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Concus-Finn Condition
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unbounded surfaces

Height of the capillary surface depends discontinuous to wedge angle. 

(Robert Finn and Paul Concus)



Design of Fuel Tanks

Different fluids in identical hexagonal cylinders during free-fall

Photo and Text from the website of Prof. Kirk Lancaster
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(Scholz 2004)

cos �1 + cos �2 6= 0

Unbounded Capillary Surface

Non-power Series Cusp?

What if                                 ?cos �1 + cos �2 = 0
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Markus Scholz. Über das Verhalten von Kapillarflächen in Spitzen. PhD thesis, Universität Leipzig, 2001. 
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Yasunori Aoki and David Siegel: 
Journal of Mathematics, Volume 257, Issue 1, 2012, Pages 143-165.
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Bounded Capillary Surface

Finite Curvature Cusp
(Aoki and Siegel 2012)
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Third order formal asymptotic series for the general cusp

July 9, 2008

The comparison function v(s, t) is chosen as the following:

v(s, t) =
A

f1(s)� f2(s)
+ g(t)

f �
1(s)� f �

2(s)
f1(s)� f2(s)

+ h(t)
(f �

1(s)� f �
2(s))2

f1(s)� f2(s)
+ C , (1)

where

A = cos �1 + cos �2

g(t) = �

⇤

⇧
⌥

1�
�

cos �1(t + 1) + cos �2(t� 1)
2

⇥2

+ k

⌅

⌃

k : a constant to be determined
h(t) : a function to be determined

s = x , (2)

t =
2y � (f1(x) + f2(x))

f1(x)� f2(x)
. (3)

With the following assumptions

f ��
1 (s)� f ��

2 (s)
f1(s)� f2(s)

⇥ a
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2
(4)

f ���
1 (s)� f ���

2 (s)
f �
1(s)� f �

2(s)
⇥ b

(f �
1(s)� f �

2(s))2

(f1(s)� f2(s))2
(5)

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))4
>> 1 (6)

f �
1(s) + f �

2(s) ⇥ c (f �
1(s)� f �

2(s)) (7)

⇤ f �
1(s) ⇥ c + 1

2
(f �

1(s)� f �
2(s)) (8)

⇤ f �
2(s) ⇥ c� 1

2
(f �

1(s)� f �
2(s)) (9)

f ��
1 (s) + f ��

2 (s) ⇥ c (f ��
1 (s)� f ��

2 (s)) (10)
(11)

1



ds

dx
= 1 , (12)

ds

dy
= 0 , (13)

dt

dx
=

�(f �
1(x) + f �

2(x))
f1(x)� f2(x)

� 2y � (f1(x) + f2(x))
(f1(x)� f2(x))2

(f �
1(x)� f �

2(x)) (14)

=
�(f �

1(x) + f �
2(x))

f1(x)� f2(x)
� t

(f �
1(x)� f �

2(x))
(f1(x)� f2(x))

(15)

= � (f �
1(x) + f �

2(x)) + t(f �
1(x)� f �

2(x))
f1(x)� f2(x)

(16)

⇥ �(c + t)
f �
1(x)� f �

2(x)
f1(x)� f2(x)

(17)

dt

dy
=

2
f1(x)� f2(x)

(18)

Each derivatives can be calculated as the following:

vs = �A
f �
1(x)� f �

2(x)
(f1(x)� f2(x))2

+ g(t)
f ��
1 (s)� f ��

2 (s)
f1(s)� f2(s)

� g(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

+h(t)
(f �

1(s)� f �
2(s))(f ��

1 (s)� f ��
2 (s))

f1(s)� f2(s)
� h(t)

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))2
(19)

⇥ �A
f �
1(x)� f �

2(x)
(f1(x)� f2(x))2

� (1� a)g(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2
� (1� a)h(t)

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))2
(20)

⇥ �A
f �
1(x)� f �

2(x)
(f1(x)� f2(x))2

� (1� a)g(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2
(21)

vt = g�(t)
f �
1(s)� f �

2(s)
f1(s)� f2(s)

+ h�(t)
(f �

1(s)� f �
2(s))2

f1(s)� f2(s)
(22)

vx =
⇥v

⇥s

ds

dx
+

⇥v

⇥t

dt

dx
(23)

= �A
f �
1(x)� f �

2(x)
(f1(x)� f2(x))2

+ g(t)
f ��
1 (s)� f ��

2 (s)
f1(s)� f2(s)

� g(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

+h(t)
(f �

1(s)� f �
2(s))(f ��

1 (s)� f ��
2 (s))

f1(s)� f2(s)
� h(t)

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))2

�
�

g�(t)
f �
1(s)� f �

2(s)
f1(s)� f2(s)

+ h�(t)
(f �

1(s)� f �
2(s))2

f1(s)� f2(s)

⇥
(f �

1(x) + f �
2(x)) + t(f �

1(x)� f �
2(x))

f1(x)� f2(x)
(24)

⇥ �A
f �
1(x)� f �

2(x)
(f1(x)� f2(x))2

� (1� a)g(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

�(c + t)
f �
1(x)� f �

2(x)
f1(x)� f2(x)

�
g�(t)

f �
1(s)� f �

2(s)
f1(s)� f2(s)

+ h�(t)
(f �

1(s)� f �
2(s))2

f1(s)� f2(s)

⇥
(25)

vx ⇥ �A
f �
1(x)� f �

2(x)
(f1(x)� f2(x))2

� ((1� a)g(t) + (c + t)g�(t))
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2
(26)

2



vy =
⌥v

⌥s

ds

dy
+

⌥v

⌥t

dt

dy
(27)

=
⇤

g⇥(t)
f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

+ h⇥(t)
(f ⇥1(s)� f ⇥2(s))2

f1(s)� f2(s)

⌅
2

f1(x)� f2(x)
(28)

vy = 2g⇥(t)
f ⇥1(s)� f ⇥2(s)

(f1(s)� f2(s))2
+ 2h⇥(t)

(f ⇥1(s)� f ⇥2(s))2

(f1(s)� f2(s))2
(29)

v2
x + v2

y ⇤
⇤
�A

f ⇥1(x)� f ⇥2(x)
(f1(x)� f2(x))2

� ((1� a)g(t) + (c + t)g⇥(t))
(f ⇥1(s)� f ⇥2(s))2

(f1(s)� f2(s))2

⌅2

+
⇤

2g⇥(t)
f ⇥1(s)� f ⇥2(s)

(f1(s)� f2(s))2
+ 2h⇥(t)

(f ⇥1(s)� f ⇥2(s))2

(f1(s)� f2(s))2

⌅2

(30)

⇤
�
A2 + 4(g⇥(t))2

⇥ (f ⇥1(s)� f ⇥2(s))2

(f1(s)� f2(s))4
+ [2A {(1� a)g(t) + (c + t)g⇥(t)} + 8g⇥(t)h⇥(t)]

(f ⇥1(s)� f ⇥2(s))3

(f1(s)� f2(s))4

(31)

v2
x + v2

y ⇤
�
A2 + 4(g⇥(t))2

⇥⇤
1 +

[2A {(1� a)g(t) + (c + t)g⇥(t)} + 8g⇥(t)h⇥(t)]
A2 + 4(g⇥(t))2

(f ⇥1(s)� f ⇥2(s))
⌅

(f ⇥1(s)� f ⇥2(s))2

(f1(s)� f2(s))4

(32)

We now aim to calculate the asymptotic solution to the boundary equations ⇤ · Tv

⇤ · Tv|t=1 =
(�f ⇥1(s), 1) 

1 + f ⇥21 (s)
· (vx, vy)⌦

1 + v2
x + v2

y

⇤ cos �1 , (33)

⇤ · Tv|t=�1 =
(f ⇥2(s), 1) 
1 + f ⇥22 (s)

· (vx, vy)⌦
1 + v2

x + v2
y

⇤ cos �2 . (34)

Here we use the binomial series

1 
1 + ⇥2

= 1� 1
2
⇥2 +

3
8
⇥4 + O(⇥6) as ⇥⌅ 0 , (35)

1 
1 + ⌅

=
1 
⌅
� 1

2
1

⌅3/2
+ O

⇤
1

⌅5/2

⌅
as ⌅ ⌅⇧ , (36)

and obtain the following:

⇤ · Tv|t=1 = (�f ⇥1(s), 1) · (vx, vy)
⇤

1� 1
2
f ⇥21 (s)

⌅⇧

⌥ 1⌦
v2

x + v2
y

� 1
2

1
(v2

x + v2
y)3/2

⌃

� , (37)

⇤ · Tv|t=�1 = (f ⇥2(s),�1) · (vx, vy)
⇤

1� 1
2
f ⇥22 (s)

⌅⇧

⌥ 1⌦
v2

x + v2
y

� 1
2

1
(v2

x + v2
y)3/2

⌃

� . (38)
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First compute the following

(�f ⇥1(s), 1) · (vx, vy) ⇤ A
f ⇥1(s)� f ⇥2(s)

(f1(s)� f2(s))2
f ⇥1 + 2g⇥(t)

f ⇥1(s)� f ⇥2(s)
(f1(s)� f2(s))2

+ 2h⇥(t)
(f ⇥1(s)� f ⇥2(s))2

(f1(s)� f2(s))2
, (39)

⇤ 2g⇥(t)
f ⇥1(s)� f ⇥2(s)

(f1(s)� f2(s))2
+

⇤
2h⇥(t) + A

c + 1
2

⌅
(f ⇥1(s)� f ⇥2(s))2

(f1(s)� f2(s))2
, (40)

(f ⇥2(s),�1) · (vx, vy) ⇤ �A
f ⇥1(s)� f ⇥2(s)

(f1(s)� f2(s))2
f ⇥2 � 2g⇥(t)

f ⇥1(s)� f ⇥2(s)
(f1(s)� f2(s))2

� 2h⇥(t)
(f ⇥1(s)� f ⇥2(s))2

(f1(s)� f2(s))2
(41)

⇤ �2g⇥(t)
f ⇥1(s)� f ⇥2(s)

(f1(s)� f2(s))2
�

⇤
2h⇥(t) + A

c� 1
2

⌅
(f ⇥1(s)� f ⇥2(s))2

(f1(s)� f2(s))2
(42)

⇥ · Tv|t=1 ⇤
2g⇥(t) f �

1(s)�f �
2(s)

(f1(s)�f2(s))2
+

�
2h⇥(t) + A c+1

2

⇥ (f �
1(s)�f �

2(s))
2

(f1(s)�f2(s))2�
(A2 + 4(g⇥(t))2) (f �

1(s)�f �
2(s))

2

(f1(s)�f2(s))4⇤
1� 1

2

⇤
[2A {(1� a)g(t) + (c + t)g⇥(t)} + 8g⇥(t)h⇥(t)]

A2 + 4(g⇥(t))2
(f ⇥1(s)� f ⇥2(s))

⌅⌅
(43)

⇤
2g⇥(t) +

�
2h⇥(t) + A c+1

2

⇥
(f ⇥1(s)� f ⇥2(s))⌥

(A2 + 4(g⇥(t))2)
⇤

1� 1
2

⇤
[2A {(1� a)g(t) + (c + t)g⇥(t)} + 8g⇥(t)h⇥(t)]

A2 + 4(g⇥(t))2
(f ⇥1(s)� f ⇥2(s))

⌅⌅
(44)

⇤
2g⇥(t) +

�
2h⇥(t) + A c+1

2

⇥
(f ⇥1(s)� f ⇥2(s))⌥

(A2 + 4(g⇥(t))2)

�g⇥(t)
⇤

[2A {(1� a)g(t) + (c + t)g⇥(t)} + 8g⇥(t)h⇥(t)]
(A2 + 4(g⇥(t))2)3/2

(f ⇥1(s)� f ⇥2(s))
⌅

(45)

⇤ cos �1

�
2h⇥(t) + A c+1

2

⇥
(f ⇥1(s)� f ⇥2(s))⌥

(A2 + 4(g⇥(t))2)

�g⇥(t)
⇤

[2A {(1� a)g(t) + (c + t)g⇥(t)} + 8g⇥(t)h⇥(t)]
(A2 + 4(g⇥(t))2)3/2

(f ⇥1(s)� f ⇥2(s))
⌅

(46)

⇤ cos �1

+

⇧ �
2h⇥(t) + A c+1

2

⇥
⌥

(A2 + 4(g⇥(t))2)
� g⇥(t)

⇤
[2A {(1� a)g(t) + (c + 1)g⇥(t)} + 8g⇥(t)h⇥(t)]

(A2 + 4(g⇥(t))2)3/2

⌅⌃
(f ⇥1(s)� f ⇥2(s))

(47)

⇥ · Tv|t=�1 ⇤ cos �2

�
⇧ �

2h⇥(t) + A c�1
2

⇥
⌥

(A2 + 4(g⇥(t))2)
� g⇥(t)

⇤
[2A {(1� a)g(t) + (c� 1)g⇥(t)} + 8g⇥(t)h⇥(t)]

(A2 + 4(g⇥(t))2)3/2

⌅⌃
(f ⇥1(s)� f ⇥2(s))

(48)

4



�

�s
vx = �A

�
f ��
1 (x)� f ��

2 (x)
(f1(x)� f2(x))2

� 2
(f �

1(x)� f �
2(x))2

(f1(x)� f2(x))3

⇥

+g(t)
�

f ���
1 (s)� f ���

2 (s)
f1(s)� f2(s)

� (f ��
1 (s)� f ��

2 (s))(f �
1(s)� f �

2(s))
(f1(s)� f2(s))2

⇥

�g(t)
�

2
(f ��

1 (s)� f ��
2 (s))(f �

1(s)� f �
2(s))

(f1(s)� f2(s))2
� 2

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))3

⇥

+h(t)
�

(f ��
1 (s)� f ��

2 (s))2

f1(s)� f2(s)
+

(f �
1(s)� f �

2(s))(f ���
1 (s)� f ���

2 (s))
f1(s)� f2(s)

� (f �
1(s)� f �

2(s))2(f ��
1 (s)� f ��

2 (s))
(f1(s)� f2(s))2

⇥

�h(t)
�

3(f �
1(s)� f �

2(s))2(f ��
1 (s)� f ��

2 (s))
(f1(s)� f2(s))2

� 2
(f �

1(s)� f �
2(s))4

(f1(s)� f2(s))3

⇥

�
�

g�(t)
f �
1(s)� f �

2(s)
f1(s)� f2(s)

+ h�(t)
(f �

1(s)� f �
2(s))2

f1(s)� f2(s)

⇥

�
(f ��

1 (x) + f ��
2 (x)) + t(f ��

1 (x)� f ��
2 (x))

f1(x)� f2(x)
� (f �

1(x)� f �
2(x))

(f �
1(x) + f �

2(x)) + t(f �
1(x)� f �

2(x))
(f1(x)� f2(x))2

⇥
(49)

�
�

g�(t)
�

f ��
1 (s)� f ��

2 (s)
f1(s)� f2(s)

� (f �
1(s)� f �

2(s))2

(f1(s)� f2(s))2

⇥
+ h�(t)

�
2
(f �

1(s)� f �
2(s))(f ��

1 (s)� f ��
2 (s))

f1(s)� f2(s)
� (f �

1(s)� f �
2(s))3

(f1(s)� f2(s))2

⇥⇥

(f �
1(x) + f �

2(x)) + t(f �
1(x)� f �

2(x))
f1(x)� f2(x)

(50)

⇥ �A

�
(a� 2)

(f �
1(x)� f �

2(x))2

(f1(x)� f2(x))3

⇥

+g(t)
�

(b� a)
(f �

1(s)� f �
2(s))3

(f1(s)� f2(s))3

⇥

�g(t)
�

2(a� 1)
(f �

1(s)� f �
2(s))3

(f1(s)� f2(s))3

⇥

+h(t)
�

(a2 + b� a)
(f �

1(s)� f �
2(s))4

(f1(s)� f2(s))3

⇥

�h(t)
�

(3a� 2)
(f �

1(s)� f �
2(s))4

(f1(s)� f2(s))3

⇥

�
�

g�(t)
f �
1(s)� f �

2(s)
f1(s)� f2(s)

+ h�(t)
(f �

1(s)� f �
2(s))2

f1(s)� f2(s)

⇥ �
(a� 1)(c + t)

(f �
1(x)� f �

2(x))2

(f1(x)� f2(x))2

⇥

�
�

g�(t)
�

(a� 1)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

⇥
+ h�(t)

�
(2a� 1)

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))2

⇥⇥
(c + t)(f �

1(x)� f �
2(x))

f1(x)� f2(x)
(51)

⇥ �A(a� 2)
(f �

1(x)� f �
2(x))2

(f1(x)� f2(x))3
+ [g(t) {(b� a)� 2(a� 1)}� 2 (g�(t)) (a� 1)(c + t)]

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))3
(52)
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�

�t
vx = g�(t)

f ��
1 (s)� f ��

2 (s)
f1(s)� f2(s)

� g�(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

+h�(t)
(f �

1(s)� f �
2(s))(f ��

1 (s)� f ��
2 (s))

f1(s)� f2(s)
� h�(t)

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))2

�
⇤

g��(t)
f �
1(s)� f �

2(s)
f1(s)� f2(s)

+ h��(t)
(f �

1(s)� f �
2(s))2

f1(s)� f2(s)

⌅
(f �

1(x) + f �
2(x)) + t(f �

1(x)� f �
2(x))

f1(x)� f2(x)

�
⇤

g�(t)
f �
1(s)� f �

2(s)
f1(s)� f2(s)

+ h�(t)
(f �

1(s)� f �
2(s))2

f1(s)� f2(s)

⌅
(f �

1(x)� f �
2(x))

f1(x)� f2(x)
(53)

⇥ (a� 1)g�(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

+(a� 1)h�(t)
(f �

1(s)� f �
2(s))3

(f1(s)� f2(s))2

�
⇤

g��(t)
f �
1(s)� f �

2(s)
f1(s)� f2(s)

+ h��(t)
(f �

1(s)� f �
2(s))2

f1(s)� f2(s)

⌅
(c + t)(f �

1(x)� f �
2(x))

f1(x)� f2(x)

�
⇤

g�(t)
f �
1(s)� f �

2(s)
f1(s)� f2(s)

+ h�(t)
(f �

1(s)� f �
2(s))2

f1(s)� f2(s)

⌅
(f �

1(x)� f �
2(x))

f1(x)� f2(x)
(54)

= {(a� 1)g�(t)� (c + t)g��(t)� g�(t)} (f �
1(s)� f �

2(s))2

(f1(s)� f2(s))2

+ {(a� 1)h�(t)� (c + t)h��(t)� h�(t)} (f �
1(s)� f �

2(s))3

(f1(s)� f2(s))2
(55)

vxx =
�

�s
vx

ds

dx
+

�

�t
vx

dt

dx
(56)

⇥ �A(a� 2)
(f �

1(x)� f �
2(x))2

(f1(x)� f2(x))3
+ [g(t) {(b� a)� 2(a� 1)}� 2 (g�(t)) (a� 1)(c + t)]

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))3

�
⇧
{(a� 1)g�(t)� (c + t)g��(t)� g�(t)} (f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

+ {(a� 1)h�(t)� (c + t)h��(t)� h�(t)} (f �
1(s)� f �

2(s))3

(f1(s)� f2(s))2

⌃
(c + t)

f �
1(x)� f �

2(x)
f1(x)� f2(x)

(57)

⇥ �A(a� 2)
(f �

1(x)� f �
2(x))2

(f1(x)� f2(x))3
+ [g(t) {(b� a)� 2(a� 1)}� 2 (g�(t)) (a� 1)(c + t)]

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))3

� {(a� 1)g�(t)� (c + t)g��(t)� g�(t)} (c + t)
(f �

1(s)� f �
2(s))3

(f1(s)� f2(s))3
(58)

⇥ �A(a� 2)
(f �

1(x)� f �
2(x))2

(f1(x)� f2(x))3

+
�
g(t) {(b� a)� 2(a� 1)}� 3 (g�(t)) (a� 1)(c + t) + (c + t)2g��(t) + (c + t)g�(t)

⇥ (f �
1(s)� f �

2(s))3

(f1(s)� f2(s))3

(59)
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vxy =
⇥

⇥t
vx

dt

dy
(60)

⇥
⇧
{(a� 1)g�(t)� (c + t)g��(t)� g�(t)} (f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

+ {(a� 1)h�(t)� (c + t)h��(t)� h�(t)} (f �
1(s)� f �

2(s))3

(f1(s)� f2(s))2

⌃
2

f1(x)� f2(x)
(61)

= 2 {(a� 2)g�(t)� (c + t)g��(t)} (f �
1(s)� f �

2(s))2

(f1(s)� f2(s))3
+ 2 {(a� 2)h�(t)� (c + t)h��(t)} (f �

1(s)� f �
2(s))3

(f1(s)� f2(s))3

(62)

vyy =
⇥

⇥t
vy

dt

dy
, (63)

=
⇤

2g��(t)
f �
1(s)� f �

2(s)
(f1(s)� f2(s))2

+ 2h��(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

⌅
2

f1(x)� f2(x)
(64)

= 4g��(t)
f �
1(s)� f �

2(s)
(f1(s)� f2(s))3

+ 4h��(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))3
(65)

(1 + v2
x) ⇥ 1 +

⇤
�A

f �
1(x)� f �

2(x)
(f1(x)� f2(x))2

� ((1� a)g(t) + (c + t)g�(t))
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

⌅2

(66)

⇥ A2 (f �
1(x)� f �

2(x))2

(f1(x)� f2(x))4
+ 2A ((1� a)g(t) + (c + t)g�(t))

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))4
(67)

(1 + v2
y) = 1 +

⇤
2g�(t)

f �
1(s)� f �

2(s)
(f1(s)� f2(s))2

+ 2h�(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

⌅2

(68)

⇥ 4(g�(t))2
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))4
+ 8g�(t)h�(t)

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))4
(69)

vyy(1 + v2
x) ⇥

⇤
4g��(t)

f �
1(s)� f �

2(s)
(f1(s)� f2(s))3

+ 4h��(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))3

⌅

⇤
A2 (f �

1(x)� f �
2(x))2

(f1(x)� f2(x))4
+ 2A ((1� a)g(t) + (c + t)g�(t))

(f �
1(s)� f �

2(s))3

(f1(s)� f2(s))4

⌅
(70)

⇥
⇤

4A2g��(t)
(f �

1(s)� f �
2(s))3

(f1(s)� f2(s))7
+

�
8g��(t)A ((1� a)g(t) + (c + t)g�(t)) + 4A2h��(t)

⇥ (f �
1(s)� f �

2(s))4

(f1(s)� f2(s))7

⌅

(71)

vxx(1 + v2
y) ⇥ �4(g�(t))2A(a� 2)

(f �
1(x)� f �

2(x))4

(f1(x)� f2(x))7
(72)

2vxyvxvy ⇥ 2
⇤

2 {(a� 2)g�(t)� (c + t)g��(t)} (f �
1(s)� f �

2(s))2

(f1(s)� f2(s))3
+ 2 {(a� 2)h�(t)� (c + t)h��(t)} (f �

1(s)� f �
2(s))3

(f1(s)� f2(s))3

⌅

⇤
2g�(t)

f �
1(s)� f �

2(s)
(f1(s)� f2(s))2

+ 2h�(t)
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

⌅

⇤
�A

f �
1(x)� f �

2(x)
(f1(x)� f2(x))2

� ((1� a)g(t) + (c + t)g�(t))
(f �

1(s)� f �
2(s))2

(f1(s)� f2(s))2

⌅
(73)

⇥ �8g�(t)A {(a� 2)g�(t)� (c + t)g��(t)} (f �
1(s)� f �

2(s))4

(f1(s)� f2(s))7
(74)

7



vxx(1 + v2
y) + vyy(1 + v2

x)� 2vxyvxvy

⇤ 4A2g⇥⇥(t)
(f ⇥1(s)� f ⇥2(s))3

(f1(s)� f2(s))7

+
⇤⇧

8g⇥⇥(t)A ((1� a)g(t) + (c + t)g⇥(t)) + 4A2h⇥⇥(t)
⌃

+ 8g⇥(t)A {(a� 2)g⇥(t)� (c + t)g⇥⇥(t)}� 4(g⇥(t))2A(a� 2)
⌅

(f ⇥1(s)� f ⇥2(s))4

(f1(s)� f2(s))7
(75)

⇤ 4A2g⇥⇥(t)
(f ⇥1(s)� f ⇥2(s))3

(f1(s)� f2(s))7
+
⇤
8A(1� a)g(t)g⇥⇥(t) + 4A2h⇥⇥(t) + 4(g⇥(t))2A(a� 2)

⌅ (f ⇥1(s)� f ⇥2(s))4

(f1(s)� f2(s))7
(76)

⌃ · Tv =
vxx(1 + v2

y) + vyy(1 + v2
x)� 2vxvyvxy

�
1 + v2

x + v2
y

⇥3/2

⇤
4A2g⇥⇥(t) (f �

1(s)�f �
2(s))

3

(f1(s)�f2(s))7
+
⇤
8A(1� a)g(t)g⇥⇥(t) + 4A2h⇥⇥(t) + 4(g⇥(t))2A(a� 2)

⌅ (f �
1(s)�f �

2(s))
4

(f1(s)�f2(s))7⌥
1 + (A2 + 4(g⇥(t))2)

⌥
1 + [2A{(1�a)g(t)+(c+t)g�(t)}+8g�(t)h�(t)]

A2+4(g�(t))2 (f ⇥1(s)� f ⇥2(s))
�

(f �
1(s)�f �

2(s))
2

(f1(s)�f2(s))4

�3/2

(77)

⇤
4A2g⇥⇥(t) 1

f1(s)�f2(s)
+
⇤
8A(1� a)g(t)g⇥⇥(t) + 4A2h⇥⇥(t) + 4(g⇥(t))2A(a� 2)

⌅ f �
1(s)�f �

2(s)
f1(s)�f2(s)⌥

(A2 + 4(g⇥(t))2)
⌥
1 + [2A{(1�a)g(t)+(c+t)g�(t)}+8g�(t)h�(t)]

A2+4(g�(t))2 (f ⇥1(s)� f ⇥2(s))
��3/2

(78)

⇤
4A2g⇥⇥(t) 1

f1(s)�f2(s)⌥
(A2 + 4(g⇥(t))2)

⌥
1 + [2A{(1�a)g(t)+(c+t)g�(t)}+8g�(t)h�(t)]

A2+4(g�(t))2 (f ⇥1(s)� f ⇥2(s))
��3/2

+
⇤
8A(1� a)g(t)g⇥⇥(t) + 4A2h⇥⇥(t) + 4(g⇥(t))2A(a� 2)

⌅

(A2 + 4(g⇥(t))2)3/2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(79)

⇤ 4A2g⇥⇥(t)
(A2 + 4(g⇥(t))2)3/2

 
1� 3

2
[2A {(1� a)g(t) + (c + t)g⇥(t)} + 8g⇥(t)h⇥(t)]

A2 + 4(g⇥(t))2
(f ⇥1(s)� f ⇥2(s))

⌦
1

f1(s)� f2(s)

+
⇤
8A(1� a)g(t)g⇥⇥(t) + 4A2h⇥⇥(t) + 4(g⇥(t))2A(a� 2)

⌅

(A2 + 4(g⇥(t))2)3/2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(80)

⇤ A

f1(s)� f2(s)
� 3

2
A

[2A {(1� a)g(t) + (c + t)g⇥(t)} + 8g⇥(t)h⇥(t)]
A2 + 4(g⇥(t))2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

+
⇤
8A(1� a)g(t)g⇥⇥(t) + 4A2h⇥⇥(t) + 4(g⇥(t))2A(a� 2)

⌅

(A2 + 4(g⇥(t))2)3/2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(81)

We choose h⇥(t) to be

h⇥(t) = �A

4
(c + t) + H(t) (82)

h⇥⇥(t) = �A

4
+ H ⇥(t) (83)

8



⇥ · Tv|t=1 ⇤ cos �1

+

⌥ �
2h⇥(t) + A c+1

2

⇥
 

(A2 + 4(g⇥(t))2)
� g⇥(t)

⇧
[2A {(1� a)g(t) + (c + 1)g⇥(t)} + 8g⇥(t)h⇥(t)]

(A2 + 4(g⇥(t))2)3/2

⌃�
(f ⇥1(s)� f ⇥2(s))

(84)

= cos �1 +

⌥
2H(1) 

(A2 + 4(g⇥(1))2)
� g⇥(1)

⇧
[2A(1� a)g(1) + 8g⇥(1)H(1)]

(A2 + 4(g⇥(1))2)3/2

⌃�
(f ⇥1(s)� f ⇥2(s)) (85)

= cos �1 +

⌥
2H(1) 

(A2 + 4(g⇥(1))2)
�
⇧

2A(1� a)g⇥(1)g(1) + 8(g⇥(1))2H(1)
(A2 + 4(g⇥(1))2)3/2

⌃�
(f ⇥1(s)� f ⇥2(s)) (86)

= cos �1 +

⌥
2A2H(1)� 2A(1� a)g⇥(1)g(1)

((A2 + 4(g⇥(1))2))3/2

�
(f ⇥1(s)� f ⇥2(s)) (87)

⇥ · Tv|t=�1 ⇤ cos �2

�
⌥ �

2h⇥(t) + A c�1
2

⇥
 

(A2 + 4(g⇥(t))2)
� g⇥(t)

⇧
[2A {(1� a)g(t) + (c� 1)g⇥(t)} + 8g⇥(t)h⇥(t)]

(A2 + 4(g⇥(t))2)3/2

⌃�
(f ⇥1(s)� f ⇥2(s))

(88)

= cos �2 �
⌥

2H(�1) 
(A2 + 4(g⇥(�1))2)

� g⇥(�1)
⇧

[2A(1� a)g(�1) + 8g⇥(�1)H(�1)]
(A2 + 4(g⇥(�1))2)3/2

⌃�
(f ⇥1(s)� f ⇥2(s))(89)

= cos �2 �
⌥

2A2H(�1)� 2A(1� a)g⇥(�1)g(�1)
((A2 + 4(g⇥(�1))2))3/2

�
(f ⇥1(s)� f ⇥2(s)) (90)

⌥ · Tv ⇤ A

f1(s)� f2(s)
� 3

2
A

[2A {(1� a)g(t) + (c + t)g⇥(t)} + 8g⇥(t)h⇥(t)]
A2 + 4(g⇥(t))2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

+
⇤
8A(1� a)g(t)g⇥⇥(t) + 4A2h⇥⇥(t) + 4(g⇥(t))2A(a� 2)

⌅

(A2 + 4(g⇥(t))2)3/2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(91)

=
A

f1(s)� f2(s)
� 3

2
A

[2A {(1� a)g(t)} + 8g⇥(t)H(t)]
A2 + 4(g⇥(t))2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

+
⇤
8A(1� a)g(t)g⇥⇥(t)�A3 + 4A2H ⇥(t) + 4(g⇥(t))2A(a� 2)

⌅

(A2 + 4(g⇥(t))2)3/2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(92)

=
A

f1(s)� f2(s)
� 3

2
A

[2A {(1� a)g(t)} + 8g⇥(t)H(t)]
A2 + 4(g⇥(t))2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

+

⌥⇤
8A(1� a)g(t)g⇥⇥(t) + 4(g⇥(t))2A(a� 1) + 4A2H ⇥(t)

⌅

(A2 + 4(g⇥(t))2)3/2
� A 

A2 + 4(g⇥(t))2

�
f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(93)

We choose H(t) to be

H(t) =
1� a

A
g⇥(t)g(t) + I(t) (94)

H ⇥(t) =
1� a

A

�
g⇥⇥(t)g(t) + (g⇥(t))2

⇥
+ I ⇥(t) (95)
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⇥ · Tv|t=1 ⇤ cos �1 +
I(1)

(A2 + 4(g⇥(1))2)3/2
(f ⇥1(s)� f ⇥2(s)) (96)

⇥ · Tv|t=�1 ⇤ cos �2 �
I(�1)

(A2 + 4(g⇥(�1))2)3/2
(f ⇥1(s)� f ⇥2(s)) (97)

⌥ · Tv ⇤ A

f1(s)� f2(s)
� 3

2
A

⇤
2A {(1� a)g(t)} + 8g⇥(t)

�
1�a
A g⇥(t)g(t) + I(t)

⇥⌅

A2 + 4(g⇥(t))2
f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

+
⇤
8A(1� a)g(t)g⇥⇥(t) + 4(g⇥(t))2A(a� 1) + 4A2

�
1�a
A

�
g⇥⇥(t)g(t) + (g⇥(t))2

⇥
+ I ⇥(t)

⇥⌅

(A2 + 4(g⇥(t))2)3/2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

� A 
A2 + 4(g⇥(t))2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(98)

=
A

f1(s)� f2(s)
� 3

2

⇤
2(1� a)g(t)

⇧
A2 + 4(g⇥(t))2

⌃
+ 8g⇥(t)I(t)

⌅

A2 + 4(g⇥(t))2
f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

+
⇤
12A(1� a)g(t)g⇥⇥(t) + 4A2I ⇥(t)

⌅

(A2 + 4(g⇥(t))2)3/2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

� A 
A2 + 4(g⇥(t))2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(99)

=
A

f1(s)� f2(s)

+

⌥
�3(1� a)g(t)� 3

2
8g⇥(t)I(t)

A2 + 4(g⇥(t))2
+ 3A(1� a)g(t) +

4A2I ⇥(t)
(A2 + 4(g⇥(t))2)3/2

�
f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

� A 
A2 + 4(g⇥(t))2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(100)

=
A

f1(s)� f2(s)

+

⌥
�3

2
8g⇥(t)I(t)

A2 + 4(g⇥(t))2
+

4A2I ⇥(t)
(A2 + 4(g⇥(t))2)3/2

�
f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

� A 
A2 + 4(g⇥(t))2

f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(101)

⌥ · Tv � v ⇤
⌥
�12

g⇥(t)I(t)
A2 + 4(g⇥(t))2

+
4A2I ⇥(t)

(A2 + 4(g⇥(t))2)3/2
� k

�
f ⇥1(s)� f ⇥2(s)
f1(s)� f2(s)

(102)
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We can show that        asymptotically satisfy the PDE and the BCs:v

��1 · �v�
1 + |�v|2

= cos �1 + o(f �
1(x)� f �

2(x)) on ��1

��2 · �v�
1 + |�v|2

= cos �2 + o(f �
1(x)� f �

2(x)) on ��2

� · �v�
1 + |�v|2

� v = o

�
f �
1(x)� f �

2(x)
f1(x)� f2(x)

�
in � as x� 0

f1(x)� f2(x) = o(f �
1(x)� f �

2(x))

f ��
1 (x)� f ��

2 (x)
f1(x)� f2(x)

= �
(f �

1(x)� f �
2(x))2

(f1(x)� f2(x))2
+ o

�
(f �

1(x)� f �
2(x))2

(f1(x)� f2(x))2

�

f ���
1 (x)� f ���

2 (x)
f �
1(x)� f �

2(x)
= O

�
(f �

1(s)� f �
2(x))2

(f1(x)� f2(x))2

�

f �
1(x) + f �

2(x) = �(f �
1(x)� f �

2(x)) + o(f �
1(x)� f �

2(x))

f ��
1 (x) + f ��

2 (x) = O(f ��
1 (x)� f ��

2 (x))

If            and           satisfies the following asymptotic relationshipsf1(x) f2(x)



We can show that        asymptotically satisfy the PDE and the BCs:v
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= cos �1 + o(f �
1(x)� f �
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��2 · �v�
1 + |�v|2
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1(x)� f �
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� · �v�
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�
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1(x)� f �
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2 (x)
f1(x)� f2(x)

= �
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�
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If            and           satisfies the following asymptotic relationships

We can show that        asymptotically satisfy the PDE and the BCs:v

��1 · �v�
1 + |�v|2

= cos �1 + o(f �
1(x)� f �

2(x)) on ��1

��2 · �v�
1 + |�v|2

= cos �2 + o(f �
1(x)� f �

2(x)) on ��2

� · �v�
1 + |�v|2

� v = o

�
f �
1(x)� f �

2(x)
f1(x)� f2(x)

�
in � as x� 0

f1(x) f2(x)

y = x

2 + x

3

y = x

2 +
1

2
x

3
y =

1

2
x

3

y = x

3

osculatory cusp non-osculatory cusp

For example, an osculatory cusp is not allowed...



v =
cos �1 + cos �2

f1(x)� f2(x)
+ g(x, y)

f �
1(x)� f �

2(x)
f1(x)� f2(x)

+ h(x, y)
(f �

1(x)� f �
2(x))2

f1(x)� f2(x)

Secondly perturb the formal asymptotic series to construct super-solution



Secondly perturb the formal asymptotic series to construct super-solution

v+ =
cos �1 + cos �2

f1(x)� f2(x)
+ g(x, y)

f �
1(x)� f �

2(x)
f1(x)� f2(x)

+ h(x, y)
(f �

1(x)� f �
2(x))2

f1(x)� f2(x)

+K3
f �
1(x)� f �

2(x)
f1(x)� f2(x)

+
K4

2
t2

(f �
1(x)� f �

2(x))2

f1(x)� f2(x)
+K5

By the Concus Finn comparison principle we can prove the following:

u < v+ for 0 < x < xo



There exist positive constants           and           , s.t.M xo

cos �1 + cos �2

f1(x)� f2(x)
�M

����
f �
1(x)� f �

2(x)
f1(x)� f2(x)

���� � u � cos �1 + cos �2

f1(x)� f2(x)
+ M

����
f �
1(x)� f �

2(x)
f1(x)� f2(x)

����

Super Solution v+

for all 0 < x < xo

Theorem 2:   
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Open Problem 1:

Is the capillary surface bounded if                                ,                                 
                             and a boundary has an infinite curvature?

cos �1 + cos �2 = 0
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3
2For example



Open Problem 2: 

What is the formal asymptotic series for the osculatory cusp?
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What is the formal asymptotic series for the osculatory cusp?

Open Problem 1:

Is the capillary surface bounded if                                ,                                 
                             and a boundary has an infinite curvature?

cos �1 + cos �2 = 0
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Proposition 1:  If                               , 
then                    if and only if the following integral is finite 
for           .

Yasunori Aoki and Hans De Sterck: 
of Mathematics, Volume 267, Issue 1, 2014, Pages 1-34.
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Open Problem 1:
Is the capillary surface bounded if                                ,                                 
                             and a boundary has an infinite curvature?

cos �1 + cos �2 = 0
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Open Problem 1:
Is the capillary surface bounded if                                ,                                 
                             and a boundary has an infinite curvature?

cos �1 + cos �2 = 0

Conjecture 1:
The capillary surface is bounded if                               .    cos �1 + cos �2 = 0



Open Problem 2: 

What is the formal asymptotic series for the osculatory cusp?



The formal asymptotic series solution for the non-osculatory cusp domain:

v =
cos �1 + cos �2

f1(x)� f2(x)
+ g(x, y)

f �
1(x)� f �

2(x)
f1(x)� f2(x)

+ h(x, y)
(f �

1(x)� f �
2(x))2

f1(x)� f2(x)

g(x, y) = �

�

1�
�

cos �1(t + 1) + cos �2(t� 1)
2

�2

h(x, y) = �cos �1 + cos �2

4

�
�t +

t2

2

�
+

1� �

2(cos �1 + cos �2
g(x, y)2

t =
2y � (f1(x) + f2(x))

f1(x)� f2(x)

Open Problem 2: 

What is the formal asymptotic series for the osculatory cusp?
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Numerical Solution of the second order term

−2 0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

f1(x) =
1
6
x3f2(x) = �1

8
x3

t

�

�

1�
�

cos �1(t + 1) + cos �2(t� 1)
2

�2 f �
1(x)� f �

2(x)
f1(x)� f2(x)

−1 −0.5 0 0.5 1
−98

−96

−94

−92

−90

−88

−86

−84

−82

�1 = ⇡/3�2 = ⇡/3

non-osculatory case



Numerical Solution of the second order term

−2 0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

f1(x) =
1
6
x3f2(x) = �1

8
x3

t

�

�

1�
�

cos �1(t + 1) + cos �2(t� 1)
2

�2 f �
1(x)� f �

2(x)
f1(x)� f2(x)

−1 −0.5 0 0.5 1
−100

−95

−90

−85

−80

−75

−70

−65

�2 = ⇡/4 �1 = ⇡/3

non-osculatory case



�2 = ⇡/6

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−100

−90

−80

−70

−60

−50

−40

Numerical Solution of the second order term

−2 0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

f1(x) =
1
6
x3f2(x) = �1

8
x3

t

�

�

1�
�

cos �1(t + 1) + cos �2(t� 1)
2

�2 f �
1(x)� f �

2(x)
f1(x)� f2(x)

�1 = ⇡/6

non-osculatory case



−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−100

−50

0

50

100

150

Numerical Solution of the second order term

−2 0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

10

�

�

1�
�

cos �1(t + 1) + cos �2(t� 1)
2

�2 f �
1(x)� f �

2(x)
f1(x)� f2(x)

f2(x) =
1

6
x

3/2 � 1

8
x

3
f1(x) =

1

6
x

3/2 +
1

6
x

3

f1(x) =
1

2
x

2 +
1

6
x

3

f1(x) =
1

6
x

2 +
1

6
x

3

f2(x) =
1

2
x

2 � 1

8
x

3

f2(x) =
1

6
x

2 � 1

8
x

3

�1 = ⇡/6 �1 = ⇡/6

osculatory case



The formal asymptotic series solution for the osculatory cusp domain:

t =
2y � (f1(x) + f2(x))

f1(x)� f2(x)
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Open Problem 2: 

What is the formal asymptotic series for the osculatory cusp?
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Open Problem 2: 

What is the formal asymptotic series for the osculatory cusp?

Conjecture 2: 

The second order term of the formal asymptotic series has an 
additional constant.
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Open Problem 1:
Is the capillary surface bounded if                                ,                                 
                             and a boundary has an infinite curvature?

cos �1 + cos �2 = 0

The capillary surface at a cusp is bounded
if and only if cos �1 + cos �2 = 0

If we can prove this…
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We consider a parametric surface:

ŝı+ (f(s)t)̂⌘+ g(s)h(t)k̂

g(s) h(t) bounded

but lim

s!0
f 00

(s) = ±1

r · Tu = �EN +GL� 2FM

EG� F 2

E = x

2
s + y

2
s + z

2
s

F = xsxt + ysyt + zszt

G = x

2
t + y

2
t + z

2
t

Mean Curvature (need to be finite)
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where

E = (xs)
2 + (ys)

2 + (zs)
2, F = xs xt + ys yt + zszt , G = (xt)

2 + (yt)
2 + (zt)

2,

and

L =

������

xss yss zss
xs ys zs
xt yt zt

������
p

EG � F2
, M =

������

xst yst zst
xs ys zs
xt yt zt

������
p

EG � F2
, N =

������

xtt ytt ztt
xs ys zs
xt yt zt

������
p

EG � F2
.

After some calculation we obtain

r · T v+ = g00
1 (t)

(1 + (g0(t))2)3/2

+ f 00
1 (s)

(1 + ( f 0
1(s))2)3/2

✓
1 + t

f 00
1 (s)

(1 + ( f 0
1(s))2)3/2

◆
g0(t)

p
1 + (g0(t))2

.

Recalling that we have chosen the domain �0 so that (3-5) holds in �0 and that
f 00
1 (s) 2 C2([0, ✏o]), in order to show r · T v+ is bounded, all we need to show

is that g00
1 (t)/(1 + (g0(t))2)3/2 is bounded, that is to say, the curvature of the curve

g(t) is bounded. For the case of � 6= 0, we have chosen g(t) to be a linear function,
so g00(t) is zero. For the case of � = 0, we have chosen g(t) to be the part of a
circle with radius t0, so g00

1 (t)/(1 + (g0(t))2)3/2 = 1/t0. In either case, it follows
that r · T v+ is bounded. We now consider the quantity r · T v+ � v+, which can
be written as

r · T v+ � v+ = r · T v+ � (g(t) + K ).

It follows immediately from the choice of g(t) that it is bounded in the domain
�̄0 and also we have shown that twice the mean curvature r · T v+ is bounded and
does not depend on K . Hence there exists a constant K0 such that

r · T v+ � v+ = r · T v+ � (g(t) + K )  0 for all K � K0.

Thus we have shown that the surface v+ satisfies the (A-1) when K > K0.
We now put the last piece of the puzzle in place by showing v+ satisfies (A-4) for

an appropriate choice of the constant K . Corollary A.1 implies that the capillary
surface u is bounded away from the cusp, hence it is bounded on

@�0\(@�1 [ @�2 [ {(0, 0)}).
Since g(t) is bounded in the domain �̄0, there exists a constant K1 � K0 such that
g(t)+ K1 > u on @�0\(@�1 [@�2 [ {(0, 0)}). Thus the surface v+ satisfies (A-4)
when K = K1.



We consider a parametric surface:

ŝı+ (f(s)t)̂⌘+ g(s)h(t)k̂

g(s) h(t) bounded

but lim

s!0
f 00

(s) = ±1

r · Tu = �EN +GL� 2FM

EG� F 2

Mean Curvature (need to be finite)

������

ı̂ ⌘̂ k̂
1 f 0(s) g0(s)h(t)
0 1 g(s)h0(t)

������

Upwards normal vector of the surface



We consider a parametric surface:

ŝı+ (f(s)t)̂⌘+ g(s)h(t)k̂

g(s) h(t) bounded

but lim

s!0
f 00

(s) = ±1

r · Tu = �EN +GL� 2FM

EG� F 2

Mean Curvature (need to be finite)

Upwards unit normal vector of the surface

(f 0(x)g(s)� g

0(s)h(t))̂ı� g(s)h0(t)̂⌘+ k̂p
(f 0(x)g(s)� g

0(s)h(t))2 + (g(s)h0(t))2 + 1



We consider a parametric surface:

ŝı+ (f(s)t)̂⌘+ g(s)h(t)k̂

g(s) h(t) bounded

but lim

s!0
f 00

(s) = ±1

r · Tu = �EN +GL� 2FM

EG� F 2

Mean Curvature (need to be finite)

cos � =

(f

0
(x)g(s)� g

0
(s)h(t))f

0
(s) + g(s)h

0
(1)p

1 + f

0
(s)

2
p
(f

0
(x)g(s)� g

0
(s)h(1))

2
+ (g(s)h

0
(1))

2
+ 1

Contact Angle Condition



We consider a parametric surface:

ŝı+ (f(s)t)̂⌘+ g(s)h(t)k̂

g(s) h(t) bounded

but lim

s!0
f 00

(s) = ±1

r · Tu = �EN +GL� 2FM

EG� F 2

Mean Curvature (need to be finite)

Contact Angle Condition
g0(s) =

�bg(s)±
p

b2g(s)2 � 4a(cg(s)2 + d)

2a

a = {((1� cos

2
�)f

0
(s)

2 � cos

2
�)h(t)

2}
b = {2(1� cos

2
�)f

0
(s)

3
h(t)� 2h

0
(t)h(t)f

0
(s)� 2 cos

2
�f

0
(x)h(t)}

c = {(1� cos

2
�)(h

0
(t)

2
+ f

0
(x)

4
) + 2f

0
(x)

2
h

0
(t)� cos

2
�(1 + h

0
(t)

2
)f

0
(x)

2}
d = � cos

2
�(1 + f

0
(s)

2
)



The formal asymptotic series solution for the non-osculatory cusp domain:

v =
cos �1 + cos �2

f1(x)� f2(x)
+ g(x, y)

f �
1(x)� f �

2(x)
f1(x)� f2(x)

+ h(x, y)
(f �

1(x)� f �
2(x))2

f1(x)� f2(x)

g(x, y) = �

�

1�
�

cos �1(t + 1) + cos �2(t� 1)
2

�2

h(x, y) = �cos �1 + cos �2

4

�
�t +

t2

2

�
+

1� �

2(cos �1 + cos �2
g(x, y)2

t =
2y � (f1(x) + f2(x))

f1(x)� f2(x)

Open Problem 2: 

What is the formal asymptotic series for the osculatory cusp?



Open Problem 2: 

What is the formal asymptotic series for the osculatory cusp?

y = x

2 + x

3

y = x

2 +
1

2
x

3



Open Problem 3:
Consider non-constant contact angles.
What kind of asymptotic condition do we need for
so that the solution is bounded when                                     ?

�1,2(x)

lim

x!0
cos �1 + cos �2 = 0
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