qr(n)br(n) Where T is any
permutation of N.

(iii) Two bases (by,), (d,) are equivalent if convergence of > ay,by, is
equivalent to convergence of ) ady,.

Consider the Banach algebra:
B(X)={T: X — X, T is bounded and linear}
Objective: to understand the lattice of closed, (two-sided) ideals of

B(X).
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Introduction

General |deal Structure

If X # {0}, #(X)={T € #(X):dim(TX) < oo} is the smallest
non-zero ideal of Z(X).

F(X)CH(X)={T € B(X) : T(B1(0)) is relatively compact}, which
is also an ideal.

If X has a basis, then .7 (X) = 7 (X).
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Some classical operator ideal results

Some classical operator ideal results

Theorem

(Calkin, Ann. of Math. 1941). Let H be a separable Hilbert space with
dim(H) = oo. Then (H) has a single non-trivial closed ideal:

(0) ¢ #(H) & B(H).

(Gohberg-Markus-Feldman, Bul. Akad. Stiince RSS Moldoven 1960). Let

X =cgor X =1, wherel < p < co. Then Z(X) has a single non-trivial
closed ideal:

(0) ¢ Z(X) & B(X).
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Schreier and Tsirelson spaces + 2019 theorem

Schreier space

Schreier space origin: Banach and Saks proved that every weakly
convergent sequence in Ly([0,1]), there exists a subsequence whose
arithmetic means converge in norm. Schreier proved in 1930, this
property fails to hold in C[0,1]. A product of this investigation was
the Schreier space.

We say a finite subset M C N is admissible if |[A/| < min M. Let S}
be the collection of admissible sets. For (z,,) € coo :

ZTn)|ls, := Sup Wn -
[|(2n)l]sy sup Y leml

LmeM

Then the Schreier space XS]] is the completion of ¢y with respect
to this norm.
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Schreier and Tsirelson spaces + 2019 theorem

properties of X[S5]

Proofs of the following can be found in Casazza and Shura’s book
'Tsirelson's Space':

Lemma

The standard unit vector basis is an unconditional basis for X [S1].
cp embeds into X|[S1]; in fact, every infinite dimensional subspace of

X [S1] contains a complemented copy of cy.
in particular, X [S1] is not reflexive.

l1 does not embed into X[S1].
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Schreier and Tsirelson spaces + 2019 theorem

higher order Schreier spaces
Definition: (Alspach and Argyros, Diss. Math. 1992). Let:
So :={{k} : k € N}.

We say E < F when max E¥ < min F. For n € Ny recursively define the
(n + 1)th Schreier family by:

m
Snt1:=% | JE;:meN,Ey,...,Ep € Sp,m <minEy, By < -+ < En,
j=1

For (x) € coo :

Tn)lls, ;= sup Ty«
() Sup > lzml

©9n meM

Then the Schreier space XS] is the completion of ¢yy with respect to
this norm.
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Schreier and Tsirelson spaces + 2019 theorem

Tsirelson's space and properties

Tsirelson’s space origin: T was the first example (1974) of a Banach space
lacking copies of cq or any /,,.

Lemma

The standard unit vector basis is an unconditional basis for T,

T is reflexive.
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Schreier and Tsirelson spaces + 2019 theorem

Introducing spatial ideals

If X has an unconditional basis (by,):
Define Pe(d_,cn @nbn) = D cp 0nbn.

An ideal . of Z(X) is spatial if .# = (Pg) (two-sided) for some
ECN.
If E C Nis finite and X has a basis, #(X) = (Pg).

We call a spatial ideal .# non-trivial if #(X) C .7.
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Schreier and Tsirelson spaces + 2019 theorem

|deals in Z(X[S,]) and A(T)

The following classication is due to Beanland, Kania and Laustsen (2019):

Theorem
Let X denote either Tsirelson's space T' or the Schreier space X[Sy].
(i) The family of non-trivial spatial ideals in (X)) is non-empty and
contains no minimal or maximal elements.
(i) Let S, C S5 be spatial ideals in (X). There is a family
{T'x : A € A} of uncountably large chains of spatial ideals, such that:
The indexing set A has cardinality of the continuum;
foreach A€ A, /1 C J C S VJely;
For distinct \,p € A, .2 €'y and # € T';, = L+ M= .

(iii) The algebra %(X) contains at least continuum many maximal ideals.
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Schreier and Tsirelson spaces + 2019 theorem

Approach for X[S,] and T

A central property enabling this classification is the following result. For a
Banach space X with basis (b,,), define X, := span(by, : m € M) where
M CN.

Theorem
In X = X|[S,] or T, the spaces Xy = X, if and only if (e;)icr, is

equivalent to (ep)men -

For XS] this is due to Gasparis and Leung (1999), and for T is due to
Casazza, Johnson and Tzafriri.

Lemma
In X[S,] and T, the ideals (Pyr) = (Pr) iff Xpr = X

Question: How do we determine when (¢;) is equivalent to (e,,)?
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Schreier and Tsirelson spaces + 2019 theorem

The Gasparis-Leung Index

Let L, M C N be infinite and ¢(l,,) = m,,. First we have the pre-index on
finite subsets A C N:

T(A) :=min{neN:AC UEj, Fi<---< FE, arein 5]
j=1
This leads to the full Gasparis-Leung index:
d(L, M) :=sup{r(p *A): A€ Sy and A C M}.

Intuition: d measures the extent to which admissibility is lost when passing
through ¢ ~!. Then:

Theorem

In X[S1], the subsequences (e;)icr, and (em)menr are equivalent iff

d(L,M),d(M,L) are finite.
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Baernstein's space

pth Baernstein space

Baernstein Space origin: A Banach space purpose-built to be reflexive and
fail the Banach-Saks property: fix 1 < p < co. Let & € ¢cgg. Given some
Sy sets By < --- < E,,, we define:

1
m PN\ »

(@, (B)jfe) = | D2 | D il

j=1 \G€E;

Then ||z||p, = sup{up(z, (E;)T2;) : E1 < - < Ep, are Sy sets}. The
completion of cog with repsect to this norm is B,,.
The original space was where p = 2.
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Baernstein's space

Properties of B,

Theorem
(Seifert. 1977.) In the pth Baernstein space:

Each By, is reflexive, but fails the Banach-Saks property. But B, has
the Banach-Saks property.

Every infinite-dimensional subspace of B, contains a complemented
copy of l,.
B(By, By) = A (Byp, By) whenever p > q.

J.Smith Lancaster University



Baernstein's space

The main Theorem on B,

New result (Joint work with Niels Laustsen): the same classification of
X[Sy] and T holds for B):

Theorem
(i) The family of non-trivial spatial ideals in %(B,) is non-empty and
contains no minimal or maximal elements.
(ii) Let #1 C S5 be spatial ideals in Z(By,). There is a family
{T'x : X € A} of uncountably large chains of spatial ideals, such that:
The indexing set A has cardinality of the continuum;
foreach A e A, 41 C J C HH VJ ey,
For distinct \,p € A, Z €'y and # €1y, —= L+ .M = F.

(i) The algebra %(B),) contains at least continuum many maximal ideals.
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Baernstein's space

Approach for B,

Surprisingly, the Gasparis-Leung index also characterises when
subsequences of (e,) are equivalent:

Theorem

In B, the subsequences (e;)1cr, and (em)men are equivalent iff

d(L,M),d(M,L) are finite.

And we can draw the same conclusion:

Theorem
If X = By, the spaces X s = X1, if and only if (€;)cr, is equivalent to

(em )mE]\[ .

Then, the algebraic machinery of Beanland, Kania and Laustsen can be
applied to produce the main theorem.
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Some context

context

(i) X[Sn] and T were not the first examples of separable spaces with
infinitely many closed operator ideals. The following is a special case
of Porta’s example (Bull. Amer. Math. Soc.1969): let

2<p1<p2<...
X = <@zn> :
neN lo

(ii) Mankiewicz and Dales—Loy-Willis have independently constructed
separable Banach spaces X such that #(X) admits a bounded,
surjective algebra homomorphism ¢ onto ¢, and therefore

{o=Y () : M is a maximal ideal of £} is a family of cardinality 2°
of maximal ideals of Z(X).
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The End
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