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ABSTRACT. We prove existence of regions minimizing perimeter under a volume constraint
in contact sub-Riemannian manifolds whose quotient by the group of contact transforma-
tions preserving the sub-Riemannian metric is compact.
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1. INTRODUCTION

Isoperimetric inequalities are valuable tools in Analysis and Geometry. In a given space,
an optimal isoperimetric inequality is provided by the isoperimetric profile function, i.e.,
the one that assigns to any volume v > 0 the infimum of the perimeter of the sets of volume
v. Isoperimetric regions are those for which this infimum is achieved. A relevant problem
in this field is to analyze if isoperimetric regions exist in a given space for any value of the
volume, or equivalently if, for any fixed volume v > 0, there is a perimeter-minimizing set
of volume v.

To consider this problem notions of volume and perimeter must be given. A very general
class where both can be defined is the one of metric measure spaces, widely studied in
probability theory, where the volume is the measure and the perimeter is the classical
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Minkowski content, defined from the volume and the distance. A recently studied class
is the one of Ahlfors-regular metric measure spaces supporting an 1-Poincaré inequality
[21], [3], where functions of bounded variation and finite perimeter sets can be defined.
Riemannian and sub-Riemannian manifolds are included in this class.

Isoperimetric inequalities have been considered in contact sub-Riemannian manifolds.
Pansu [27] first proved an isoperimetric inequality of the type |∂Ω|¾ C |Ω|4/3, for a given
constant C > 0, in the first Heisenberg group H1. While the exponent 4

3
is optimal, the

constant C is not. Pansu conjectured [28] that equality for the optimal constant is achieved
by a distinguished family of spheres with constant mean curvature in H1. Chanillo and
Yang [8] recently extended Pansu’s inequality to pseudo-hermitian 3-manifolds without
torsion. The interested reader may consult Chapter 8 of the monograph [7] for a detailed
account on recent results on the isoperimetric inequality in the sub-Riemannian Heisenberg
group H1.

The problem of existence of isoperimetric regions has been widely considered in Rie-
mannian manifolds. Classical compactness results of Geometric Measure Theory ensure
existence in compact manifolds [15], [34], [24]. However, it is known that there exist
complete non-compact Riemannian manifolds for which isoperimetric regions do not exist
for any value of the volume, such as planes of revolution with strictly increasing Gauss
curvature [29, Thm. 2.16]. On the other hand, isoperimetric regions exist for any given
volume in complete surfaces with non-negative Gauss curvature [30]. A very general
existence result was stated by F. Morgan in [24] for Riemannian manifolds which have
compact quotient under the action of the isometry group. Its proof is modeled on a
previous one of existence of clusters minimizing perimeter under given volume constraints
in Euclidean space [23]. See also the paper by Nardulli [26].

In sub-Riemannian Geometry, apart from the compact case, the only known existence
result has been given by Leonardi and Rigot for Carnot groups [20]. In their paper they
made an extensive use of the properties of the isoperimetric profile in a Carnot group G.
Since isoperimetric regions in G are invariant by intrinsic dilations, the isoperimetric profile
IG of G is given by IG(v) = C vq, where C is a positive constant and q ∈ (0, 1). In particular,
the function IG is strictly concave, a property that plays a fundamental role in their proof.
Leonardi and Rigot also proved that isoperimetric sets are domains of isoperimetry in the
particular case of the Heisenberg group. However, their results cannot be applied to some
interesting sub-Riemannian groups, such as the roto-translational one [7], which are not
of Carnot type. Some of the crucial points of the proof of Leonardi and Rigot are discussed
in [7, § 8.2].

The aim of this paper is to prove in Theorem 6.1 an existence result for isoperimetric
regions in contact sub-Riemannian manifolds whose quotient by the group Isomω(M , g)
of contact isometries, the diffeomorphisms that preserve the contact structure and the
sub-Riemannian metric, is compact. This is the analog of Morgan’s Riemannian result.

In the proof of Theorem 6.1 we follow closely Morgan’s scheme: we pick a minimizing
sequence of sets of volume v whose perimeters approach the infimum of the perimeter
of sets of volume v. If the sequence subconverges without losing any fraction of the
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original volume, the lower semicontinuity of the perimeter implies that the limit set is
an isoperimetric region of volume v. If some fraction of the volume is missing then
Proposition 5.1 implies that the minimizing sequence can be broken into a converging
part and a diverging one, the latter composed of sets of uniformly positive volume, see
[29], [30] and [32] for the Riemannian case. The converging part has a limit, which is an
isoperimetric region for its volume, and is bounded by Lemma 4.6. Hence we can suitably
translate the diverging part to recover some of the lost volume. An essential point here
is that we always recover a fixed fraction of the volume because of Lemma 6.2, see [20,
Lemma 4.1].

Along the proof of Theorem 6.1 two important technical points have to be solved,
as mentioned in the previous paragraph. We prove in Lemma 4.6 boundedness of the
isoperimetric regions, and a structure result for minimizing sequences in Proposition 5.1.
The key point to prove boundedness is the Deformation Lemma 4.5, where we slightly
enlarge a given finite perimeter set producing a variation of perimeter which can be
controlled by a multiple of the increase of volume. This is an extremely useful observation
of Almgren [1, V1.2(3)], [24, Lemma 13.5]. The Deformation Lemma is the only point
where we strongly use the fact that our underlying sub-Riemannian manifold is of contact
type, to construct a foliation by hypersurfaces with controlled mean curvature. Our
proof of the Deformation Lemma 4.5 does not seem to generalize easily to more general
sub-Riemannian manifolds. Proposition 5.1, a structure result for minimizing sequences,
although was known to experts in Geometric Measure Theory, appeared for the first time
in [29] for Riemannian surfaces, and in [32] for Riemannian manifolds of any dimension.
In some cases, Proposition 5.1 provides direct proofs of existence of isoperimetric regions.

We have organized this paper into five sections apart from this introduction. In Section 2
we recall the necessary preliminaries about contact sub-Riemannian manifolds and metric
measure spaces we shall use later. In Section 3 we obtain in Lemma 3.7 a relative
isoperimetric inequality with uniform constant and radius in any compact set. This
inequality is obtained from Jerison-Poincaré’s inequality in Carnot-Carathéodory spaces
[19]. It is then standard to prove Lemma 3.10, which yields a uniform isoperimetric
inequality for small volumes, see also [16]. We remark that in the proof of Lemma 3.7
and Lemma 3.10, we use that the quotient of M by the group of contact isometries is a
compact set. In Section 4 we prove the crucial Deformation Lemma 4.5 which allows us to
deform a finite perimeter set modifying slightly its volume while keeping controlled the
change of perimeter in terms of the variation of the volume. To prove Lemma 4.5 we first
consider the foliation by Pansu’s spheres in a punctured neighborhood of the origin in the
Heisenberg group Hn. Then using the Darboux diffeomorphism we map this foliation to
our given contact sub-Riemannian manifold. Finally we prove that the mean curvature of
the resulting foliation is bounded and we apply the sub-Riemannian Divergence Theorem
to conclude the proof of the result. In Section 5 we prove a structure result for minimizing
sequences in Proposition 5.1, and we state and prove some properties of the isoperimetric
profile. Finally, in section 6 we prove our main result, Theorem 6.1, on existence of
isoperimetric regions.
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2. PRELIMINARIES

A contact manifold [5] is a C∞ manifold M2n+1 of odd dimension so that there is an
one-form ω such that dω is non-degenerate when restricted to the horizontal distribution
H := ker(ω). Since

dω(X , Y ) = X (ω(Y ))− Y (ω(X ))−ω([X , Y ]),

H is completely non-integrable. One can easily prove the existence of a unique vector
field T in M so that

(2.1) ω(T ) = 1, (LTω)(X ) = 0,

where L is the Lie derivative and X is any smooth vector field on M . T is usually called
the Reeb vector field of the contact manifold M . It is a direct consequence that ω∧ (dω)n is
an orientation form in M .

A well-known example of a contact manifold is the Euclidean space R2n+1 with the
standard contact one-form

(2.2) ω0 := d t +
n
∑

i=1

(x id yi − yid x i).

A contact transformation between contact manifolds is a diffeomorphism preserving the
horizontal distributions. A strict contact transformation is a diffeomorphism preserving the
contact one-forms. A strict contact transformation preserves the Reeb vector fields. The
Darboux Theorem [5, Thm. 3.1] shows that, given a contact manifold and some point
p ∈ M , there is an open neighborhood U of p and a strict contact transformation f from U
into an open set of R2n+1 with its standard contact structure induced by ω0. Such a local
chart will be called a Darboux chart.

The length of a piecewise horizontal curve γ : I → M is defined by

L(γ) :=
ˆ

I
|γ′(t)| d t,

where the modulus is computed with respect to the metric gH . The Carnot-Carathéodory
distance d(p, q) between p, q ∈ M is defined as the infimum of the lengths of piecewise
smooth horizontal curves joining p and q. A minimizing geodesic is any curve γ : I → M
such that d(γ(t),γ(t ′)) = |t − t ′| for each t, t ′ ∈ I . We shall say that the sub-Riemannian
manifold (M , gH ,ω) is complete if (M , d) is a complete metric space. By Hopf-Rinow’s
Theorem [17, p. 9], when M is complete, bounded closed sets are compact and each
pair of points can be joined by a minimizing geodesic. From [22, Chap. 5] a minimizing
geodesic in a contact sub-Riemannian manifold is a smooth curve that satisfies the geodesic
equations, i.e., it is normal.

The metric gH can be extended to a Riemannian metric g on M by requiring that T be a
unit vector orthogonal toH . The scalar product of two vector fields X and Y with respect
to the metric g will be often denoted by




X , Y
�

. The Levi-Civita connection induced by
g will be denoted by D. An important property of the metric g is that the integral curves
of the Reeb vector field T defined in (2.1) are geodesics, see [5, Thm. 4.5]. To check this
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property we observe that condition (LTω)(X ) = 0 in (2.1) applied to a horizontal vector
field X yields ω([T, X ]) = 0 so that [T, X ] is horizontal. Hence, for any horizontal vector
field X , we have




X , DT T
�

=−



DT X , T
�

=−



DX T, T
�

= 0,

where in the last equality we have used |T |= 1. Since we trivially have



T, DT T
�

= 0, we
get DT T = 0, as we claimed.

A usual class defined in contact geometry is the one of contact Riemannian manifolds,
see [5], [35]. Given a contact manifold, one can ensure the existence of a Riemannian
metric g and an (1, 1)-tensor field J so that

(2.3) g(T, X ) =ω(X ), 2g(X , J(Y )) = dω(X , Y ), J2(X ) =−X +ω(X ) T.

The structure given by (M ,ω, g, J) is called a contact Riemannian manifold. The class of
contact sub-Riemannian manifolds is different from this one. Recall that, in our definition,
the metric gH is given, and it is extended to a Riemannian metric g in T M . However,
there is not in general an (1,1)-tensor field J satisfying all conditions in (2.3). Observe
that the second condition in (2.3) uniquely defines J onH , but this J does not satisfy in
general the third condition in (2.3), as it is easily seen in (R3,ω0) choosing an appropriate
positive definite metric in ker(ω0).

The Riemannian volume form dvg in (M , g) coincides with Popp’s measure [22, § 10.6].
The volume of a set E ⊂ M with respect to the Riemannian metric g will be denoted by |E|.

A contact isometry in (M , gH ,ω) is a strict contact transformation that preserves gH .
Contact isometries preserve the Reeb vector fields and they are isometries of the Riemann-
ian manifold (M , g). The group of contact isometries of (M , gH ,ω) will be denoted by
Isomω(M , g).

It follows from [25, Thm. 1] that, given a compact set K ⊂ M there are positive
constants `, L, r0, such that M is Ahlfors-regular

(2.4) `rQ ¶ |B(x , r)|¶ LrQ,

for all x ∈ K , 0< r < r0. Here Q is the homogeneous dimension of M , defined as

(2.5) Q := 2n+ 2.

Related to the homogeneous dimension we shall also consider the isoperimetric exponent

(2.6) q := (Q− 1)/Q.

In the case of contact sub-Riemannian manifolds (2.4) also follows taking Darboux charts.
Inequalities (2.4) immediately imply the doubling property: given a compact set K ⊂ M ,
there are positive constants C , r0 such that

(2.7) |B(x , 2r)|¶ C |B(x , r)|,

for all x ∈ K , 0< r < r0. Moreover, (2.4) also implies that, given a compact subset K ⊂ M ,
there are positive constants C , r0, such that

(2.8)
|B(x0, r)|
|B(x , s)|

¾ C
�

r

s

�Q

,
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for any x0 ∈ K , x ∈ B(x0, r), 0< r ¶ s < r0.
Given a Borel set E ⊂ M and an open set Ω⊂ M , the perimeter of E in Ω can be defined,

following the Euclidean definition by De Giorgi, by

P(E,Ω) := sup
�ˆ

E
div X dvg : X ∈ X1

0(Ω), X horizontal, |X |¶ 1
�

,

where X1
0(Ω) is the space of vector fields of class C1 and compact support in Ω and div

is the usual divergence in the Riemannian manifold (M , g). When Ω = M we define
P(E) := P(E, M). A set E is called of finite perimeter if P(E) < +∞, and of locally finite
perimeter if P(E,Ω) < +∞ for any bounded open subset Ω ⊂ M . See [13] and [14] for
similar definitions.

A function u ∈ L1(M) is of bounded variation in an open set Ω if

|Du|(Ω) := sup
�ˆ

Ω
u div X dvg : X ∈ C1

0 (M), X horizontal, |X |¶ 1, supp X ⊂ Ω
�

is finite. We shall say that |Du|(Ω) is the total variation of u in Ω. The space of functions
with bounded variation in M will be denoted by BV (M). If u is a smooth function then

|Du|(Ω) =
ˆ
Ω
|∇hu| dvg ,

where ∇hu is the orthogonal projection toH of the gradient ∇u of u in (M , g).
It follows easily that P(E,Ω) is the total variation of the characteristic function 1E of

E. A sequence of finite perimeter sets {Ei}i∈N converges to a finite perimeter set E if 1Ei

converges to 1E in L1
loc(M).

Finite perimeter sets are defined up to a set of measure zero. We can always choose a
representative so that all density one points are included in the set and all density zero
points are excluded [15, Chap. 3]. We shall always take such a representative without an
explicit mention.

There is a more general definition of functions of bounded variation and of sets of
finite perimeter in metric measure spaces, using a relaxation procedure, using as energy
functional the L1 norm of the minimal upper gradient, [21], [3]. If (M , gH ,ω) is a contact
sub-Riemannian manifold then the definition of perimeter given above coincides with the
one in [21], [3]. See [21, § 5.3], [3, Ex. 3.2].

In case E has C1 boundary Σ, it follows from the Divergence Theorem in the Riemannian
manifold (M , g) that the perimeter P(E) coincides with the sub-Riemannian area of Σ
defined by

(2.9) A(Σ) :=
ˆ
Σ
|Nh| dΣ,

where N is a unit vector field normal to Σ, Nh the orthogonal projection of N to the
horizontal distribution, and dΣ is the Riemannian measure of Σ. Equivalently dΣ can be
viewed as the 2n-dimensional Euclidean Hausdorff measure on the C1 surface.
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The following usual properties for finite perimeter sets E, F ⊂ M in an open set Ω⊂ M
are proven in [21]

1. P(E,Ω) = P(F,Ω) when the symmetric difference E4F satisfies |(E4F)∩Ω|= 0.
2. P(E ∪ F,Ω)+ P(E ∩ F,Ω)¶ P(E,Ω)+ P(F,Ω).
3. P(E,Ω) = P(M \ E,Ω).

The set function Ω 7→ P(E,Ω) is the restriction to the open subsets of the finite Borel
measure P(E, · ) defined by

(2.10) P(E, B) := inf{P(E, A) : B ⊂ A, A open},

where B is a any Borel set.
We fix a point p ∈ M and we consider the open balls Br := B(p, r), r > 0. Then the

following property is obtained from the definitions

(2.11) P(E ∩ Br)¶ P(E, Br) + P(E \ Br ,∂ Br),

where P(E \ Br ,∂ Br) is defined from (2.10).
The following results are proved in general metric measure spaces

Proposition 2.1 (Lower semicontinuity [3],[21]). The function E → P(E,Ω) is lower
semicontinuous with respect to the L1(Ω) topology.

Proposition 2.2 (Compactness [21]). Let {Ei}i∈N be a sequence of finite perimeter sets such
that {1Ei

}i∈N is bounded in L1
loc(M) norm and satisfying supi P(Ei ,Ω)< +∞ for any relatively

compact open set Ω⊂ M. Then there exists a finite perimeter set E in M and a subsequence
{1Eni

}i∈N converging to 1E in L1
loc(M). Furthermore P(E,Ω)¶ lim infi→+∞ P(Ei ,Ω).

Theorem 2.3 (Gauss-Green for finite perimeter sets). Let E ⊂ M be a set of finite perimeter.
Then there exists a P(E)-measurable vector field νE ∈ T M such that

−
ˆ

E
div X dvg =

ˆ
M

gH (νE , X ) dP(E),

for all X ∈H and |νE |= 1 for P(E)-a.e. x ∈ M.

The proof of Theorem 2.3 consists essentially in taking local coordinates and applying the
Riesz Representation Theorem [11, § 1.8] to the linear functional f 7→ −

´
f divH X dvg ,

where f is any continuous function with compact support in M . This result was proven in
the Heisenberg group Hn in [13].

Definition. Let E be a finite perimeter set. The reduced boundary ∂ ∗E is composed of the
points x ∈ ∂ E which satisfy

(i) P(E, Br(x))> 0, for all r > 0;
(ii) exists lim

r→0

ffl
Br (x)

νEdP(E) and its modulus is one.

The following approximation result, whose proof is a straightforward adaptation of the
Euclidean one, [15, Chap. 1], holds.



8 M. GALLI AND M. RITORÉ

Proposition 2.4. Let (M , gH ,ω) be a contact sub-Riemannian manifold, and let u ∈ BV (Ω).
Then there exists a sequence {ui}i∈N of smooth functions such that ui → u in L1(Ω) and
limi→+∞ |∇hui |(Ω) = |∇hu|(Ω).

The localization lemma [3, Lemma 3.5], see also [21], allows us to prove the next
Proposition. We remark that it also follows from a combination of co-area formula, [21,
Proposition 4.2], and Lebesgue differentiation theorem.

Proposition 2.5. Let (M , gH ,ω) be a contact sub-Riemannian manifold, E ⊂ M a finite
perimeter set, p ∈ M, and Br := B(p, r). Then, for almost all r > 0, the set E \ Br has finite
perimeter, and

P(E \ Br ,∂ Br)¶
d

dr
|E ∩ Br |.

The isoperimetric profile of M is the function IM : (0, |M |)→ R+ ∪ {0} given by

IM (v) := inf{P(E) : E ⊂ M , |E|= v}.

A set E ⊂ M is an isoperimetric region if P(E) = IM (|E|). The isoperimetric profile must be
seen as an optimal isoperimetric inequality in the manifold M , since for any set E ⊂ M we
have

P(E)¾ IM (|E|),

with equality if and only if E is an isoperimetric region.

3. A RELATIVE ISOPERIMETRIC INEQUALITY AND AN ISOPERIMETRIC INEQUALITY FOR SMALL

VOLUMES

In this section we consider a contact sub-Riemannian manifold (M , gH ,ω). We shall
say that M supports a 1-Poincaré inequality if there are constants Cp, r0 > 0 such that

ˆ
B(p,r)

|u− up,r | dvg ¶ Cp r
ˆ

B(p,r)
|∇hu| dvg

holds for every p ∈ M , 0 < r < r0, and u ∈ C∞(M). Here up,r is the average value of the
function u in the ball B(p, r) with respect to the measure dvg

up,r :=
1

|B(p, r)|

ˆ
B(p,r)

u dvg ,

that will also be denoted by  
B(x ,r)

u dvg

We shall prove that an 1-Poincaré inequality holds in M provided M/ Isomω(M , g) is
compact, using the following result by Jerison
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Theorem 3.1 ([19, Thm. 2.1]). Let X1, . . ., Xm be C∞ vector fields satisfying Hörmander’s
condition defined on a neighborhood Ω of the closure E1 of the Euclidean unit ball E1 ⊂ Rd .

Then there exists constants C > 0, r0 > 0 such that, for any x ∈ E1 and every 0< r < r0
such that B(x , 2r)⊂ Ω,

(3.1)
ˆ

B(x ,r)
| f − f̃x ,r | dL ¶ C r

ˆ
B(x ,r)

� m
∑

i=1

X i( f )
2
�1/2

dL ,

for any f ∈ C∞(B(x , r)), where the integration is taken with respect to the Lebesgue measure
L , the balls are computed with respect to the Carnot-Carathéodory distance associated to X1,
. . ., Xm, and f̃x ,r is the mean with respect to Lebesgue measure.

Remark 3.2. Jerison really proved the 2-Poincaré inequality
ˆ

B(x ,r)
| f − f̃x ,r |2 dL ¶ C r2

ˆ
B(x ,r)

� m
∑

i=1

X i( f )
2
�

dL .

However, as stated by Hajłasz and Koskela [18, Thm. 11.20], his proof also works for the
L1 norm in both sides of the inequality.

Remark 3.3. The dependence of the constants C , r0 is described in [19, p. 505].

We can use Jerison’s result or, alternatively, the results in Carnot-Carathéodory spaces
by Garofalo and Nhieu [14] to get the following result

Lemma 3.4 (Poincaré’s inequality). Let (M , gH ,ω) be a contact sub-Riemannian manifold,
and K ⊂ M a compact subset. Then there exist constants CP , r0 > 0, only depending on K,
such that

(3.2)
ˆ

B(p,r)
|u− up,r | dvg ¶ Cp r

ˆ
B(p,r)

|∇hu| dvg ,

for all p ∈ K, 0< r < r0, u ∈ C∞(M).

Lemma 3.5. Let (M , gH ,ω) be a contact sub-Riemannian manifold such that the quotient
M/ Isomω(M , g) is compact. Then there exist constants CP , r0 > 0, only depending on M,
such that

(3.3)
ˆ

B(p,r)
|u− up,r | dvg ¶ CP r

ˆ
B(p,r)

|∇hu| dvg ,

for all p ∈ M, 0< r < r0, u ∈ C∞(M).

The proof of Lemma 3.5 simply consists in taking a covering of K by Darboux charts
and using the local Poincaré inequality.

Remark 3.6. Poincaré’s inequality also holds for functions of bounded variation by an
approximation argument, see [15].
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From the 1-Poincaré inequality (3.2) and inequality (2.8) we can prove, using Theo-
rem 5.1 and Corollary 9.8 in [18] (see also Remark 3 after the statement of Theorem 5.1
in [18]), that, given a compact set K ⊂ M , there are positive constants C , r0 so that

(3.4)
� 

B(x ,r)
|u− ux ,r |Q/(Q−1)

�(Q−1)/Q

¶ C r
� 

B(x ,r)
|∇hu|

�

,

for all u ∈ C∞(M), x ∈ K , 0< r < r0. Furthermore, it is well-known that the q-Poincaré’s
inequality (3.4) implies the following relative isoperimetric inequality [11] and [15]

Lemma 3.7 (Relative isoperimetric inequality). Let (M , gH ,ω) be a contact sub-Riemannian
manifold, and K ⊂ M a compact subset. There exists constants CI > 0, r0 > 0, only depending
on K, so that, for any set E ⊂ M with locally finite perimeter, we have

(3.5) CI min
�

| E ∩ B(x , r) |, | Ec ∩ B(x , r) |
	(Q−1)/Q ¶ P(E, B(x , r)),

for any x ∈ K.

Remark 3.8. A relative isoperimetric inequality in compact subsets of Rn for sets E with
C 1 boundary was proven in [6] for the sub-Riemannian structure given by a family of
Hörmander vector fields. As the authors remark their result holds for any family of vector
fields on a connected manifold.

Remark 3.9. As for Poincaré’s inequality, the relative isoperimetric inequality (3.5) holds
in the whole of M provided M/ Isomω(M , g) is compact.

Lemma 3.10 (Isoperimetric inequality for small volumes). Let (M , gH ,ω) be a contact
sub-Riemannian manifold so that the quotient M/ Isomω(M) is compact. Then there exists
v0 > 0 and CI > 0 such that

(3.6) P(E)¾ CI |E|(Q−1)/Q,

for any finite perimeter set E ⊂ M with |E|< v0.

Proof. This is a classical argument [20, Lemma 4.1]. We fix δ > 0 small enough so
that Poincaré’s inequality holds for balls of radius smaller than or equal to δ. Since
M/ Isomω(M) is compact, there exists v0 > 0 so that |B(x ,δ)| ¾ 2v0 holds for all x ∈ M .
Let E ⊂ M be a set of finite perimeter with |E| < v0. We fix a maximal family of points
{x i}i∈N with the properties

(3.7) d(x i , x j)¾
δ

2
for i 6= j, E ⊆

⋃

i∈N

B(x i ,δ).

Since q = (Q− 1)/Q we have

(3.8) |E|q ¶

 

∑

i∈N
|B(x i ,δ)∩ E|

!q

¶
∑

i∈N
|B(x i ,δ)∩ E|q ¶ C1

∑

i∈N
P(E, B(x i ,δ))

from (3.7), the concavity of the function x 7→ xq, and the relative isoperimetric inequality
in Lemma 3.7. Now using the local doubling property of the measure on M , we get that
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the cover B(x i ,δ) has bounded overlap, with the bound independent of δ. Furthermore,
from the outer measure property of the perimeter measure P(E, ·), we have

∑

i∈N
P(E, B(x i ,δ))¶ C P(E).

This inequality and (3.8) yield (3.6). �

Remark 3.11. Another approach to isoperimetric inequalities in Carnot-Carathéodory
spaces is provided by Gromov [16, § 2.3].

Remark 3.12. An isoperimetric inequality for small volumes in compact Riemannian
manifolds was proven by Berard and Meyer [4].

4. THE DEFORMATION LEMMA. BOUNDEDNESS OF ISOPERIMETRIC REGIONS

In order to prove Theorem 6.1, we need to construct a foliation of a punctured neigh-
borhood of any point in M by smooth hypersurfaces with bounded mean curvature. We
briefly recall this definition. Let Σ⊂ M be a C2 hypersurface in M . The singular set Σ0 of
Σ is the set of points in Σ where the tangent hyperplane to Σ coincides with the horizontal
distribution. If Σ is orientable then there exists a globally defined unit normal vector field
N to Σ in (M , g), from which a horizontal unit normal νh can be defined on Σ \Σ0 by

(4.1) νh :=
Nh

|Nh|
,

where Nh is the orthogonal projection of N to the horizontal distribution. The sub-
Riemannian mean curvature of Σ is the function, defined in Σ \Σ0, by

(4.2) H :=−
2n−1
∑

i=1




Dei
νh, ei

�

,

where D is the Levi-Civita connection in (M , g), and {e1, . . . , e2n−1} is an orthonormal basis
of TΣ∩H . We recall that, given a vector field X defined on Σ, the divergence of X in Σ,
divΣ X , is defined by

(4.3) divΣ X :=
2n
∑

i=1




Dei
νh, ei

�

,

where {e1, ..., e2n} is an orthonormal basis of TΣ.
We define the tensor

(4.4) σ(X , Y ) :=



DX T, Y
�

,

where X and Y are vector fields on M . In the case of the Heisenberg group we have
DX T = J(X ), so that σ(X , Y ) =




J(X ), Y
�

.
At every point of Σ \Σ0, we may choose an orthonormal basis of TΣ consisting of an

orthonormal basis {e1, . . . , e2n−1} of TΣ∩H together with the vector

(4.5) S :=



N , T
�

νh− |Nh| T,
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which is orthogonal to N , tangent to Σ, and of modulus 1. Hence we obtain in Σ \Σ0

(4.6) divΣ νh =−H +



DSνh, S
�

.

From (4.5) and equality |νh| = 1 we immediately get



DSνh, S
�

= −|Nh|



DSνh, T
�

,
which is equal to |Nh|σ(νh, S). Since the vector field S can be rewritten in the form
S = |Nh|−1�
N , T

�

N − T
�

, and DT T = 0, we finally get



DSνh, S
�

=



N , T
�

σ(νh, N),

and so

(4.7) divΣ νh =−H +



N , T
�

σ(νh, N)

We recall that the mean curvature (4.2) appears in the expression of the first derivative of
the sub-Riemannian area functional (2.9).

Lemma 4.1. Let Σ⊂ M be an orientable hypersurface of class C2 in a contact sub-Riemannian
manifold (M , gH ,ω), and let U be a vector field with compact support in M\Σ0 and associated
one-parameter family of diffeomorphisms {ϕs}s∈R. Then

(4.8)
d

ds

�

�

�

�

s=0

A(ϕs(Σ)) =−
ˆ
Σ

H



U , N
�

dΣ.

Proof. Let u :=



U , N
�

. Following the proof of [33, Lemma 3.2] we obtain

d

ds

�

�

�

�

s=0

A(ϕs(Σ)) =
ˆ
Σ
{U⊥(|Nh|) + |Nh|divΣ U⊥} dΣ.

For the first summand in the integrand we obtain

U⊥(|Nh|) = U⊥
�


N ,νh
��

=



DU⊥N ,νh
�

+



N , DU⊥νh
�

=−



∇Σu,νh
�

−



N , T
�

σ(νh, U⊥)

=−(νh)
>(u)−




N , T
�

σ(νh, U⊥),

since DU⊥N =−∇Σu. So we get from the previous formula

U⊥(|Nh|) + |Nh|divΣ U⊥ =

=−(νh)
>(u)−




N , T
�

σ(νh, U⊥) + u divΣ(|Nh|N)

=−divΣ(u(νh)
>) + u divΣ(νh)

> −



N , T
�

σ(νh, U⊥) + u divΣ(|Nh|N)

=−divΣ(u(νh)
>) + u divΣ(νh)− u




N , T
�

σ(νh, N),

where we have used νh = (νh)> + |Nh|N in the final step. Since U has compact support out
of Σ0, where νh is well defined, we conclude from the Riemannian Divergence Theorem
and (4.7)

d

ds

�

�

�

�

s=0

A(ϕs(Σ)) =
ˆ
Σ

u {divΣ(νh)−



N , T
�

σ(νh, N)} dΣ =−
ˆ
Σ

H



U , N
�

dΣ,

which completes the proof of the Lemma. �
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The local model of a sub-Riemannian manifold is the contact manifold (R2n+1,ω0),
where ω0 := d t +

∑n
i=1(x id yi − yid x i) is the standard contact form in R2n+1, together

with an arbitrary positive definite metric gH0
inH0. A basis of the horizontal distribution

is given by

X i :=
∂

∂ x i
+ yi

∂

∂ t
, Yi :=

∂

∂ yi
+ x i

∂

∂ t
, i = 1, . . . , n,

and the Reeb vector field is

T :=
∂

∂ t
.

The metric gH0
will be extended to a Riemannian metric on R2n+1 so that the Reeb

vector field is unitary and orthogonal to H0. We shall usually denote the set of vector
fields {X1, Y1, . . . , Xn, Yn} by {Z1, . . . , Z2n}. The coordinates of R2n+1 will be denoted by
(x1, y1, . . . , xn, yn, t), and the first 2n coordinates will be abbreviated by z or (x , y). We
shall consider the map F : R2n→ R2n defined by

F(x1, y1, . . . , xn, yn) := (−y1, x1, . . . ,−yn, xn).

Given a C2 function u : Ω⊂ R2n→ R defined on an open subset Ω, we define the graph
Gu := {(z, t) : z ∈ Ω, t = u(z)}. By (2.9), the sub-Riemannian area of the graph is given by

A(Gu) =
ˆ

Gu

|Nh| dGu,

where dGu is the Riemannian metric of the graph and |Nh| is the modulus of the hor-
izontal projection of a unit normal to Gu. We consider on Ω the basis of vector fields
� ∂

∂ x1
, ∂

∂ y1
, . . . , ∂

∂ xn
, ∂

∂ yn

	

.
By the Riemannian area formula

(4.9) dGu = Jac dL 2n,

where dL 2n is Lebesgue measure in R2n and Jac is the Jacobian of the canonical map
Ω→ Gu given by

(4.10) Jac= det(gi j + (∇u+ F)i(∇u+ F) j)
1/2
i, j=1,...,2n,

where gi j := g(Zi , Z j), ∇ is the Euclidean gradient of R2n and (∇u + F)i is the i-th
Euclidean coordinate of the vector field ∇u+ F in Ω. We have

(∇u+ F)i =

(

ux(i+1)/2
− y(i+1)/2, i odd,

uyi/2
+ x i/2, i even.

Let us compute the composition of |Nh| with the map Ω→ Gu. The tangent space T Gu is
spanned by

(4.11) Zi + (∇u+ F)i T, i = 1, . . . , 2n.



14 M. GALLI AND M. RITORÉ

So the projection to Ω of the singular set (Gu)0 is the set Ω0 ⊂ Ω defined by Ω0 := {z ∈ Ω :
(∇u+ F)(z) = 0}. Let us compute a downward pointing normal vector Ñ to Gu writing

(4.12) Ñ =
2n
∑

i=1

(ai Zi)− T.

The horizontal component of Ñ is Ñh =
∑2n

i=1 ai Zi . We have
2n
∑

i=1

ai gi j = g(Ñh, Z j) = g(Ñ , Z j) =−(∇u+ F) j



Ñ , T
�

= (∇u+ F) j ,

since Z j is horizontal, Ñ is orthogonal to Z j defined by (4.11), and (4.12). Hence

(a1, . . . , a2n) = b(∇u+ F),

where b is the inverse of the matrix {gi j}i, j=1,...,2n. So we get

(4.13) |Ñ |= (1+



∇u+ F, b(∇u+ F)
�

)1/2,

and
|Ñh|=




∇u+ F, b(∇u+ F)
�1/2,

where



,
�

is the Euclidean Riemannian metric in R2n, and so

(4.14) |Nh|=
|Ñh|
|Ñ |
=




∇u+ F, b(∇u+ F)
�1/2

�

1+



∇u+ F, b(∇u+ F)
��1/2

.

Observe that, from (4.12) and (4.13) we also get that the scalar product of the unit normal
N with the Reeb vector field T is given by

(4.15) g(N , T ) =−
1

�

1+



∇u+ F, b(∇u+ F)
��1/2

.

Hence we obtain from (2.9), (4.9), (4.10) and (4.14)

(4.16) A(Gu) =
ˆ
Ω




∇u+ F, b(∇u+ F)
�1/2 det(gi j + (∇u+ F)i(∇u+ F) j)1/2

�

1+



∇u+ F, b(∇u+ F)
��1/2

dL 2n.

Now we use formula (4.16) to compute the mean curvature of a graph.

Lemma 4.2. Let us consider the contact sub-Riemannian manifold (R2n+1, gH0
,ω0), where

ω0 is the standard contact form in R2n+1 and gH0
is a positive definite metric in the horizontal

distributionH0. Let u : Ω⊂ R2n→ R be a C2 function. We denote by g = (gi j)i, j=1,...,2n the
metric matrix and by b = g−1 = (g i j)i, j=1,...,2n the inverse metric matrix. Then the mean
curvature of the graph Gu, computed with respect to the downward pointing normal, is given
by

(4.17) − div
�

b(∇u+ F)



∇u+ F, b(∇u+ F)
�1/2

�

+µ,

where µ is a bounded function in Ω \Ω0, and div is the usual Euclidean divergence in Ω.
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Proof. Given a smooth function v with compact support in Ω, we shall compute the first
derivative of the function s 7→ A(Gu+sv) and we shall compare it with the general first
variation of the sub-Riemannian area (4.8). Let us fix some compact set K ⊂ Ω.

We use the usual notation in Calculus of Variations. Let us denote by

(4.18) G(z, u, p) :=
det(gi j + (p+ F)i(p+ F) j)

1/2
i, j=1,...,2n

�

1+



p+ F, b(p+ F)
��1/2

,

where p ∈ R2n. Observe that G is a C∞ function well defined in Ω. From (4.10) and
(4.15)we obtain

(4.19) G(z, u,∇u) :=−Jac g(T, N).

Recall that gi j = gi j(z, u), F = F(z). Let us denote also

(4.20) F(z, u, p) :=



p+ F, b(p+ F)
�1/2 G(z, u, p).

Then we can write

A(Gu) :=
ˆ
Ω

F(z, u,∇u) dL 2n.

So we have
d

ds

�

�

�

�

s=0

A(Gu+sv) =
ˆ
Ω
(Fu v+




Fp,∇v
�

) dL 2n,

where



Fp, X
�

(z, u, p) = d
ds

�

�

s=0(z, u, p+ sX ) is the gradient of p 7→ F(z, u, p). Applying the
Divergence Theorem

(4.21)
d

ds

�

�

�

�

s=0

A(Gu+sv) =
ˆ
Ω

v (Fu − div Fp) dL 2n.

Observe that, from (4.20)

Fu =




p+ F, ∂ b
∂ u
(p+ F)

�

2



p+ F, b(p+ F)
�1/2

G+



p+ F, b(p+ F)
�1/2 Gu,

which is bounded from above since b is a symmetric positive definite matrix, and so there
is C > 0 depending on K so that




∇u+ F, b(∇u+ F)
�

¾ C |∇u+ F |2, and the numerator
satisfies




∇u+ F, ∂ b
∂ t
(∇u+ F)

�

¶ C ′|∇u+ F |2. On the other hand

Fp = G
b(p+ F)




p+ F, b(p+ F)
�1/2
+



p+ F, b(p+ F)
�1/2 Gp,

so that

div Fp = G div
�

b(p+ F)



p+ F, b(p+ F)
�1/2

�

+



∇G,
b(p+ F)




p+ F, b(p+ F)
�1/2

�

+ div
�


p+ F, b(p+ F)
�1/2 Gp

�

.
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Observe that the last two terms are bounded and that Gp is bounded, so that we get from
(4.21) and the previous discussion

d

ds

�

�

�

�

s=0

A(Gu+sv) =
ˆ
Ω

v
�

G div
�

b(∇u+ F)



∇u+ F, b(∇u+ F)
�1/2

�

+µ′
�

dL 2n,

where G and µ′ are bounded functions in K .
Taking into account that the variation s 7→ u+ sv is the one obtained by moving the

graph Gu by the one-parameter group of diffeomorphisms associated to the vector field
U := vT , which has normal component g(U , N) = v g(T, N), that dGu = Jac dL 2n, and
equation (4.19), we conclude

d

ds

�

�

�

�

s=0

A(Gu+sv) =
ˆ
Ω

g(U , N)
�

− div
�

b(∇u+ F)



∇u+ F, b(∇u+ F)
�1/2

�

+µ
�

dGu,

where µ := µ′(g(N , T) Jac)−1 is a bounded function. Comparing this formula with the
general first variation one (4.8), and taking into account that g(U , N) is arbitrary we get
(4.17). �

Remark 4.3. If g = g0 is the standard Riemannian metric in the Heisenberg group so
that {X1, Y1, . . . , Xn, Yn, T} is orthonormal then (gi j)i, j=1,...,2n is the identity matrix, b = Id,
µ= 0, and we have the usual mean curvature equation, see [9].

Lemma 4.4. Let (M , gH ,ω) be a contact sub-Riemannian manifold. Given p ∈ M, there
exists a neighborhood U of p so that U \ {p} is foliated by surfaces with mean curvature
uniformly bounded outside any neighborhood V ⊂ U of p.

Proof. Since the result is local, we may assume, using a Darboux’s chart, that our contact
sub-Riemannian manifold is (R2n+1, g,ω0), where ω0 is the standard contact form in (2.2)
and g is an arbitrary positive definite metric in the horizontal distribution H0. We also
assume p = 0.

For each λ > 0, we consider the hypersurface Sλ given by the graph of the function

(4.22) uλ(z) =
1

2λ2 {λ|z|(1−λ
2|z|2)1/2 + arccos(λ|z|)}, |z|¶

1

λ
,

and its reflection with respect to the hyperplane t = 0, see [31]. Each Sλ is a topological
sphere of class C2 with constant mean curvature λ in the Heisenberg group H2n+1 and two
singular points ±(0,π/(4λ2)). The family {Sλ}λ>0 is a foliation of R2n+1 \ {0}. From now
on we fix some λ > 0 and let u := uλ.

From Lemma 4.2 it is sufficient to show that

(4.23) div

 

b(∇u+ F)



∇u+ F, b(∇u+ F)
�1/2

!

is bounded near the singular points, In fact the mean curvature is continuous away from
the singular set by the regularity of Sλ.
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Let g i := (g i1, . . . , g i(2n)) be the vector in R2n corresponding to the i-th row of the matrix
b. We have

div

 

b(∇u+ F)



∇u+ F, b(∇u+ F)
�1/2

!

=
2n
∑

i=1

∂i

 




g i ,∇u+ F
�




∇u+ F, b(∇u+ F)
�1/2

!

,

where ∂i is the partial derivative with respect the i-th variable, i.e., x(i+1)/2 when i is odd
and yi/2 when i is even. Taking derivatives we get

2n
∑

i=1

∂i

 




g i ,∇u+ F
�




∇u+ F, b(∇u+ F)
�1/2

!

=
2n
∑

i=1




∂i g
i ,∇u+ F

�

+



g i ,∂i(∇u+ F)
�




∇u+ F, b(∇u+ F)
�1/2

−



g i ,∇u+ F
�

1
2




∇u+ F, (∂i b)(∇u+ F)
�

+



∂i(∇u+ F), b(∇u+ F)
�




∇u+ F, b(∇u+ F)
�3/2

.

It is clear that the first and the third summands are bounded. So we only have to prove
that

(4.24)
2n
∑

i=1




g i ,∂i(∇u+ F)
�


∇u+ F, b(∇u+ F)
�

−
2n
∑

i, j,k,`=1




g i ,∇u+ F
�


∂i(∇u+ F), b(∇u+ F)
�

¶ C |∇u+ F |3/2

for some positive constant C . We easily see that the left side of (4.24) is equal to

(4.25)
2n
∑

i, j,k,`=1

g i j gk`∂i(∇u+ F) j(∇u+ F)k(∇u+ F)`

−
2n
∑

i, j,k,`=1

g i j gk`∂i(∇u+ F)k(∇u+ F) j(∇u+ F)`.

Taking into account that

∂i F j + ∂ j Fi = 0, for all i, j = 1, . . . , 2n,

and the symmetries of (4.25), we get that (4.25) is equal to

2n
∑

i, j,k,`=1

g i j gk`ui j(∇u+ F)k(∇u+ F)` −
2n
∑

i, j,k,`=1

g i j gk`uik(∇u+ F) j(∇u+ F)`,

so we only need to show that each term

(∇u+ F)k(∇u+ F)` ui j

〈∇u+ F, b(∇u+ F)〉3/2
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is bounded to complete the proof. Since

|(∇u+ F)k|¶ |∇u+ F |, and



∇u+ F, b(∇u+ F
�1/2 ¾ C |∇u+ F |,

for some positive constant C > 0, it is enough to show that

(4.26)
ui j

|∇u+ F |

is bounded.
A direct computation yields

∂ u

∂ x i
=−

λ|z|x i

(1−λ2|z|2)1/2
,

∂ u

∂ yi
=−

λ|z|yi

(1−λ2|z|2)1/2
,

and so

|∇u+ F |2 =
n
∑

i=1

�

∂ u

∂ x i
− yi

�2

+
�

∂ u

∂ yi
+ x i

�2

= |z|2
�

1+
λ2|z|2

1−λ2|z|2

�

.

Hence

(4.27) C1|z|¶ |∇u+ F |¶ C2|z|,

for some constants C1, C2 > 0 near z = 0.
On the other hand

∂ 2u

∂ x i∂ x j
=−δi j

λ|z|
(1−λ2|z|2)1/2

−
λx i x j

|z|(1−λ2|z|2)3/2
,

∂ 2u

∂ yi∂ y j
=−δi j

λ|z|
(1−λ2|z|2)1/2

−
λyi y j

|z|(1−λ2|z|2)3/2
,

∂ 2u

∂ x i y j
=−

λx i y j

|z|(1−λ2|z|2)3/2
,

and so
|ui j |¶ C |z|,

for some constant C > 0. This inequality, together with (4.27), shows that (4.26) is
bounded.

�

Lemma 4.5 (Deformation Lemma). Let (M , gH ,ω) be a contact sub-Riemannian mani-
fold and Ω ⊂ M a finite perimeter set with non-empty interior. Then there exists a small
deformation eΩr ⊃ Ω, 0< r ¶ r0, such that

P(∂ (eΩr −Ω))¶ C |eΩr −Ω|,

where C is a positive constant.
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Proof. For p ∈ int(Ω) sufficiently close to ∂Ω, there exists by Lemma 4.4 a local foliation
by hypersurfaces Fr , 0< r ¶ r0, with mean curvature uniformly bounded outside a small
neighborhood of p. Let Ur be the regions bounded by Fr and let νh(q) the horizontal
unit normal at q ∈ Fr of the surface Fr , for r ∈ [d(p,∂Ω), r0]. Letting Ωr := Ωc ∩ Ur ,
eΩr := Ωr ∪ Ω, we have that there exists C > 0 so that divνh ¶ C by (4.7) and the
boundedness of the mean curvature. So we have

C |Ωr |¾
ˆ

Ωr

div(νh)dvg =
ˆ

M

gH (νh,ν)dP(Fr ∩Ωc) +
ˆ

M

gH (νh,ν)dP(∂ ∗Ωr ∩ Ur)

¾ P(Fr ∩Ωc)− P(∂ ∗Ωr ∩ Ur),

where ν is defined in the Gauss-Green formula. We have used gH (νh,ν) ≡ 1 in the first
integral and gH (νh,ν)¾−1 in the second one. But also that from the definition of dP(.)
it follows ˆ

Ω

dP(E) = P(E,Ω),

see [12, p. 879–880] and [13, p. 491–494]. �

Lemma 4.6. Let (M , gH ,ω) be a contact sub-Riemannian manifold so that the quotient
M/ Isomω(M) is compact. Let E ⊂ M be a set minimizing perimeter under a volume constraint.
Then E is bounded.

Proof. We fix p ∈ M and denote the ball B(p, r) by Br . We let V (r) := |E ∩ (M \ Br)|, so
that V (r)→ 0 when r →∞ since E has finite volume. Let us assume that V (r)> 0 for all
r > 0. Applying the isoperimetric inequality for small volumes when r is large enough to
the set E ∩ (M \ Br) we get, taking q as in (2.6),

CI V (r)q ¶ P(E ∩ (M \ Br))(4.28)

¶ P(E, M \ Br) + P(E ∩ Br ,∂ Br)

¶ P(E, M \ Br) + |V ′(r)|

¶ P(E)− P(E, Br) + |V ′(r)|.

We now fix some r0 > 0. An isoperimetric set E has non-empty interior by the arguments
in [10]. For r > r0, the Deformation Lemma shows the existence of a set Er so that Er is a
small deformation of E ∩ Br , Er \ (E ∩ Br) is properly contained in Br0

, |Er | = |E| (which
implies |E \ Er |= V (r)), and P(Er , Br)¶ P(E, Br) + C V (r). So we have

P(Er)¶ P(Er , Br) + P(Er ∩ Br ,∂ Br)(4.29)

= P(Er , Br) + P(E ∩ Br ,∂ Br)

¶ P(Er , Br) + |V ′(r)|

By the isoperimetric property of E we also have

(4.30) P(E)¶ P(Er)¶ P(Er , Br) + |V ′(r)|,
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for all r ¾ r0.
From (4.28), (4.29) and (4.30) we finally get

(4.31) CI V (r)
q ¶ C V (r) + 2 |V ′(r)|.

Since V (r) = V (r)1−qV (r)q ¶ (CI/2)V (r)q for r large enough, we get

−
CI

2
V (r)q ¾ 2 V ′(r),

or, equivalently,

(V 1/Q)′ ¶−
CIQ

2
< 0,

which forces V (r) to be negative for r large enough. This contradiction proves the
result. �

5. STRUCTURE OF MINIMIZING SEQUENCES

In this section we will prove a structure result for minimizing sequences in a non-
compact contact sub-Riemannian manifold. Partial versions of this result were obtained for
Riemannian surfaces, [29], [30], and for Riemannian manifolds [32].

Proposition 5.1. Let (M , gH ,ω) be a non-compact contact sub-Riemannian manifold. Con-
sider a minimizing sequence {Ek}k∈N of sets of volume v converging in L1

loc(M) to a finite
perimeter set E ⊂ M, that can eventually be empty. Then there exist sequences of finite
perimeter sets {Ec

k}k∈N, {E
d
k }k∈N such that

1. {Ec
k}k∈N converges to E in L1(M), {Ed

k }k∈N diverges, and |Ec
k|+ |E

d
k |= v.

2. limk→∞ P(Ec
k) + P(Ed

k ) = IM (v).
3. limk→∞ P(Ec

k) = P(E).
4. If |E|> 0, then E is an isoperimetric region of volume |E|.
5. Moreover, if M/ Isomω(M , g) is compact then limk→∞ P(Ed

k ) = IM (v − |E|). In
particular, IM (v) = IM (|E|) + IM (v − |E|).

Proof. We fix a point p ∈ M and we consider the balls B(r) := B(p, r). Let m(r) :=
|E ∩ B(p, r)|, mk(r) := |Ek ∩ B(r)|.

We can choose a sequence of diverging radii rk > 0 so that, considering a subsequence
of {Ek}k∈N, we would had

ˆ

B(rk)

|1E − 1Ek
|¶

1

k
,(5.1)

P(Ek \ B(rk),∂ B(rk))¶
v

k
.(5.2)
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In order to prove (5.1) and (5.2) we consider a sequence of radii {sk}k∈N so that sk+1−sk ¾
k for all k ∈ N. Taking a subsequence of {Ek}k∈N, we may assume thatˆ

B(sk+1)

|1E − 1Ek
|¶

1

k
,

so that (5.1) holds for all r ∈ (0, sk+1). To prove (5.2) we observe that mk(r) is an
increasing function. By Lebesgue’s Theorem

sk+1ˆ

sk

m′(r) dr ¶ m(sk+1)−m(sk)¶ v,

which implies that there is a set of positive measure in [sk, sk+1] so that m′(r) ¶ v
k
. By

Ambrosio’s localization Lemma [2, Lemma 3.5] we have, for almost everywhere r,

P(Ek \ B(r)),∂ B(r))¶ m′k(r).

This implies that there is rk ∈ [sk, sk+1] so that (5.2) holds.
Now we define

Ec
k := E ∩ B(rk), Ed

k := E \ B(rk+1).

Now we prove 1. Since E has finite volume and (5.1) holds we conclude that {Ec
k}k∈N

converges in L1(M) to E. The divergence of the sequence {Ed
k }k∈N and equality |Ec

k|+|E
d
k | =

v follow from the definitions of Ec
k and Ed

k .
In order to prove 2 we take into account that

P(Ec
k)¶ P(Ek, B(rk)) + P(Ek ∩ ∂ B(rk),∂ B(rk)),

P(Ed
k )¶ P(Ek, M \ B(rk)) + P(Ek ∩ ∂ B(rk),∂ B(rk)).

By (5.2) we have

P(Ek)¶ P(Ec
k) + P(Ed

k )¶ P(Ek) +
2v

k
.

Taking limits when k→∞ we get 2.
To prove 3 we shall first show that

(5.3) P(E) = lim inf
k→∞

P(Ec
k)

reasoning by contradiction. Since Ec
k converges in L1(M) to E, we may assume that

the strict inequality P(E) < lim infk→∞ P(Ek) holds. Reasoning as above we obtain a
non-decreasing and diverging sequence of radii {ρk}k∈N so that ρk < rk and

P(E ∩ ∂ B(ρk),∂ B(ρk))¶
v

k
,

for all k ∈ N. Let E′k := E ∩ B(ρk). The perimeter of E′k satisfies

P(E′k)¶ P(E, B(ρk)) + P(E ∩ ∂ B(ρk),∂ B(ρk))¶ P(E) +
v

k
,
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and for the volume |E′k| we have

lim
k→∞
|E′k|= |E|= v− lim

k→∞
|Ed

k |.

By adding and removing small balls we can make small corrections of the volume and
obtain, for k ∈ N large enough, a set E′′k of finite perimeter so that

|E′′k |+ |E
d
k |= v,

and

P(E′′k )¶ P(E′k) + C
�

�|E′k| − |E
d
k |
�

�¶ P(E) +
v

k
+ C

�

�|E′k| − |E
d
k |,

so that

lim inf
k→∞

P(E′′k )¶ P(E).

Then Fk := E′′k ∪ Ed
k is sequence of sets of volume v with

lim inf
k→∞

P(Fk)¶ P(E) + lim inf
k→∞

P(Ed
k )< lim inf

k→∞
(P(Ec

k) + P(Ed
k )) = IM (v),

which clearly gives us a contradiction and proves (5.3). To complete the proof of 3 we
observe that we can replace the inferior limit in (5.3) by the true limit of the sequence
since every subsequence of a minimizing sequence is also minimizing.

To prove 4 we consider a finite perimeter set F with |F |= |E| and P(F)< P(E) and we
reason as in the proof of 3 with F instead of E.

Let us finally see that 5 holds. From 2 and 3 we see that limk→∞ P(Ed
k ) exists and it is

equal to IM (v)− P(E). If this limit were smaller than IM (v − |E|) then we could slightly
modify the sequence {Ed

k }k∈N to produce another one {Fk}k∈N with |Fk| = v − |E| and
limk→∞ P(Fk) = limk→∞ P(Ed

k )< IM (v− |E|), which gives a contradiction. If limk→∞ P(Ed
k )

were larger than IM (v− |E|) then we could find a set F with |F |= v − |E| so that

IM (v− |E|)< P(F)< lim
k→∞

P(Ed
k ).

Modifying again slightly the volume of F we produce a sequence {Fk}k∈N so that |E|+|Fk| =
v and limk→∞ P(Fk) = P(F). Since E is bounded, we can translate the sets Fk so that they
are at positive distance from E. Hence

lim
k→∞

P(E ∪ Fk) = lim
k→∞

P(E) + P(Fk) = P(E) + P(F)< IM (v),

a contradiction that proves 5. �

Remark 5.2. The proof of the first three items in the statement of Proposition 5.1 works in
quite general metric measure spaces. The proof of the last two ones needs the compactness
of the isoperimetric regions.
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6. PROOF OF THE MAIN RESULT

We shall prove in this section our main result

Theorem 6.1. Let (M , gH ,ω) be a contact sub-Riemannian manifold such that the quotient
M/ Isomω(M , g) is compact. Then, for any 0< v < |M |, there exists on M an isoperimetric
region of volume v.

First we need the following result [20, Lemma 4.1]

Lemma 6.2. Let E ⊂ M be a set with positive and finite perimeter and measure. Assume that
m ∈ (0, infx∈M |B(x , r0)|/2), where r0 > 0 is the radius for which the relative isoperimetric
inequality holds, is such that |E ∩ B(x , r0)|< m for all x ∈ M. Then we have

(6.1) C |E|Q ¶ m P(E)Q,

for some constant C > 0 that only depends on Q and r0.

Proof. We closely follow the proof of [20, Lemma 4.1]. We consider a maximal family of
pointsA in M so that d(x , x ′)¾ r0/2 for all x , x ′ ∈A , x 6= x ′, and |E ∩ B(x , r0/2)|> 0
for all x ∈A . Then

⋃

x∈A B(x , r0) cover almost all of E. We have

|E|¶
∑

x∈A
|E ∩ B(x , r0)|¶ m1/Q

∑

x∈A
|E ∩ B(x , r0)|q

¶ m1/QCI

∑

x∈A
P(E, B(x , r0)),

since (1/Q) + q = 1 and |E ∩ B(x , r0)| < m. The last inequality follows from the rel-
ative isoperimetric inequality since |E ∩ B(x , r0)| < m ¶ |B(x , r0)|/2 and so min{|E ∩
B(x , r0)|, |Ec ∩ B(x , r0)|} = |E ∩ B(x , r0)|. The overlapping is controlled in the same way as
in [20] to conclude the proof. �

Using the following result we can prove Proposition 6.4

Lemma 6.3 ([3, Thm. 4.3]). The measure P(E, ·) satisfies

τ < lim inf
δ→0

P(E, B(x ,δ))
δQ−1 ¶ lim sup

δ→0

P(E, B(x ,δ))
δQ−1 <+∞,

for P(E, ·)-a.e. x ∈ M, with τ > 0.

Proposition 6.4. Given v0 > 0, there exists a constant C(v0)> 0 so that

(6.2) IM (v)¶ C(v0) v
(Q−1)/Q,

for all v ∈ (0, v0].

Proof. For any x ∈ M we have

IM (|B(x , r)|)¶ P(B(x , r))¶ crQ−1 ¶
c

C (Q−1)/Q
|B(x , r)|(Q−1)/Q,
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where we have used |B(x , r)| ¾ C rQ to get rQ ¶ C−1/Q|B(x , r)|1/Q and Lemma 6.3 with
E = B(x , r) and δ = 2r.

�

Proof of Theorem 6.1. We fix a volume 0 < v < |M |, and we consider a minimizing se-
quence {Ek}k∈N of sets of volume v whose perimeters approach IM (v). In case M is
compact, we can extract a convergent subsequence to a finite perimeter set E with |E|= v
and P(E) = IM (v).

We assume from now on that M is not compact. By Lemma 6.2, for any m> 0 such that
mv < infx∈M |B(x , r0)|/2, there is a constant C > 0, only depending on Q and r0, so that,
for any finite perimeter set E ⊂ M satisfying |E ∩ B(x , r0)|< m |E| for all x ∈ M , we have

C |E|Q ¶ (m|E|) P(E)Q,

and so

(6.3) P(E)¾
�

C

m

�1/Q

|E|(Q−1)/Q.

From Proposition 6.4 we deduce that, given v > 0, there is a constant C(v) > 0 so that
IM (w)¶ C(v)w(Q−1)/Q for all w ∈ (0, v]. Taking m0 > 0 small enough so that

(6.4)
�

C

m0

�1/Q

|E|(Q−1)/Q > 2C(v) |E|(Q−1)/Q

we get, using (6.3), (6.4) and (6.2)

(6.5) P(E)¾ 2 IM (|E|).

We conclude from (6.5) that, for k large enough, the sets in the minimizing sequence
{Ek}k∈N cannot satisfy the property |E ∩ B(x , r0)| < m|E| for all x ∈ M . So we can take
points xk ∈ M such that

|Ek ∩ B(xk, r0)|¾ m0|Ek|= m0v,

for k large enough. Since M/Isomω(M , g) is compact, we move the whole minimizing
sequence using isometries (and still denote it in the same way), so that {xk}k∈N is bounded.
By passing to a subsequence, denoted in the same way, we assume that {xk}k∈N converges
to some point x0 ∈ M .

By Proposition 5.1 there is a convergent subsequence, still denoted by {Ek}k∈N, that
converges to some finite perimeter set E, and

m0v ¶ lim inf
k→∞

|Ek ∩ B(x0, r0)|= |E ∩ B(x0, r0)|,

and
|E|¶ lim inf

k→∞
|Ek|= v.

So we have proven the following fact: from every minimizing sequence of sets of volume
v > 0, one can produce, suitably applying isometries of M to each member of the sequence,
a new minimizing sequence {Ek}k∈N that converges to some finite perimeter set E with
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m0v ¶ |E| ¶ v, where m0 > 0 is a universal constant that only depends on v. Hence a
fraction of the total volume is captured by the minimizing sequence.

Now take a minimizing sequence {Ek}k∈N that converges to some finite perimeter
set E of volume m0v ¶ |E| < v. The set E is isoperimetric for volume |E| and hence
bounded by Lemma 4.6. By Proposition 5.1, the sequence {Ek}k∈N can be replaced by
another minimizing sequence {Ec

k ∪ Ed
k }k∈N so that Ec

k → E and Ed
k diverges. Moreover,

m0v ¶ |E|¶ v, and {Ed
k }k∈N is minimizing for volume v− |E|. Hence one obtains

IM (|E|) + IM (v− |E|) = IM (v).

If |E| = v we are done since P(E) ¶ lim infk→∞ P(Ek) = IM (|E|) and hence E is an
isoperimetric region. So assume that |E|< v and observe that |E|¾ m0 v. It is clear that E
is an isoperimetric region of volume |E|. The minimizing sequence can be broken into two
pieces: one of them converging to E and the other one diverging. The diverging part is a
minimizing sequence for volume v− |E|. We let F0 := E.

Now we apply again the previous arguments to the diverging part of the sequence,
which is minimizing for volume v− |E|. We move isometrically the sets to capture part of
the volume and we get a new isoperimetric region F1 with volume

v− |F0|¾ |F1|¾ m0(v− |F0|),

and a new diverging minimizing sequence for volume v − |F0| − |F1|. The set F1 can be
taken disjoint from F0 since both F0, F1 are bounded and, by the cocompactness condition,
there is always a contact isometry f so that F0, f (F1) are disjoint. By induction we get a
sequence of isoperimetric regions {Fk}k∈N so that they are disjoint and the volume of Fk
satisfies

|Fk|¾ m0

�

v−
k−1
∑

i=0

|Fi |
�

.

Hence we have
k
∑

i=0

|Fi |¾ (k+ 1)m0v− km0

k−1
∑

i=0

|Fi |¾ (k+ 1)m0v− km0

k
∑

i=0

|Fi |,

and so

v ¾
k
∑

i=0

|Fi |¾
(k+ 1)m0v

1+ km0
.

Taking limits when k→∞ we get

lim
k→∞

k
∑

i=0

|Fi |= v.

Moreover,
∞
∑

i=0

P(Fi) = IM (v).
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Each region Fi is bounded, so that we can place them in M using the isometry group so
that they are at positive distance (each one contained in an annulus centered at some
given point). Hence F :=

⋃∞
i=0 Fi is an isoperimetric region of volume v. In fact, F must be

bounded by Lemma 4.6, so we only need a finite number of steps to recover all the volume.
�
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